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Abstract

The aims of this thesis are, firstly, to investigate the potential of lesson study
as a tool for teachers’ professional development, and as a means for developing
and sharing didactical techniques and didactical knowledge. Secondly, to study
inquiry-based teaching on the subjects of combinatorics, probability theory and
the binomial distribution. Lesson study combines both teacher cooperation and
knowledge exchange, and teaching through problem solving and is thus a nat-
ural object of study to analyse these questions. The theoretical part of the
thesis introduces two theoretical frameworks, the Theory of Didactical Situa-
tions, and the Anthropological Theory of the Didactic. This part also covers
the mathematical contents, namely combinatorics and probability theory at the
level of the Danish high school curriculum. These subjects are analysed and
discussed using relevant didactical literature. The empirical part of the thesis
is centered around data collected from a lesson study cycle on combinatorics.
This case study concerns a team of four teachers in a Danish high school that
plans, holds, and reflects upon, two research lessons in conjunction with uni-
versity researchers, as a part of the TIME project. The data is than analysed
in detail using the ATD. In particular the mathematical organisations of the
students and the didactical organisations of the teachers are investigated. The
problem in the case concerns codes, so a particular focus is on the multiplica-
tive principle, counting trees, partial lists and the combinatorial formulas. It
was found that inquiry-based education could be beneficial when teaching these
subjects because of the particular problems that combinatorics and probability
poses to the students. The analysis of the case also found that the participants
discussed and shared a large number of didactical techniques. The thesis thus
concludes that lesson study, as a form of paradidactic infrastructure, has the
potential to enable teachers to share and develop their didactical knowledge,
including knowledge of students’ praxeologies.
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1 Introduction

When I started writing this thesis I knew that I would be so lucky as to ob-
serve a team of skilled teachers do a lesson study cycle. However, I did not yet
know he exact topic of the lesson, only that it would be somehow in the field
of combinatorics or probability theory. Thus I covered a bit of both of these
topics, discussing some of the main points of the curriculum. There are numer-
ous reasons why these two subjects are important for high school students, and
indeed anyone, to know. Combinatorics for its pure mathematical elegance, its
application in innumerable counting problems that arise in everyday life, and
as a building block for probability theory. Similarly, probability theory is es-
sential to understanding the random or stochastic nature of the world and has
wide applications to statistics and decision making. In my opinion these two
subjects are very closely linked, especially as taught in high school, and thus
I think it is natural that I extend my analysis a little beyond combinatorics
and into probability, even though the lesson study, on which I have made my
empirical observations, was decided to be on the subject of combinatorics. It is
my ambition to write a project that can be of some value to read for a teacher
or researcher who is interested in lesson study or inquiry based teaching on the
topics of combinatorics and probability theory in high school.

This thesis is about mathematics, but more specifically it is about the didac-
tics of mathematics. So what is didactics? In contrast to pedagogy which is
a separate academic field, didactics is the scientific study of teaching within a
specific field. In the case of mathematics that means that didactics form a nat-
ural branch of mathematical study, just like the history of mathematics and the
philosophy of mathematics. [32] If the task of the researcher in mathematics
is to reach ever deeper into the realm of pure mathematics, and by doing so
she compresses all the old knowledge, making it more e�cient, so that it can
be used in furthering her research, then the task of the didactician of math-
ematics becomes to decompress and unzip this knowledge in order to make
it available for the learner. [8, p. 23] Thus while didactics and pedagogy share
many similarities, didactics studies in particular all of those problems, methods,
teaching aims, themes, that are related to the discipline of mathematics and its
constituent subjects. In Germany and France didactics has a particularly long
history and tradition. One of the ideas of the German didactical tradition is the
notion of sto↵didaktik, or subject matter didactics. The idea of sto↵didaktik is
that in order to advance the teaching of a given subject, such as mathematics,
one should engage in a thorough study of its content matter, history and epis-
temology. [30]. This has an analogue in the French didactical tradition in the
notion of didactical engineering, which is the tradition of research into mathe-
matics teaching which places particular emphasis on designing teaching sessions
and then testing and experimenting with them in practice. [1] In the a priori
phase of designing a lesson the ”didactic engineer” must do an analysis of the
content to be taught, hence the similarity to sto↵didaktik. Modern didactics is
of course not limited to the study of the content that we are teaching, but also
concerns itself with the knowledge, the reactions and the agency of the students,
as well as the teacher, and the whole institutional context in which the teaching
is situated. However it still emphasises the importance of studying the content
matter, to identify, not the single best way, but the multitude of di↵erent ways
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there so often are to prove or explain a fact in mathematics, in order to pro-
vide better understanding. In this thesis I have included a section on content
analysis which tries to in some depth analyse some fundamental concepts in
combinatorics and probability theory that I deem to be very relevant for these
disciplines as they are taught in high school. In that section as well as in the
theoretical part, I will discuss some of the didactic research into student and
teacher knowledge and understanding of these subjects. The purpose of that
section is to place the subject matter of the case study within the curriculum
of danish schools, as well as within the scholarly knowledge of these disciplines.
Thus while the case study only concerns itself with combinatorics, we can see
how this relates to the goal of giving the students a sound basis for learning
probability theory, which in turn is a prerequisite for reaching the goal of sta-
tistically literate students and members of society.

Problems in Mathematics teaching.
But why study didactics? Do we need it? Research as well as anecdotal evidence
both paint a very clear picture that is the same in almost every western coun-
try. People leave school with far less mathematical knowledge than is desired.[2]
Grades and results at standardised tests in mathematics are often poor, and if
you tell people that you are a mathematician more often than not they will
tell you that ”math is hard” or ”I don’t understand math”. In the article Re-
search on Teaching Mathematics: Unsolved Problems of Teachers’ Mathematical
Knowledge, Deborah Ball and her collaborators formulated it beautifully:

Ironically, the most logical of the human disciplines of knowledge
is transformed through misrepresentative pedagogy into a body of
precepts and facts to be remembered because ”the teacher said so”.
[2]

It is a truly sad state of a↵airs when the subject in which everything can be
rationally explained, where for every fact there is a proof of truth, and can thus
be known without putting ones trust in any authority, is thus reduced to a state
in which nothing is understood and everything is based on authority. Likewise
it is a great shame that so many people for one reason or another do not get
to fully appreciate the beauty and power of mathematics with its innumerable
applications in science as well as everyday life.

So what are the reasons behind these problems? Ball and collaborators propose
several reasons why mathematics teaching faces these problems and why despite
the problems being well known, and reform has been repeatedly attempted, that
little progress has been made. [2] One reason might be due to the atomized na-
ture of the teaching profession. While in other disciplines there exists a scientific
community that develops public knowledge that can then be shared among all
the practitioners, this is not really true in mathematics. Chevallard compares
this to the discipline of medicine. Here obviously there exists a scientific com-
munity that has made enormous strides in both understanding and curing a
wide range of diseases the last 100 years. This means that any doctor you visit
in Denmark today will be expected to be able to solve problems that previously
no doctor could solve. [32] And, if such progress is possible in one discipline,
the question is if scientific research in the field of didactics can lead to simi-
lar advances in mathematics teaching. Of course, this cannot happen without
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the worldwide community of mathematics teachers having institutions in place
to enable them to take part in, to share, and to use the knowledge generated
by such an scientific endeavor. [32] Some of the most natural questions in di-
dactical research are then; How does the knowledge of the teacher a↵ect the
learning of the students? And what do the teachers know? How can teach-
ers share their knowledge and learn from each other to further improve their
skill and to enable professional development? This latter question is the main
focus of this thesis. Another question is whether there is something fundamen-
tally wrong with the way that we teach mathematics, and if we need to change
the traditions and practices of mathematics teaching in schools and universities.

The paradigm of questioning the world.
Within scientific disciplines there is much talk about paradigms and the di-
dactics of mathematics is no exception. The French didactics researcher Yves
Chevallard proposed that much western mathematics education is dominated
by the paradigm of visiting works.[12] In this paradigm the educational journey
of the student does not require curiosity or research, but is instead in many ways
a guided tour passing by the works of famous mathematicians like Pythagoras,
Euclid, and Pascal, without ever seeing the reason that drove Pascal or Euclid
to the make the investigations that they did. In this way the mathematics that
the students encounter is dead or fossilized like a museum piece, not something
vibrant and useful to be explored with a scientific mindset. To counter this
Chevallard suggests instead the paradigm of questioning the world, in which
students become active participants in their journey, scientists and researchers,
not merely paleontologists. [12] This critique of the western model of education
is not new. The Brazilian educator Paulo Freire wrote in the extremely influ-
ential book the Pedagogy of the Oppressed [16, p. 71] about what he calls the
banking model of education, in which the student, like a bank account, is simply
an empty vessel to be filled up with knowledge. Like Chevallard he proposed
an educational system in which the students are empowered and emancipated
to become critical thinkers, as well as active participants in the learning process
and not only visitors. The paradigm of questioning the world is based around
what we call inquiry-based teaching. The aim of inquiry-based teaching is to
create situations in which the students can develop independent thinking, ask
questions and creatively inquire about the subject. The theoretical framework
within which this kind of teaching can be analysed and developed is the topic
of section 2. The natural question for this thesis, then becomes, what are the
possibilities for using inquiry-based teaching in Danish High school, and on the
subjects of probability and combinatorics. This is something that we will inves-
tigate in the content analysis as well as in the case study.

Introducing the TIME-project. One concept that includes both inquiry-
based teaching and enabling teachers to share and develop their didactical
knowledge is Lesson Study. Lesson study is a model for teaching and teach-
ers professional development that originates in Japan, and involves teams of
teachers planning, performing and analysing detailed research lessons.[17] I will
describe it in depth in section 2.4. The case study of this thesis is a team
of teachers who make such a lesson study on combinatorics in a Danish high
school. This team of teachers is a part of the TIME-project, which is a project
on using lesson study as a means to professional development and inquiry-based
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education. The project is a collaboration between four di↵erent countries; Den-
mark, Netherlands, Slovenia and Croatia, and it aims to explore how teachers
can further develop their skills when cooperating in lesson study teams and with
guidance from university professors and researchers.

2 Theoretical Framework

In this section I will elaborate on the theoretical framework in which the thesis
is grounded, and on the institutional setting of mathematics teaching in Danish
high school. The purpose of introducing in some detail the di↵erent theoretical
aspects is to develop some methods, theories, and a language to describe them,
that can be used throughout the text and in particular in the analysis. Thus
it will be necessary to include a large number of concepts and definitions in a
relatively short space, but I hope that it still will be readable.

2.1 The Theory of Didactical Situations

While it is not the main theoretical framework of this paper I will start by intro-
ducing the Theory of Didactic Situations, abbreviated (TDS). This is a theory
that comes out of the French didactic tradition and which was formulated in
large part by Guy Brousseau. [32] There are two reasons why this theory is in-
cluded in this thesis. The first is that it is a useful tool for examining classroom
dynamics, and very influential in the development of the didactical literature,
Brousseau received the first Felix Klein medal for lifetime achievements in math-
ematics education in 2003.[32] The second is that the teacher team which I have
observed as a part of the case study in lesson study consistently use the methods
and the language of the TDS. Thus it is important to have precise definitions of
the meanings of these words that are used throughout the text. The substance
of these methods, phases and contexts are taken from chapter one of the book
Theory of Didactical Situations in Mathematics, by Guy Brousseau.[8]

Didactical and adidactical situations.
In the TDS the common situation of of person, usually a teacher, trying to
help another person, usually a student acquire some knowledge can be modeled
by describing the didactical situations and the adidactical situations. The di-
dactical situation is then the whole classroom setting, with teachers, students
and di↵erent materials designed with a didactical purpose in mind. Within the
didactical situation, there are sometimes created situations which are adidac-
tical. They are adidactical because in contrast to situations where the teacher
is the active part, teaching, and the students are passive, receiving knowledge,
in adidactical situations the students are actively and independently engaging
with the milieu, while the teacher is either not engaging or passively observ-
ing. Here ”milieu” refers to the general setting, the problem, the materials, the
classroom, the fellow students etc. The reason why the notion of adidactical
situations is so important is the idea that students only truly learn something
new if they reach the target new knowledge themselves, constructing it on the
basis of their earlier knowledge, instead of passively taking it in. The students
need to learn knowledge that they can apply in situations where that have no
didactical intent, as is the case in real life outside the school institution. Thus,
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with this in mind, the adidactical situations simulate this and are where the
learning happens. [8, p. 29]

Didactical Contract.
The dynamic between the teacher and the student(s) is then modelled by the
so-called didactical contract. This contract governs the expectations of each
part from the other, as well as the spoken and unspoken rules of the didactical
situation. The teacher communicates to the students what is expected of them,
and the students in return expect that the task they are being asked to do is
reasonable, fair and productive. The didactical contract is also specific to the
problem that is being taught, for example, within each subject there are di↵er-
ent restrictions as to what it is reasonable to expect from the students. [8, p. 31]

Devolution.
One of the most important tasks for the teacher is then to make a devolution
of a problem for the students that can allow adidactical learning to take place.
This involves both having a problem that is appropriate for the students, given
their level and skill within a given subject, as well as making sure that the stu-
dents actually understand the problem. In this way the job of the teacher then
becomes the opposite of the scientist. For where the researcher seeks to take the
solution to a specific problem and make it universal, contextualised and part of
the canon of the scientific discipline, the job of the teacher is to recontextualize
the scholarly knowledge for the benefit of the students.

After the devolution follows several phases of more or less adidactical work
from the student.

Action.
In the action phase, which I also sometimes will refer to as the group work
phase, the student tackles the problem with their previous knowledge. They
are here expected to do calculations or manipulations, use the mathematical
techniques at their availability in order to produce a suggestion as to a solution
to the problem. In this phase thus the students interacts with the milieu in
order to try to solve the problem.
Formulation.
After the students have produced a suggestion they must formulate the reason
why this solution, method or technique is correct. Thus the students are ex-
pected to produce a semantically valid formulation of their work. This might
happen simultaneously to the students solving the problem, but there might also
be many students that are able to produce syntactically correct mathematical
solutions without being able to formulate their reasoning.
Validation.
After a statement has been formulated there is also a need for validation. In the
validation the students are asked, not merely examining the statements validity,
but also to assess it pragmatically. What is the statements usefulness and its
implications. [8, p. 62]

Institutionalisation.
After this more or less adidactical process in which the students have been free
to produce their own statements regarding the problem, there is a return to
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the didactical situation. In the institutionalization the teacher connects the
statement of the student to their already existing knowledge. Thus the teacher
takes the work and the statements of the student, which they might see as
trivial because they invented them themselves in the adidactical situation, and
gives these statements a certain status. Where in the devolution the work of the
teacher was to recontextualize the compressed and e�cient scientific knowledge,
in the institutionalization the opposite process takes place. Now the knowledge
that the students have learned must be redecontextualized, so that it becomes
a part of the general mathematical knowledge and is not bound to the context
from which it arose. I will provide an example of such a process in section 3.2.

Certainly, there is quite a distance between these concepts as formulated by
Brousseau, and the way they are used in mathematics teaching. Particularly
the concept of validation is used more literally in practice than was Brousseau’s
intention, and he warns that the label is not quite fitting. [8, p. 62]. Nonethe-
less, these descriptions form a very useful model for describing many of the phe-
nomenon that are observed when teachers engage in inquiry-based education.
Inquiry-based education does by nature have a large focus on the adidactical
situations, because having the students think independently and ask creative
questions presupposes that there is time allotted for them to work without the
constant interaction with a teacher.

2.2 The Anthropological Theory of the Didactic

My main theoretical tool will be the body of work which is known within the
didactical literature as the Anthropological Theory of the Didactic, (abbreviated
ATD). This didactic framework was introduced by Yves Chevallard, and has
over the course of many years been expanded by many others. [11] There are
of course many other theoretical frameworks that I could use, for instance the
theory of didactic situations, as we discussed in the previous section. How-
ever, while I may draw on some of the methods and ideas from TDS which is
in no way incompatible with ATD, the focus of this thesis is not so much the
knowledge of the students as the knowledge of the teachers themselves. Thus
we need a theoretical framework that is broader than the classroom setting,
and that is able to account for the institutional setting and the teacher work
that goes into planning, preparing, and reflecting over their teaching. [33] For
this section I will lean on the work done by Joaquim Barbé, Marianna Bosch
and their collaborators on describing the ATD in detail in their 2005 article,
Didactic restrictions on teachers practice - .... [3]

Praxeologies.
The epistemological perspective of ATD is that mathematics is a study of types
of problems which can be divided into parts and analysed. This mathematical
activity can be separated into two related, yet distinct parts. First we have
the practical block of specific types of problems and challenging tasks and tech-
niques and know-how related to how to work with and to solve them. This
practical block, which can be compactly written [T, ⌧ ] composed of a task T
and a technique ⌧ is called praxis. In many ways this practical block forms the
basis of much mathematics education from the primary up to the high school
level, where the teaching focus is on certain types of tasks and corresponding
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techniques to solve them. But, it is not the complete story. There is also have
a knowledge block, which contains both technology, which is knowledge of and
discourse around techniques and why and how they work, and theory, which is
knowledge of the underlying and interconnected mathematical structure of the
techniques and technologies and how they relate to the mathematical whole.
This knowledge block [✓,⇥] of a technology ✓ and a theory ⇥ is called Logos.
Together these two blocks form the praxeology of a given activity. It is a core
assumption of the ATD that human activity and practice, in particular in such
a specialized field as mathematics, rarely exist without a discursive environment
to accompany it. This discourse is the role of the logos part of the praxeology
of a mathematical problem. [3]

Mathematical organisations.
These praxeologies often occur together as a coherent topic, subject or discipline
of mathematics and when they do so they are called a Mathematical organisa-
tion. [27] The mathematical organisations, abbreviated (MOs), are the precise
objects which we can then study through the framework of the anthropological
theory of the didactic. Let me here produce an example of a quadruple contain-
ing a task, technique, technology and a theory, often written as (T, ⌧, ✓,⇥). For
example within the discipline of combinatorics in high school a task could be
a particular counting problem. The techniques to solve it could be listing the
outcomes, drawing counting trees or applying a certain formula, the technology
is the knowledge of when, how and why these techniques work, for instance
through knowledge of the multiplicative and the additive principles. Lastly, the
theory is combinatorics and a knowledge of how this is interrelated with other
mathematical organisations, for example probability theory and the binomial
distribution. These mathematical organisations can be larger or smaller and
more or less structured, depending on the topic and on the teacher or student
who is investigating the problem and their knowledge of the di↵erent elements.
We also have di↵erent levels or sizes of MOs, for instance if a MO is a collection
of praxeologies connected to a single or unique type of problem or task then
we call it a punctual mathematical organisation. A collection of such punctual
MOs which have been interlinked by a joint theory is called a local MO, and
constitutes some small body of shared mathematical knowledge or discourse
arranged around a specific type of technique or problem. Of course the same
punctual MO, being an elementary technique, might form part of several di↵er-
ent local MOs. Similarly related local MOs can be organised into larger regional
MOs, which then make up the disciplines within mathematics. [3] The problem
then becomes how to help the students acquire MOs and well structured math-
ematical knowledge. How can we get from the initial question to practical and
theoretical knowledge that is firmly placed in appropriate MO. How are these
mathematical organisations made?

The didactic process.
The di↵erent moments that describe the process in which these mathematical
organizations are created and crystallized from the first exposure to a given task
or technique to a praxeology of this task and a knowledge of its relation to other
MOs has also been described by Joaquim Barbé et al.[3] It is a close translation
of the work of Chevallard and goes roughly as follows:
The first moment is when the student meets or explores an organisation O for
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the first time, or again if it has been forgotten. This moment typically happens
when the teacher poses one or more tasks T

i

that are representative for that
organisation.
The second moment consists of exploring the types of tasks and problems T

i

and crucially trying to develop, elaborate or use techniques ⌧
i

that correspond
to that task.
The third moment is the creation of a technological-theoretical environment re-
lating to the task T

i

and the technique ⌧
i

. Thus this moment is thinking about
questions like why and how, and so it relates closely to every other moment.
The fourth moment is about the technical work of using a technique, learning
how to apply it in di↵erent appropriate contexts and developing mastery of it.
It can also consist of discussions and work on improving and refining the relia-
bility and usefulness of the technique.
The fifth moment concerns the institutionalization of this mathematical organi-
sation. Here I believe that institutionalization is used in a similar way as in the
TDS. Chevallard says that the point is that the students know what the MO is,
so that the MO becomes a coherent object for the them to draw upon. [3]
The sixth moment, linked to the previous one, is the evaluation. This moment
is according to Chevallard akin to a breathing space in which one can examine
the value and usefulness of what one has done. [3]
Thus we can see that the creation of mathematical organisations entails a se-
ries of moments, all of which may not be fulfilled at the same time. Many
mathematical organisations are incomplete, and one might have the praxis part
without the logos, technique and the task without the technological-theoretical
environment for discourse. And one could also have the logos without the praxis,
which is sometimes what happens if a technique is completely decontextualized,
and detached from the problem which originated it. A complete mathematical
organisation, corresponding to having passed through all these moments, would
often be a larger entity than a punctual MO, and be a local mathematical or-
ganisation centered organized around a theoretical discourse. [3]

Didactic transposition.
A key element in ATD is the notion of didactic transposition, which is a the-
ory that allows us to study how knowledge moves between di↵erent spheres of
society. Figure 1, here reproduced from [13], illustrates the di↵erent spheres of
knowledge and how the transposition moves di↵erent directions. In the figure

Figure 1: Didactic transposition. [13]

we have four main spheres that contain, produce and reproduce the mathe-
matical knowledge of society. Scholarly knowledge is new knowledge produced
by mathematical research, and is contained in universities and other research
institutions where researchers work and are trained. The noosphere is, as the
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name suggests, a little less tangible and contains mathematical knowledge that
is somewhere between the scholarly knowledge and teaching institutions. This
could for example be in the ministry of education where they decide the national
mathematics curriculum and thus decide on which parts of the scholarly knowl-
edge that is going to be knowledge to be taught. This knowledge to be taught
is then transposed again to the teaching institutions like elementary, secondary
and high schools where it taught. Thus it becomes taught knowledge which
more or less corresponds to the intended knowledge to be taught, and of which
some becomes learned or available knowledge for the students. The process also
works the other way, teachers experience the successes and the di�culties of the
students and can call for changes in the curriculum, and changes in the math-
ematical needs of society might a↵ect what knowledge is chosen as knowledge
to be taught. It might also seem logical that with each step of this process
the mathematical content is somewhat degraded, with teachers only partially
teaching the knowledge to be taught, and students only learning part of the
taught knowledge. However, the didactic transposition is not always negative,
mathematical contents can also be enhanced by moving between spheres, be-
coming more understandable, more well organised and so on. [13]

The institutional context.
Danish high schools get their curriculum’s and textbooks provide some selec-
tion of problems, techniques, questions and results concerning combinatorics
and probability theory from the noosphere. Through some process, decided by
politicians, scholars, teachers or bureaucrats, some topics are selected which all
teachers are expected to teach and all students are expected to learn. Thus the
knowledge to be taught makes up the reference mathematical organisation on
combinatorics and probability theory in high school. [3] Still, the knowledge
from the text book is not transferred one to one to the students, that would not
be possible. Instead the mathematical organisation that in practice is taught to
the students is some reconstruction of this reference MO, created in the dialec-
tic between the students and the teacher. Thus while this reference MO that
exists in the textbooks or the curriculum is a support and a tool for the teacher
to help the student acquire knowledge, it is also a restriction. The curriculum,
narrowly fixes the bounds for what the teacher is supposed to teach and what
the students are supposed to learn.[10] If the students explorations of mathe-
matical problems lead them to mathematical organisations that are outside of
the reference MO they are not considered very relevant, and are of course not
useful for the student in terms of passing the exam or getting a good grade.
Similarly, if a teacher decides to pursue inquiry-based education, they must
make the questions and problems that they pose to the students very pointed,
very restricted, in order to make sure that the mathematical organisations the
student discovers, and indeed the direction of the students inquiry is covered by
the reference MOs. Other restrictions are even more explicitly didactical. For
example, the decision that the reference MO for high school should not include
naive set theory, limits the formality and that can be achieved when teaching
probability theory, more on this in section 3. In the same way the decision not
to include concepts like epsilon delta arguments restricts the teaching of analysis
in high school, and forces teachers to develop di↵erent arguments than the ones
they themselves learned in university. [3]
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2.3 Teacher Knowledge

In this section we discuss teacher knowledge, what it consists of and how it is
organised, and some of the didactical literature that discusses this topic. For
just like we have mathematical organisations and mathematical praxeologies
we also have didactic organisations, abbreviated (DO) and didactic praxeologies
centered around solving di↵erent didactical tasks. These didactic praxeologies
arise together with the MOs in a dialectical relationship. By this I mean that
the mathematical organisations that are developed by the students in the class-
room depend on the didactical organisations available to, or used by the teacher.
While at the same time the DOs is developed in order to teach a certain MOs
taking into account the level of the students as well as the time and resources
available. Like the MOs the didactical organisations are composed of a praxis
block [T, ⌧ ] of a task and a technique, as well as a knowledge block [✓,⇥] of
technology and theory.[28] Thus a specific task such as teaching the students
about permutations gives rise to a whole didactical organisation, not merely
consisting of the task and a technique to solve it, but also knowledge about this
technique, why it works, and how it might be improved. A teachers didactical
organisation may thus connect both to a broad didactical theory like TDS, and
to specific didactical knowledge about the subject.

Studying teacher knowledge.
The starting point in determining the knowledge that is available to teachers is
of course to look at the education they have themselves received. In Denmark
there is a large gap between grades 0 � 9, where teacher education is focused
on pedagogy and where most teachers are expected to teach several, and in
some cases many di↵erent subjects, and on the other hand high-school, grades
10� 12, where teachers are supposed to have university training in pure math-
ematics. [32] This creates a very big di↵erence between the type of teachers
and teaching that one might have for the last years of primary education 7� 9,
where teachers in terms of education have comparatively high competencies in
pedagogy and lower competencies in pure mathematics, and high-school, where
teachers are relatively strong in pure mathematics but do not receive much ed-
ucation in the way of pedagogical or didactical knowledge. For instance, one
can go directly from a masters degree in mathematics at university to teaching
mathematics in high-school with only a single course in didactics throughout
the education. Starting teachers are then expected to take a one year sup-
plementary course called pedagogikum, however, even with this extra year the
proportion of pedagogy and didactics to pure mathematics is quite low. Another
problem connected to teacher education in high school is that more courses in
pure mathematics might not make people better at teaching mathematics, with
some studies suggesting that only the first few courses improve teaching skills,
with later ones having little or even negative e↵ect. [2] It has been suggested
that this is due to the compression of knowledge that happens when one goes
deeper into a subject. However, the studies also suggest that these mathematics
courses might have greater e↵ect in improving teaching if they are also accom-
panied by courses in didactics and pedagogy. [2]

Comparative studies.
We have some comparative studies on teacher knowledge in di↵erent countries.
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One of the more famous of these is the book Knowing and Teaching Elementary
Mathematics: Teachers’ Understanding of Fundamental Mathematics in China
and the United States by Liping Ma. In this book Ma interviewed a large num-
ber of primary school mathematics teacher in China and in the United States
to see if there were cultural di↵erences in how the two groups approached di↵er-
ent fundamental arithmetic problems. The results were very lopsided with the
Chinese teachers outperforming their US peers in every task, and also demon-
strating a more sound mathematical knowledge and a more scientific approach.
This book shows several things, one of which is that even for a fundamen-
tal or elementary mathematical task or technique, there is a lot of range in
the didactical and mathematical knowledge among teachers about the praxis
and how it relates to other mathematical organisations. Additionally the book
shows that while mathematics teaching in the US is a very individual activity,
in China they had ”jiaoyanzu” or teaching research groups that are groups of
mathematics teacher at the school who meet for an hour every week to discuss
how to improve the teaching. Many of the teachers interviewed also expressed
how much they would learn during these meetings and from their colleagues in
general. [26, p. 136]. Though this study only compared the US and China it
is relevant for Denmark in several ways. Firstly, Denmark shares in some of
the dominant educational paradigms that also prevail in the US, like the the
paradigm of visiting works, while other educational practices might be more
common in East Asian countries. Secondly, the book shows that even though
the US teachers have a longer education than the Chinese teacher on paper,
they have less mathematical and didactical knowledge. A limiting factor is that
this study was for primary school, and the focus of this thesis is the high-school
level. However, it suggests that there are many subtleties in teaching funda-
mental mathematics, which leads one to think that there are even more nuances
in teaching the many complex concepts that students are expected to learn in
high-school. There are also some studies which have addressed the question of
teacher knowledge in Denmark quite directly. The study (Winsløw et al, 2010)
[14] compared the performance of prospective teachers in Japan, Denmark and
France when faced with the so-called hypothetical teacher tasks, often abbrevi-
ated to HTT. These HTTs contain a problematic statement by a student and
a challenging didactical task for the teacher, and they are designed to make a
qualitative investigation of the didactic praxeologies of the teacher. This study
compares teachers in lower secondary school, so the stage just before high school.
Even more striking than the di↵erences in performance between the countries, is
the di↵erence in education that the teachers at this level have. Danish teachers
had 0.7 years of mathematics and didactics, while for comparison the Japanese
teachers had 2.4 years and the French had 4.1 years. That the French teachers
had the greatest mathematical understanding should be no surprise given such
disparate backgrounds. This low amount of mathematics training for the Dan-
ish upper secondary school teachers also a↵ects and restricts the way students
are taught at the high-school level, because incomplete mathematics teaching at
the lower levels often leave the students lacking some of the fundamental skills
that they need in order to progress to more complex high-school subjects.

Didactic and Paradidactic infrastructure.
The notion of didactic infrastructure is relatively new and is an idea that derives
from the ATDs perspective on teaching institutions and the didactic transpo-
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sition. The didactic infrastructure is not some concrete object but rather the
totality of the institutional and didactical restrictions and possibilities that con-
dition the work of the teacher in the classroom. All of the factors that restrict
and expand the set of praxeologies that the teacher can use in their work, such
as curricula and textbooks, technological tools, lesson time a↵orded, as well as
many other seemingly unrelated phenomenon form part of the didactic infras-
tructure, which may entail that most teachers in a given country for example
have quite similar praxeologies. [27] [31] [28] Didactic praxeologies are used and
sometimes developed in the classroom setting where the teaching occurs. But,
this is not the only place where discourse about teaching takes place. Teachers
talk to each other, some may attend seminars or share ideas. The teaching-
related practices that are not in themselves teaching are called paradidactic.
Thus it is natural to expand our notion of infrastructure to the para-didactic,
to denote the restrictions as well as the resources available for teachers to engage
in para-didactic practices such as discussing and planning lessons, sharing ideas
for tasks, examples or proofs, and accessing the knowledge of other teachers. We
call this the para-didactic infrastructure, and this notion allows a precise term to
use in the analysis of teachers praxeologies outside of the classrooms. Of course
notable examples of paradidactic infrastructure in practice is the open lessons
and the lesson study in Japan and other East Asian countries and the ”jiaoy-
anzu” teacher study groups in China [27], [26, p. 136]. Naturally other examples
of paradidactic infrastructure exists other places. In Denmark, teachers can go
to conferences or join the ”Matematiklærerforeningen”, the association of Math-
ematics teachers, but this is mainly on a voluntary basis, and not something that
is part of the work schedule of the teachers. The paradidactic infrastructure can
be divided into parts that are centered around the didactical situation. First
is the pre-didactical infrastructure, made up from all the didactic organisations
that takes place before the lesson starts. This is then discourse around planning
the lesson, choosing the tasks, anticipating the methods of the students and
so on. Then comes the didactical infrastructure which includes the lesson, and
after this we have the post-didactical infrastructure, which is the teaching relat-
ing activities and discourse that happens after the lesson. This can be teachers
discussing what happened and what they learned during the lesson, and what
can be improved for next time.[27]

2.4 Lesson Studies

In this section I will introduce the concept of lesson study, abbreviated (LS),
which is a form of teaching and teacher collaboration which originates in Japan,
and which is of interest to the international community of didactics researchers
for many reasons. Since LS involves teams of multiple teachers coming together
to work on designing lessons and solving didactical problems it is a form of para-
didactic infrastructure and a tool for the professional development of teachers.
However, lesson study is not only a means for teachers to share and to build
new knowledge, but it is also a way to make inquiry-based education. [17] The
point of this section is for readers that are not so familiar with LS to have a
point of reference as to what the teacher team that I follow in the case study
are trying to achieve and how that compares to the concept as described in the
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theoretical literature.

A mathematics lesson in Japan.
There is an extensive literature detailing the di↵erent elements that should be
included in a lesson study modeled after the Japanese tradition. However, in
the paper lesson study and teaching mathematics through problem solving [17],
Toshiakira Fujii argues that an overlooked aspect of LS is the focus on inquiry-
based education that accompanies it. Therefore, I will here include a sketch of
how a mathematics lesson in Japan might unfold. This is of course also vital to
LS because the point is to design lessons that enable students to ”learn math-
ematics through problem solving”[17]. In the following figure, from the article
above, is listed the parts that make up a typical lesson.

Figure 2: Inquiry-based teaching in Japan.[17]

Presenting the problem.
In this part of the lesson the teacher presents the students with the problem
that they are supposed to work on that day. There are some important di↵er-
ences between this and the typical start to a lesson in a western mathematics
classroom. The first striking di↵erence is the idea to only have one task for
one lesson, as most western lessons feature many exercises for the students to
do. This does of course mean that the task has to be very well chosen in order
for the lesson to be successful. It has to both be mathematically appropriate,
contain many mathematical elements that the class can discuss, and to interest
the students. A second di↵erence that in many western countries teachers in-
troduce both a task and a technique to solve it, so that the students are only
expected to apply the technique as shown by the teacher, while, by contrast, in a
Japanese lesson the teacher does not show the students the method beforehand.
[17] Instead the teacher presents the problem and makes sure that the students
understand it in the correct way. Thus this part of the lesson resembles the
devolution in TDS, in that it creates an adidactical situation.
The students work.
If the first part of the lesson was successful then the students understand and
are interested by the problem, and so start working towards a solution. Here,
another key di↵erence is pointed out between the Japanese and the Western
education systems. While in the latter much teacher work in this part of the
lesson involves moving around the classroom helping and motivating students
who have di�culties, the Japanese teacher has the additional task of scanning
the room and observing what kind of methods are being applied, and with dif-
ferent solutions the students are coming up with in preparation for the next
part of the lesson.[17]
Comparison and discussion.
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In this part of the lesson, which is called neriage in Japanese, the whole class en-
gages in a discussion of the di↵erent methods and solutions. Solutions are often
arranged on the blackboard in an order from more naive to more sophisticated,
a process that is only possible because of the careful observation of the students
work by the teacher in the previous part. The blackboard design the becomes
a factor in allowing the students to easily visualize and compare solutions. One
problem that sometimes comes up is that teachers who are not so experienced
in this way of working will give positive comments to the students, but have
problems with clarifying or expanding upon what the students do not under-
stand. The students are then asked to formulate mathematics and to discuss
the merits and the problems of the di↵erent solutions. In that way this phase of
the lesson resembles the formulation and validation phases of the TDS. To make
this part of the lesson work the students must engage in reflective discourse and
think about mathematics. [17] It is not enough that the students present their
solutions if they are not also actively listening and reflecting about the other
students solutions as well.
Summarizing the lesson.
In the final part of the lesson, called matome in Japanese, is a short but very
important part of the lesson. [17] By including a summary of the main things
learned during the lesson the students can feel satisfied with the achievements
of the whole class, and not only their in individual accomplishments. Secondly,
in this phase the teacher is able to emphasise what they consider to be the
most important mathematical elements for the students to take out of and to
remember from the lesson.

The components of a lesson study.
While in the previous part we discussed the contents of a Japanese mathematics
lesson, in this part we will discuss the concept of lesson study itself. Since one
of the main points of lesson study is to design good lessons for teacher through
problem solving the lesson and the lesson study are closely intertwined. I will
present the goals, the common di�culties that teams can have, as well as strate-
gies that can be used to overcome these di�culties for each stage of a lesson
study as they are presented in the article How does Lesson Study work-... by
Catherine Lewis and collaborators. [22] This article is a part of the comprehen-
sive book Theory and practice of lesson study in mathematics[19]. The book is
international with a number of authors, and in that way this section might not
fully represent lesson study as practiced in Japan, but it serves as an illustration
of how lesson study can be done in countries that do not have that tradition,
such as Denmark. Since the case study that is the centre of this thesis is such
a lesson study in Denmark, I consider it to be useful to have a fairly detailed
account of these stages so as to place the case study into its proper context.

2.4.1 Study

Goals of the study phase:

• To establish a team, which is able to e�ciently work and learn together
and that is valued by all participants.

• To decide the topic of the lesson study cycle and to study this topic.

Di�culties of teamwork:
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• Time management - Making sure that the team spends their time con-
structively, with time enough for the important discussions.

• Participation - The team should be inclusive and make sure no one member
dominates.

• Learning - Having the knowledge acquired in prior meetings collected and
built upon, and not said and then forgotten.

Strategies for improving teamwork: It can be beneficial to have fixed roles
within the lesson study team which rotate over time, so the every participating
teacher tries the di↵erent roles and responsibilities. Also recommended is hav-
ing certain discussions that the team revisits regularly about how the team is
working and what might be changed or improved. Keeping notes of the most
important points made during the meetings might be helpful in remembering
and collecting the knowledge shared, so that it can be further built upon. [22]

Di�culties of studying a topic: The problems that may occur when the
team is working on the second goal of the study stage can be harmful to the
whole lesson study process.

• The focus is to narrow, only on the specific lesson and not on the long
term plan.

• The team does not go beyond their current knowledge of the content
matter.

• The team is studying, or does only have access to low quality teaching
materials on topic, if for instance the textbook is poor.

• Disagreements within the team on the choice of topic, or the focus within
the topic.

Strategies for studying a topic: These are important hurdles to overcome,
and the literature provides some suggestions on how to improve the work. To try
to find high quality teaching materials about the topic and to use them in the
work. This is of course dependent on the availability of such materials in the
country and the language the teachers are working. Another very important
suggestion is to create an environment where the team is not merely adding
ideas from the outside but working with the team members existing knowledge
and ideas and refining those. Third we have the suggestion that you can ask
each of the teachers what they want to learn. Of course this might be a bit alien
to some teachers but lesson study is also about teachers learning and expanding
their skills. [22]

2.4.2 Plan

In this phase the teachers work together on planning a lesson that will fulfil or
work towards the goal. They write a lesson plan, which is a description of the
planned research lesson, complete with information on the goals of the lesson,
how the subject relates to previous and future subjects, and how the students
are expected to react to the lesson. It is useful to include many specifics so
that teachers can learn from the thought processes of other LS teams, and so
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that outside participants who come to observe the research lesson can get some
insight into the ideas behind it.[22] The lesson plans that were produced during
the case study can be seen in the appendix.

Goals of the planning phase:

• Identifying the learning objectives based on the students current knowl-
edge.

• Making a lesson plan that creates a bridge from what the students already
know into the new knowledge.

Di�culties:

• Making a lesson plan that is centered around what the student and the
teacher will do, and not around what the students will think and learn.

• Not linking the lesson planning to the knowledge acquired in the study
phase.

• Misjudging the level of the students current knowledge or skill. Or failing
to anticipate in enough depth the thinking of the students.

• Too much focus on the logistical part of the lesson, rather than on the
experiences of the students. The important moments of the lesson are
the surprising, the contradictory, and those that contain the ”drama of
breakthrough”. [22]

• Gaps in the lesson plan.

Strategies for overcoming these di�culties: One help can be having a
good detailed template to help make the lesson plan, so that the structure is
clear. Such a template was provided to the team in the case study by the TIME
project. Another big help can be to have a knowledgeable outsider, maybe a
didactical researcher or a teacher with experience with LS review the lesson plan
before use, while there is still time for revisions. The other problems are often
grounded in a failure to understand the students thinking and to anticipate their
responses. A possible approach can be to discuss the likely responses of specific
students to the teaching material that is being planned. Sometimes considering
the responses of specific students is easier than generalizing to the response of
the whole class. The article even recommends the team going so far as to stage
a mock up presentation of the most critical aspects of the lesson plan.[22]

2.4.3 Teach

This phase is the actual research lesson, in which one of the teachers on the team
will implement the lesson plan in their class, while the lesson is being observed
by numerous other teachers and researchers. The observers do not interact but
merely take notes and collect data.

Goals of the teaching phase:

• Testing the ”hyphotesis” of the outcome of the lesson, as planned in the
previous stage.
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• Practicing the skill of detailed observation of student thinking.

• Improving the quality and significance of teachers conversations by basing
them on shared observations.

Challenges of the teaching phase:

• The team fails to understand what the students were thinking. It can
happen that though some observers follow specific students and try to
realize what they are thinking, they fail to decipher it. This could be
due to the student not expressing their thoughts in words or writing in
any observable way. It can also be that teachers are inexperienced in
observing students and are reluctant to listen in on their conversations or
try to understand their reasoning.

• The LS team and the observers fail at collecting data that is important
for understanding the lesson. This might happen if the lesson did not go
as planned.

• The outside observers interfere in the lesson, either by interrupting, stand-
ing in the way, helping students or answering questions.

• The actual research lesson is too di↵erent to the research plan. Some
teachers improvise, change things or otherwise deviate from the agreed
lesson plan. This might be harmless or even good if the teacher is re-
sponding to student interactions, but it might be a problem if the changes
ruin some agreements within the LS team, or make it impossible to test
the hypothesis.

Notice that most of these points focus on failures of the observers, and discon-
tinuities between the research lesson and the lesson plan. It is not a failure if
the students do not learn everything, or the teacher has di�culties in turning
the lesson plan into a good lesson, that is a valuable learning experience for the
whole team. A research lesson would only by a true failure if it both failed to
teach the students, and the team fails to understand why.

Strategies to overcome these challenges: In order to improve the data
collected, it might be useful to review the lesson plan, where one also focuses on
the data which is to be collected during the lesson, and whether or not this data
will illuminate the thinking and learning of the students. It can be a good idea
to prepare the students, to let them know that there will be observers that will
not disturb, but whose only purpose is to help improve the teaching in the long
term. Students might even enjoy being a part of such a project if they know
that the goal is to have better mathematics teaching. Some lesson study cycles
also include a pre-lesson discussion where the lesson plan is presented as well as
guidelines for observation for those who are not experienced observers. A final
very useful strategy is to include experienced observers and commentators to
help the team with the data collection and serve as an example of how to closely
monitor student thinking and learning. [22]
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2.4.4 Reflect:

The reflection stage follows after the research lesson. Ideally directly after the
lesson, with maybe a small break where team members and observers can re-
view the data they have collected and prepare what they want to say. In the
meeting the participants share their thoughts on how the lesson transpired, how
it worked and how it could be better, as well as what the students did, thought
and learned. This allows for a broad discussion on the di↵erent elements of
teaching, and which techniques are e↵ective, and which are not. However, it
also sets the stage for a potential conflict between two of the main goals of
the whole LS cycle, namely between the team building and motivation of the
teachers, and on the other hand the direct criticism that might facilitate learn-
ing and development of teacher knowledge. In this step it is essential to make
the knowledge learned public so that the e↵ective techniques can be shared and
implemented by other teachers, and failures avoided. [22]

Goals of the reflection stage:

• To discuss and to write down what the team members and observers
learned during the research lesson and during the lesson study cycle so
that the knowledge can be shared.

• That the team members and the observers discuss ways to take the knowl-
edge gained from the LS cycle and make it a part of their own practice as
teachers.

• Motivating teachers to work collectively towards improving their knowl-
edge and practice and that of their colleagues.

Di�culties of the post lesson discussion:

• The reflection meeting fails to make team learning possible. A problem
could be that the data collected by the observers during the research
lesson is of too poor quality, or does not illuminate student thinking. The
observers might also focus to much on judging what the students did, and
not enough on what the students thought. It is easy for an observer to see
whether or not a student reached the right answer, the question is how
and why, and with what techniques and materials.

• The discussion might be centered around evaluating the lesson rather than
on discussing student thinking and how the student responded to the
lesson plan.

• Team members learn from the lesson study cycle, but are not motivated
to, or able to use this knowledge in their own everyday teaching. This can
be if the lesson study is seen merely a performance or an experiment that
is far removed from ordinary teaching. Even though it might be a valuable
learning experience that is not necessarily enough to motivate teachers to
change their habits, and there might be institutional restrictions hindering
the implementation of inquiry-based teaching in practice.

Strategies: As this is an essential stage for teacher learning, there are a num-
ber of strategies that can be employed to improve it. An outside expert can
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provide commentary and connect the teams work to ongoing didactic research
on their particular topic. On a practical note it can be useful that the post
lesson discussion has a fixed structure so that everyone gets to speak and ex-
press their thoughts. In particular a special focus should be on the teams own
thoughts and ideas and how they might have changed during the cycle. It can
also broaden the work if the lesson study cycle is connected to the overarching
goals of the school or educational institution of which it is a part. A single team
is not as powerful as many teams working with the same goal in mind, and in
particular if this work is supported by the school leadership. Connecting the
cycle with the general work of the school also enhances its chances for longevity
and provides motivation for teachers to bring the new knowledge into their own
practice. Some teams might also benefit from holding a reflection meeting for
themselves that do not have observers in order to talk freely about their own
experiences. And, last but not least it is important to celebrate. Finishing a
lesson study cycle is hard and important work in improving education and team
members should celebrate their achievements together. [22]

While a lesson study consists of these stages, it is not merely about follow-
ing these stages like a recipe, and in ever school and every teacher team is
di↵erent. However, I hope that this section provided the reader with a rough
idea of what to expect, and what a LS can consist of, that can form a frame of
reference for the analysis in section 6.

3 Content Analysis

In this section on I will make the formal definitions of the most fundamental
concepts of combinatorics, probability theory and the binomial distribution. I
will get to many of the propositions and theorems that students might encounter
in high school, so that we might analyse the problems and di�culties that
might occur when teaching and learning these subjects. This is also done in
order to study the didactic transposition between the scholarly knowledge of
researchers and mathematicians at the university level to the knowledge to be
taught at the high school level. As a source for the knowledge to be taught
we will use the o�cial guidelines from the danish ministry of education, as well
as examples of tasks and definitions from the mathematics book: Gyldendals
Gymnasiematematik B2.[18] For the scholarly mathematics I have looked at the
book Introduction to Probability by Blitzstein & Hwang. [7] The latter has
been in use in introductory probability and statistics courses for mathematics
students at Copenhagen university. We will discuss current didactical research
on these subjects, using examples frequently found in the literature.

3.1 Addition and Multiplication Principles.

I want to start by talking about the so-called addition and multiplication princi-
ples, for while these ”rules” are not particularly formal, they form the backbone
of much of the knowledge to be taught at the high school level both when it
comes to combinatorics and probability theory. Particularly the multiplicative
principle is interesting, and I will discuss in detail how it as it is taught in
Danish high school and at the scholarly level, since, in fact, these rules are also
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mentioned in some scholarly works. [7, p. 9]

Definition: (Textbook).

The multiplication principle. When you have a combined choosing
process that consists of taking two choices simultaneously, then you
get the total number of choices n by multiplying the number of
possibilities n

1

and n
2

in each of the two parts of the process.[18]

Definition: (Scholarly).

Multiplication rule. Consider a compound experiment consisting of
two sub-experiments, experiment A and experiment B. Suppose that
A has a possible outcomes, and B has b possible outcomes. Then
the compound experiment has ab possible outcomes. [7, p. 8]

(a) Counting tree.

1 2 3
C 1C 2C 3C
D 1D 2D 3D
E 1E 2E 3E

(b) List of choices.

Figure 3: Illustrations of the multiplicative principle

Proof:
Both of these definitions are rather vague, and particularly the textbook one
contains ill defined notions like ”simultaneous”. There is no reason why the two
choices have to be taken simultaneously, so that part can not be proven. The
proof is similarly informal and even in some scholarly works the multiplication
principle is proven by way of a counting tree.[7, p. 9] A counting tree like the
one we see in figure 3(a) (also called a tree diagram in English), is a way of
illustrating the multiplicative principle. What we want to count is the number
of small circles, but instead of counting all of the circles, of which there might
be many, there are two strategies we can use. Either we instead count the
number of branches at the leftmost base of the tree, and then the number of
sub-branches for each branch. We then multiply these two numbers together to
obtain the total number of small circles, or we count the number of branches and
the number of circles on one branch and then multiply these numbers together.
Obviously this only works if there is equally many small circles at the end of
each branch. The first strategy, is really the one described by the two above
definitions, and corresponds to the set theoretic notion:

|A⇥B| = |A| · |B|,

The second strategy is an iterative use of the additive principle. In figure 3(b)
I have made a table that illustrates the multiplicative principle through listing
the outcomes, exemplifying the first strategy |A ⇥ B|. Here we have to choose
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a number from {1, 2, 3} and a letter from {C,D,E}, which gives 3 · 3 possi-
bilities, similar to the motif for explaining the concept of multiplication itself.
If, on the other hand, I want to count how many ways I can seat four people
called ↵, �, ✏, and � around a table, then starting with ↵, they can can sit 4
places, then � can sit three places and so on. So to calculate the number of
ways we simply multiply 4 · 3 · 2 · 1. But this is not the same as the defini-
tion of the multiplication principle above, because if we view it as a compound
experiment, with sub-experiments who sits on the first, the second, etc places,
then these sub-experiments are not independent of each other. Viewed sepa-
rately each sub-experiment has 4 outcomes, yet if I choose ✏ to sit at the first
place, then they cannot sit any other spot, thus the set of outcomes for the
other sub-experiments become smaller. However, we can observe that the set of
outcomes of each case where we choose someone for the first place is disjoint,
and thus use the additive principle four times and calculate 4 · 6 = 24 unique
seating arrangements. This exemplifies the second strategy, and it also shows
the trickiness of the multiplicative principle which can come in many di↵erent
forms. And it really depends on the information on has available. Sometimes it
is easier to determine the number of choices for each sub-experiment, and other
times it is easier to count the number of small circles at the end of each branch.

So while it is easy to state, the multiplication principle is a rule that has wide
ranging implications. In combinatorics it can help us determining the total
amount of outcomes of a composite event by multiplying together the number
of options for each entry, for instance when choosing the digits of a code or the
symbols of a password, and in probability theory the role of the multiplicative
principle is even more profound. As we will get back to in section 3.5 the first
strategy we described above corresponds to the formula for the joint probability
of independent events.

P (A \B) = P (A) · P (B).

This formula expresses that the probability of a composite event is equal to the
probabilities of the two sub-events multiplied together. In the example before,
if A represents us choosing numbers 2 or 3, and B us choosing letters D or E,
then P (A \ B) = P (A) · P (B) = 2

3

2

3

= 4

9

. Which we see corresponds to the
table above. In five out of the nine cases either the compound choice is either
outside A or outside of B.

A common textbook example: How many choices do you have for mak-
ing an ice cream if there is three flavours, three di↵erent toppings, and two
di↵erent cones?

Since we need to choose flavour, topping and cone ”simultaneously” we can
use the multiplicative principle to calculate the total number of choices. Hence,
there are 3 · 3 · 2 = 18 di↵erent choices for the ice cream. This can also be seen
if we draw a counting tree, it will be similar to the one in figure 2, except with
each little circle replaced by two branches with a little circle.

Definition: The addition principle is the counting principle that if we can
divide the problem into two (or more) cases and each choice is counted in ex-
actly one case, then the total number of choices n is equal to the number of
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choices n
1

for the first case plus the number of choices n
2

for the second case,
and so on if there are more cases.

As we see the addition principle works by counting the number of small circles
at the end of each branch of the counting tree and then adding them together.
This has the benefit that it works even when the number of small circles at the
end of each branch varies, where the multiplicative principle only works if each
branch has an identical number of small circles. For example, to take the same
illustration as before, let consider the compound experiment of A = {1, 2, 3},
B = {C,D,E}, only this time for some reason we know that the combination
3E is impossible, and never happens. Then in order to count the number of
outcomes of the experiment, eg, the number of small circles on the counting
tree, we now see that we have 3 branches with 3 ,3, and 2 circles respectively,
hence there are 8 distinct possibilities. Here using the multiplicative principle
would fail because the choices for B are not independent on the choices for A.

That each branch is separate mirrors the set theoretic property of being dis-
joint. Two sets being disjoint means that to count their union is just to take
the sum of their cardinalities, and this is precisely how the addition principle
works though it is expressed in more informal terms.

|A [B| = |A|+ |B|� |A \B|,
) |A [B| = |A|+ |B| , A \B = ;.

This is the formal justification for the additive principle, either one must adjust
for over-counting by subtracting the intersection, or one must make sure that
the sets are disjoint. Still, dividing problems into disjoint cases is a very useful
skill for solving many problems, so a sound understanding of the additive prin-
ciple is useful in that regard.

The use of the word ”and” often signifies to the student that the multiplication
rule should be used, in contrast to the word ”or” which signifies the addition
rule. A leading researcher in the didactics of combinatorics, Elise Lockwood,
identifies in that while this ”rule” or association might be somewhat useful, it
is not a substitute for a proper understanding of when the multiplication and
addition principles should be used. [23] It is rather an informal translation of
the understanding we have in set theory that intersection somehow corresponds
to multiplication and taking the union somehow corresponds to addition. Of
course in set theory ^ is ”and”, and _ is ”or”, and both have a more precise
meaning than in high school mathematics. Thus this is an example of informal
language standing in for the underlying formal set theory notation. It is worth
noting that while the implications of the multiplication principle are quite pro-
found, because independence is a very meaningful and non-trivial concept, the
addition principle is a bit more modest in scope. Determining whether two sets
are disjoint is much easier than determining independence, as independence re-
quires that events are not disjoint, but that requirement is not su�cient.

Example: The Danish author and artist Dea Trier Mørch came up with an
excellent counting problem when travelling through the Soviet Union. She dis-
covered that on the trams the passengers would get a ticket with six digits,
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for example 123, 456. The passengers would then calculate the digit sums of
the first three and the last three digits, in the above case 1 + 2 + 3 = 6 and
4 + 5 + 6 = 15, and if these numbers were equal they would consider the ticket
lucky and cherish it. Mørch then came up with a counting problem few she
asked could solve: how many such lucky tickets are there in a batch of 1 million
tickets, containing all the combinations from 000, 000 to 999, 999?[29, p. 20]

Consider first only the first 3 digits, then the possible digit sums range from 0
to 27, but the distribution is not even. There is only one way to make 0, namely
0 + 0 + 0, but many ways to make 13. To determine this distribution we need
some tools. Let a

i

, b
i

and c
i

be the number of ways to make the digit sum i for
one, two and three digits respectively, then a

0

, a
1

, ..., a
9

= 1, 1, ..., 1. The key is
to notice the pattern;

b
i

=
iX

j=i�9

a
j

.

So for b
0

we have b
0

= 0+0+...+0+1 = 1, similarly b
1

= 0+0+...+0+1+1 = 2,
because there are two ways of making the digit sum 1 with two digits, either we
start with a zero and add a one, or we start with the one and add a zero, and
so on. When the b

i

s have been thus determined the c
i

s follow from the same
formula; c

i

=
P

i

j=i�9

b
j

. Hence, we get the following distributions for the digit
sums:

a
0

, a
1

, ..., a
9

= 1, 1, 1, 1, 1, 1, 1, 1, 1, 1

b
0

, b
1

, b
2

, b
3

, ..., b
17

, b
18

= 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 9, 8, 7, 6, 5, 4, 3, 2, 1

c
0

, c
1

, c
2

, c
3

, ..., c
25

, c
26

, c
27

= 1, 3, 6, 10, 15, 21, 28, 36, 45, 55, 63, 69, 73, 75,

75, 73, 69, 63, 55, 45, 36, 28, 21, 15, 10, 6, 3, 1.

This pattern is elegantly symmetric, and we see that in order to calculate how
many lucky tickets there are we must use both the additive and the multiplica-
tive principles. Each ticket is a compound experiment of the first three and the
last three digits, so for example the number of lucky tickets with digit sum 13
is 75 · 75 = 5625. To find the total number of lucky tickets we must use the
additive principle and sum over all the cases, which gives:

27X

i=0

(c
i

)2 = 55252.

This example shows how funny counting problems can arise in the most curious
of contexts, and it could be a good problem to pose to students to see if they
could find the pattern.

3.2 Combinatorics

Combinatorics is the art of counting, and thus it connects to the very first
mathematics that people are exposed to. This simplicity, that it does not build
on anything else, is both an advantage and a challenge in teaching it. For
while it might a↵ord opportunities for students with gaps in their knowledge
to ”start from scratch”, it is also a topic that can be challenging and confusing
for a lot of students, as the problems are not always easily categorized into
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type and it is often di�cult to check if the solution is correct.[24] However, it
has a great number of applications, counting problems arise in every day life,
they appear in computer science, and importantly for us they are fundamental
to the probability theory that is most commonly taught in high school. Many
probability problems are essentially problems of counting and comparing the
cardinalities of di↵erent sets and their subsets. In this section we will give a
brief introduction to some fundamental counting problems and theorems that
are present in high school level combinatorics and probability teaching.

3.2.1 Permutations

Definition: A permutation on an ordered set ⌦ is an bijective map ⌦ ! ⌦.
In other words it is an automorphism, or in the case where it is not the identity,
it is a change in the order of the elements of ⌦.

Note: We use the notation n! := n · (n � 1) · · · 3 · 2 · 1, and call it n facto-
rial. We need it to be well defined for all of N, so note that 0! := 1.

Theorem: There are n! permutations on an ordered set ⌦ with n elements.

Proof: For each element x
i

2 ⌦ we can choose either to map it to another
element or to map it onto itself, so for the first element we have n choices of
where to send it. However, the map is injective, so for the second element we
only have n � 1 choices of where to send it, and n � 2 for the third and so on.
Hence there are n · (n� 1) · (n� 2) · · · 1 = n! permutations on a ordered set of
size n.

Example: A classic example of permutations is the anagrams of a word. This
is a natural context for permutations because words are known to be ordered,
eg ”CLAUS” is di↵erent from ”SUALC”. Using the formula we get that the
word ”CLAUS” has 5! = 120 di↵erent permutations for exactly the reason we
discussed in the proof. There are 5 places where the C can go, 4 places for
the L and so on. However a discussion can quickly ensue from this example,
namely what happens if two of the letters are equal. If for instance the word
was ”EMMA” then saying that there is 4! = 24 permutations counts words like
”MEAM” twice. Thus in this case we need to divide by the number of permu-
tations on the identical elements, the ”M”s, hence the true number of unique
permutations would be 4!

2!

= 12. And if a word contained several sets of re-
peated elements like ”ANNA” or ”DIDACTIC”, then we are down to 4!

2!·2! = 6,
and 8!

2!2!2!

= 5040 unique permutations respectively. Note that the problem re-
quires us to adjust our model to the fact that some letters are identical. These
ad hoc adjustments is a part of what makes counting problems so di�cult for
students, as there is no one size fits all template, and no easy way to verify
that the answer is correct. Elise Lockwood places a lot of emphasis on the
technique of partial listing, and that if students learn to be systematic in listing
some or all of the outcomes this helps them successfully solve the problems. [24]

Note: Some authors use the term permutation more loosely to mean every
selection problem on an ordered set.
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Definition: If, given a selection problem, we are allowed to choose the same
element multiple times the problem is said to be with replacement.

Clearly the previous problem was without replacement as otherwise the function
in our definition of a permutation would not be well-defined.

Theorem: There are nk ways of choosing k elements from a set of n elements
with order and replacement.

Proof: For the first element we have n elements to choose from, and simi-
larly for the next due to replacement. So there are k independent choices, for
each of which we have n possibilities, hence by the multiplication principle we
have a total of nk ways of choosing.

Example: How many four digit codes can we make using if we have 10 digits to
choose from? This corresponds to the normal pin codes we have on credit cards
and phones, and we are used to these codes being ordered and that the same
digit can be repeated, so with replacement. The theorem above easily gives us
the answer:

nk = 104 = 10000.

We can also generalize the formula for permutations, which was n! the following
way:

Theorem: There are n!

(n�k)!

= n(n� 1)(n� 2) · · · (n� k+1), ways of choosing
k elements from a set of n elements with order and without replacement.

Proof: I will give two arguments for this, one intuitive, and one using per-
mutations, in order to illustrate the connections between the permutations and
this counting task. For the first element we have n choices as before, for the sec-
ond there is now no replacement, so we have (n�1) choices, and so on until the
kth element for which we have (n� k+ 1) choices. Hence by the multiplicative
principle the total number of choices are:

n(n� 1)(n� 2) · · · (n� k + 2)(n� k + 1) =
n!

(n� k)!
.

The other argument is that since there is order and no replacement we are count-
ing permutations. Let ⌦ = {x

1

, x
2

, x
3

, ..., x
n

} be our ordered set. If we always
choose the k first elements, then our counting problem is reduced to counting
the amount of permutations that lead to an unique first k elements. (If k = n
then the n!

(n�k)!

= n! so in this special case we are simply counting permutations

on ⌦.) n! counts every permutation, and since there are (n� k)! permutations
of the last (n� k) elements for every unique first k elements, to get the number
of unique first k elements we need to divide by a factor of (n�k)!. Hence, there
are n!

(n�k)!

permutations that lead to an unique first k elements, which is exactly
the same as we got when using the multiplicative principle.

Note: This formula is often written nPk, meaning n permute k.
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3.2.2 Combinations

If permutations loosely means the situations where order matters, then the com-
binations are the counting problems where the order of the elements does not
matter. This has a number of natural contexts, for example, in mathematics
given a set ⌦ = {x

1

, x
2

, x
3

, ..., x
n

} of cardinality n, we know that subsets con-
taining the same elements are the same, no matter the order. Another thing
to note is that there are 2n elements of the power set P(⌦), the set of all sub-
sets of ⌦. This follows from the multiplicative principle because when making
a subset we have a choice for each element x

i

2 ⌦ of whether to include or
exclude it, therefore there are 2n subsets of ⌦. This relationship between the
2n and the subsets of a given set is also reflected in one of the most important
counting tools, namely the so-called Pascals triangle, which can be seen in
figure 4 below. This triangle, arises from a similar formula as we in the Dea
Trier Mørch example, let a

0

:= 1 and a
i

= 0 for i 6= 0, then b
i

=
P

i

j=i�1

a
j

,

and c
i

=
P

i

j=i�1

b
j

, with each letter representing a row in the triangle. As we
see from the figure, the rows always sums to a power of two, and thus expresses
a natural division the power set into the subsets of di↵erent sizes. Because of
its many uses it has been known for thousands of years in many cultures as
far apart as India, Persia and China where it is known under di↵erent names,
but unmistakable in its structure. [9, p. 456] In Denmark to this day, Pascals
triangle is still in use and being taught to students, even though one might
debate whether it is placed in a context to allow the students to realize its full
significance.
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(a) Binomial notation. (b) Numerical values.

Figure 4: Pascals Triangle

Definition: The given an n 2 ! and an integer k  n we call the number
n!

k!(n�k)!

the binomial coe�cient and use the notation;

✓
n

k

◆
:=

n!

k!(n� k)!
=: K(n, k),

to denote it.
This number denotes a single entry in Pascals triangle, corresponding to the
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two numbers, and is incredibly useful in a wide range of applications.

Theorem: The binomial coe�cient
�
n

k

�
corresponds precisely to the amount of

ways one can choose k elements from a set containing n elements without order
and without replacement.

Proof: The amount of ways we could choose k elements from a set of size
n with order and without replacement was n!

(n�k)!

. Since we now are in a situa-
tion without order there will be less distinct choices, so this formula over counts
the possibilities. For any k, we have chosen an ordered set {x

1

, x
2

, ..., x
k

}, and
there are precisely k! permutations on this set, which means that n!

(n�k)!

. is an
over count by a factor of k!. So the number of ways of choosing k elements from
n without replacement nor order is given by:

n(n� 1)(n� 2) · · · (n� k + 2)(n� k + 1)

k!
=

n!

k!(n� k)!
=

✓
n

k

◆
.

To choose k from n is also to count the number of subsets of size k of a set of
size n, hence we see that

P
n

k=0

�
n

k

�
= 2n. And this is just one of a number of

isomorphic counting problems that lead to the binomial coe�cient.

Example: You are 8 people and need to choose a team of 3 people to do
some task. How many di↵erent teams can you choose?
This problem is without replacement and order, hence there are:

�
8

3

�
= 56 dif-

ferent combinations of people for the team.

Theorem: (Einstein-Bose) There are
�
n+k�1

k

�
ways of choosing k elements

from a set of n elements with replacement and without order. [7]

Proof: The essence we need to realize is that since there is no order and
but there is replacement, this counting problem is isomorphic to counting the
number of ways of making a sequence in a very specific way. We must make a
sequence of | lines and • circles the following way. The sequence must start and
end with a line | and there must be n + 1 lines, and the circles can be placed
anywhere between the lines or other circles. In the case where n = 10, k = 4 we
could have:

|| • •||| • | • |||||.

Now the amount of ways we can make this sequence is the number of places
where we can put the circles, which is precisely

�
n+k�1

k

�
. Now to see that the

problems are isomorphic, we need to think of each space between two lines as a
box where each box represents an element of ⌦. Putting a circle in a ”box” is
the same as choosing a copy of that element. Thus choosing k elements without
order, but with replacement is precisely choosing one such sequence because
the lack of order means that the circles are indistinguishable, and replacement
means that we can put up to k circles in the same ”box”.

For instance if n = 10 and k = 4, and the problem was choosing a 4 digit
code without order but with replacement, then the sequence || • •||| • | • |||||,
would correspond to the code with two 1s, a four and a five.
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Another, perhaps more pedagogical, way of expressing this theorem is to frame
it as moving down on pascals triangle. Since the amount of choices we have
when choosing with replacement always is greater than the amount of choices
without replacement it makes sense that the latter would be further down on
pascals triangle, but the interesting thing is that their relationship is so regular.

Example: Three students are competing in two rounds of a mathematics com-
petition at their school. For each round the winner receives a medal. In how
many ways can the medals be distributed? If each round is equally important
then the problem is without order but with replacement. By Einstein-Bose
this would give

�
4+2�1

2

�
=

�
4

2

�
= 6. This corresponds to moving on step down

in Pascals triangle because we are counting the three ways we could choose
two winners, and we are also counting the three ways in which the same per-
son could win twice, because the problem is with replacement. Hence, we get
3 + 3

�
3

1

�
+
�
3

2

�
=

�
4

2

�
= 6.

We can write the following table to summarize these results:

With replacement Without Replacement
With order nk

n!

(n�k)!

Without order
�
n+k�1

k

� �
n

k

�

Table 1: Common formulas in combinatorics.

Student problems and techniques: Very common student problems include
not using the multiplication and addition principles correctly, as well as failing
to identify correctly whether we are talking about permutations or combina-
tions, and whether the problem is with or without replacement. Techniques to
overcome this include being able to translate between multiple forms of repre-
sentation of the counting problem. Lockwood shows how systematic partial lists
can be a way for students to visualize the set of outcomes. [23] Another way
to visualize the set of outcomes is of course the counting trees. Furthermore
it is important that the student does not merely enter some numbers into the
formula but realizes how the formula connects to the set of outcomes, the partial
lists, the counting trees and to pascals triangle respectively.

However, one of the main problems with table 1 of the four formulas is that
it is completely decontextualized. For a mathematician who knows it well it is
useful and compact, one simply identifies whether the problem in question is
with order and with replacement and then applies the formula. However, the
words replacement and order do not have a meaning that is inherently clear
to students. In fact, in most situations these words are not used because it is
implicitly understood from the context. When talking of words, codes and seat-
ing arrangements we understand that order matters, and when we select people
from a group then we know that of course there is no replacement. When the
teacher makes a combinatorial problem for the students she must recontextu-
alize it, make it into a problem where the properties of order and replacement
are known such as for instance the problem of how many passwords are there.
However, the student then learns this as a way to calculate the number of pass-
words, and not as a formula that holds true in every situation with order and
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replacement. Thus in order to help the students to institutionalize this knowl-
edge, so that it becomes a part of the mathematical skill set, not merely a way
of calculating passwords but as a way of thinking about every problem of that
type, the teacher must do a redecontextualization, to place it back into the
realm of mathematics, back into table 1 so to speak, so that it can be applied
in other contexts than the one from which it arose.

Example: Mastermind. I will include this example of a combinatorial prob-
lem because it figures in the discussions among the teachers in my case study,
and it partially inspired the lesson plan which they came up with. It is too
complex a problem to solve completely but we can make some progress. The
game mastermind involves one player creating exactly this kind of codes of four
colours using six colours, and the other player trying to guess the code. It is
based on a classic game with pen and pencil called ”cows and bulls” in which
each of the two players make a four digit code using any of the 10 digits of the
numeral system. The other player then tries to guess the code and they then
get hints in terms of ”cows and bulls”. A bull signifies that one of the digits is
correct and in the correct place, while a cow signifies that one of the digits is
correct but in the wrong place. For example if the secret code is ”3478” and the
other player guessed ”3597” then they would be told they have scored a bull
(the 3) and a cow (the 7). A run of the game is shown in the figure bellow.
Mastermind uses 6 colours instead of 10 digits which makes the game a little
more abstract, but lowers the number of combinations.

Figure 5: A game of cows and bulls.

Obviously the total number of codes available, assuming there is no replacement,
is 10 ·9 ·8 ·7 = 5040. The interesting part is that for each line you can ask your-
self the question: How many combinations are consistent with the information
that I just received? For example in the first line I guessed 1, 2, 3, 4 and got one
cow, thus in order to make a new guess that is compatible with this, we need to
use precisely one of {1, 2, 3, 4}, and in a di↵erent place than before. There are
3 ·6 ·5 ·4 ways to do this on the first place, 6 ·3 ·5 ·4, on the second, 6 ·5 ·3 ·4 on
the third and 6 · 5 · 4 · 3 on the last place. Hence there are 4(6 · 5 · 4 · 3) = 1440
possibilities that are compatible with this new information. If we name the set
of codes that are compatible with the information from round i, U

i

, then it is
clear that for each round the set of possibilities \n

i=1

U
i

becomes progressively
smaller, so that in only a very few rounds one can narrow the 5040 possibilities
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down to the single correct solution.

3.3 What is Probability?

The subject of probability is itself an essential component of a great number of
natural and social sciences, and it is furthermore important for a rigorous and
sound understanding of statistics. And statistics is as we all know all around
us, in every news article, in almost all the information that we receive about the
world. It is therefore that some leading researchers in the field of probability
education talk about statistical literacy which is the ability of students to un-
derstand and think statistically, to be able to handle data and to have a critical
understanding of probability and randomness. [6, p. 7] But what is really prob-
ability and how can we promote such a literacy, that is so important both on a
personal and on a societal level, when navigating a world full of quantitative in-
formation? Here we will briefly outline four di↵erent views on probability, that
are not mutually exclusionary, but which each contains a di↵erent perspective
and understanding of the nature of probability. They are presented here roughly
as they are described in the book Statistics and probability in high school by
Carmen Batanero and Manfred Monrovcnik.[4, p. 93]

Definition 1: The A priori or Classical view of probability is due to Laplace
and states that given an event A then probability P (A) is the number n

A

of
favourable outcomes divided by the number n

⌦

of possible outcomes.

P (A) =
n
A

n
⌦

.

In the subsequent sections we will provide numerous examples where the classi-
cal view of probability is the simplest and most intuitive explanation. Especially
games of cards, dice or coin lends themselves to this theory, because the sample
spaces can be neatly calculated using combinatorics, which is why this view is
so common in high school probability teaching.

Definition 2: The Frequentist view of probability, due to von Mises, states
that the probability of an event A is the limit:

P (A) = lim
n!1

n
A

n
,

where n
A

is the number of favourable outcomes given n repetitions.

This view of probability is quite important to statistics, data collection and
experimental sciences. In Danish high school this view of probability is im-
mediately introduced to the students, presumably because statistics is seen as
so important. One of the main Danish high school textbooks states directly
that:[18]

This is the meaning of the probability of flipping heads. That the
probability is 50%, tells us that the frequency of flipping heads with
a ever larger number of coin flips will approach 50%. The probabil-
ity tells us about the statistical possibilities when we perform the
experiment a large number of times. [18]
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As we can see from this paragraph, this textbook is heavily influenced by the
frequentist view of probability.

Definition 3: The Subjectivist view of probability is due to Bayesians like
Bruno de Finetti, and states that any probability statement is based on the
judgement of the person stating it, and dependent on the current state of knowl-
edge of that person. What this means when evaluating the probability that an
event will occur a person uses the information at their disposal. The probabil-
ity of the event given that information is known as a prior. If the person then
gets some new information that is relevant to the event, this prior is updated
via Bayes Theorem, which I will discuss in section 3.5, to incorporate the new
information. It is thus a view of probability centered around being systematic
and consistent in the way we update our views when we get new information.

While this might seem to run counter to the objective mathematics we are
used to, this way of looking at probability might be quite useful to learn for
students as it might help them understand how probability is used for decision
making. Some times perceiving probability as something that is detached from
the knowledge of the decision maker, or failure to take new information into
account, might lead one to erroneous conclusions in probability, such as in the
famous Monty Hall problem.

Definition 4: TheAxiomatic view of probability, which is due to Kolmogorov,
states that probability is a function that attributes a real number to subsets of
the sample space. Kolmogorov was the first to develop a satisfactory axiomatic
framework within which probability could be studied rigorously.

This is the view of probability that is most used in the scholarly probability
theory, and the one which we shall be developing in the subsequent sections.
The problem with this theory of probability is that it is not as intuitive, and
requires a greater knowledge of set theory and analysis than what is common at
the high school level. Thus the disconnect between the scholarly and the high
school mathematics on the subject of probability, is connected to this disconnect
between the formal axiomatic view of probability, and more naive classical or
frequentist approaches.

3.4 Probability Space

We here assume that the reader is reasonably well versed in set theory, so that
we can jump straight to the probability theory, and only include definitions and
theorems from the former where absolutely necessary.

Notation: Given a set X subset A ⇢ X I will use the notation Ac to mean the
complement X �A = X\A. ! denotes the natural numbers, and so on.

Definition: A Sample space of a random trial or an experiment is the set,
denoted ⌦, of all possible outcomes of that experiment.

A simple sample space is the outcomes of rolling a dice with six sides; {1, 2, 3, 4, 5, 6}.
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Definition: A �-algebra on a set X is a collection A of subsets of X, that has
the following properties:

i) ;, X 2 A,

ii) A is closed under taking complements, eg: A 2 A ) Ac 2 A,

iii) A is closed under countable union, eg: (A
i

)
i2!

⇢ A ) [
i2!

A
i

2 A.

Note that the power set on X, denoted P(X), is trivially a �-algebra, as it
includes every subset. For many finite examples with discrete distributions the
P(X) is our go-to �-algebra, as it is also finite and has nice properties. It is
mainly when we start to study continuous probability distributions it suddenly
becomes very useful to use some collection of measurable sets, like for exam-
ple the Borel sets, to use as a more well-behaved �-algebra. The concept of
�-algebras is outside the realm of probability in high school, but it is necessary
to have this definition so that we can formally construct the probability theory
that the elements students will learn in high school are based on.

Now let F be the �-algebra on a sample space ⌦, then we call elements of
F events. In the high school textbooks I have looked at they also distinguish
between outcomes, which are elements of ⌦ and the events, which are subsets
of ⌦. However, because the notion of being a subset, as opposed to being an
element, is not clearly defined at this level many students fail to distinguish
between these two di↵erent concepts. This is particularly pronounced as the
sigma-algebra is not explicitly stated, but merely assumed to be the power set
of ⌦, which of course makes all outcomes events, but not vice versa. Addition-
ally the students lack the set-theoretic knowledge needed for the axiomatic view
of probability.

Definition: A Probability function is a function P : F ! [0, 1] that sat-
isfies the following criteria on X, ; and any family of pairwise disjoint subsets
(A

i

)
i2!

⇢ FX:

i) P (⌦) = 1,

ii) P (;) = 0,

iii) P ([
i2!

A
i

) =
X

i2!

P (A
i

).

Thus given some event in the �-algebra the probability function assigns to it
some value between zero and one corresponding to how likely it is to occur.

Some facts that are very important for probability theory, follow immediately
from these definitions as a corollary, for instance we have the following:

Corollary: Given any subset A ⇢ X we have that:

P (A) = 1� P (Ac).

Proof: This follows from using property i) and iii) of the definition of a prob-
ability function because:

1 = P (⌦) = P (A [Ac) = P (A) + P (Ac),
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) P (A) = 1� P (Ac).

Of course this corresponds to the informal intuition that we have that given
two complementary events, a situation where one event occurs if and only if the
other one does not, then the probability of the one occurring is exactly the same
as the probability of the other one not occurring.

Definition We say we have a Probability space if we have a triple (⌦,F , P )
of sample space, a �-algebra, and a probability function.

This definition of the probability function P and the probability space is out-
side of the high school curriculum. Instead high school textbooks often use some
variation of the following definition.

Definition Given that we have a finite set ⌦, then we can construct a sym-
metrical probability space consisting of the power set P(A) and the function

P : P(A) ! [0, 1] defined as: P (A) = |A|
|⌦| . This function satisfies the criteria

for being a probability function. (i) and (ii) follow trivially, and for pairwise
disjoint subsets A,B ⇢ ⌦ we have:

P (A [B) =
|A+B|

|⌦| =
|A|+ |B|

|⌦| = P (A) + P (B).

So the function also satisfies (iii), and hence it is a probability function.
This symmetrical probability space is the domain of the classical view of proba-
bility, and is a domain which is filled with counting problems, as to calculate any
probability of an event A we must first count its cardinality. Conversely, when
we have calculated the cardinality we know the probability, as every outcome is
assumed to be equally probable.

let ⌦ = {1, 2, 3, 4, 5, 6}, the sample space of rolling a dice with six sides, and
F = P(⌦), then we have a probability function P : F ! [0, 1] given by the
following formula:

P (A) =
|A|
|⌦| .

So the probability function simply counts the cardinality of a given event and
compares it to the cardinality of the sample space. For example the probability
of rolling an odd number, A = {1, 3, 5}, would be P (A) = |A|

|⌦| =
3

6

= 1

2

. Like-

wise the probability of rolling a one, B = {1}, would be P (B) = |B|
|⌦| = 1

6

. In
this example we have created a model of a fair dice.

This definition of the probability function, P (A) = |A|
|⌦| , is simple enough too be

included in the curriculum, however it does not provide the whole picture. This
can cause a problem for students when they encounter probability problems that
are not symmetric, where they have the notation, but lack an understanding of
what the probability function could look like in such situations.
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3.5 Independence and conditional probability

Definition: Let (⌦,F , P ) be a probability space, then two events A,B 2 F are
said to be independent if and only if:

P (A \B) = P (A) · P (B).

A corollary to this is that is A \ B = ; then A and B are only independent if
P (A) = 0 or P (B) = 0. So independence is very di↵erent from being disjoint.
Indeed, two events are disjoint if they do not provide any information about
each other.

Example: If ⌦ is the sample space for throwing two dice, and A is the event
that the first dice is a six, and B is the event that the second dice is a six, then
these two events are independent, as

P (A \B) =
1

36
=

1

6
· 1
6
= P (A) · P (B).

However, one could imagine that A is like before, but B is the event that both
dice are sixes. Then these two events are not disjoint, but neither are they
independent, as:

P (A \B) =
1

36
6= 1

6
· 1

36
= P (A) · P (B).

Naturally here the latter event B is not independent of A because it contains
the information that A has happened.

Independence corresponds to the multiplicative principle, because the event
A \ B can be regarded as an experiment that is the composite of two sub-
experiments A and B with probabilities a and b. Like the multiplication prin-
ciple it fails if the two events contain information about the other.

A fallacy that Batanero identifies connected to independence is the so-called
gamblers fallacy, that given a long run of the same result the opposite outcome
is bound to happen. [5] For example if a football team has won ten games in
a row, then the gambler will be sure that they are now bound to lose and will
bet and lose their money on this. That a long run of a certain event increases
the probability of its complementary event is of course is directly counter to
the definition of independence, which is the assumption that the outcome of the
new trial is not influenced by the previous ones, and that an event does not
contain information of the other. Hence giving students a solid understanding
of independence requires them to overcome such misunderstandings as the gam-
blers fallacy.

Definition: Given two events A and B with P (B) > 0, we can define the
Conditional probability to be the probability that B occurs given that A
has happened. Formally this can be expressed as follows:

P (B|A) =
P (A \B)

P (A)
.
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From which we can immediately see that if A and B are independent then:

P (B|A) =
P (A \B)

P (A)
=

P (A)P (B)

P (A)
= P (B).

Hence in this case the conditional probability is the same as the original proba-
bility, so event A happening does not a↵ect the probability of event B, which is
precisely what we would expect from events that are independent of each other.

Conditional probability is a fundamental tool of probability theory, yet it is
very commonly misunderstood. [5] These misunderstandings often come about
due to the clumsy terminology that is used to describe conditional probability
at a high school level, and a lack of understanding of the notation and the un-
derlying concepts. We will produce here an example from the book Exploring
Probability in School [20], which illustrates some of the problems that can occur.

Example: An urn contains two white marbles and two red marbles. We pick
up two marbles at random, one after the other without replacement. (a) What
is the probability that the second marble is red, given that the first marble is
also red? (b). What is the probability that the first marble is red, given that
the second marble is also red?[20, p. 251]

This problem contains two parts, (a) and (b), but while students often an-
swer (a) correctly, the same students often fail to realize that the same is true
for (b). Let A be the event that the first marble is red, and B the event that
the second marble is red.

This example can very easily be misunderstood if one assumes the sample space
for this situation to be, for example:

⌦ = {(red, red), (red, blue), (blue, red), (blue, blue)}.

Where (red, red) signifies drawing two red marbles. Writing up such an erro-
neous sample space would lead us to the conclusion that:

P (A \B) = P ({(red, red)})

=
1

4
= P{(red, red), (red, blue)} · P ({(red, red), (blue, red)})
= P (A)P (B).

Thus incorrectly proving that the two events are independent. This model is
wrong because while two marbles are the same color, the order they are drawn
does matter. So we need to label the red and the blue marbles 1, 2 to distinguish
them and we write (r

1

, b
2

) to signify that we first draw the red marble labelled
1, and then draw the blue marble labelled 2. Using this notation the sample
space is in fact:

⌦ = {(r
1

, r
2

), (r
1

, b
1

), (r
1

, b
2

), (r
2

, r
1

), (r
2

, b
1

), (r
2

, b
2

),

(b
1

, r
1

), (b
1

, r
2

), (b
1

, b
2

), (b
2

, r
1

), (b
2

, r
2

), (b
2

, b
1

)}.
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From which we get to the correct conclusion that:

P (A \B) =
2

12
=

1

6
6= 1

4
=

6

12
· 6

12
= P (A)P (B).

If we use the conditional probabilities we get that:

P (B|A) =
P (A \B)

P (A)
=

1

6

1

2

=
1

3
.

However, most students can just deduce that if the first marble is red, then one
out of the remaining 3 are red, hence the probability that the second is red as
well is 1

3

.

In case (b) the intuition of most students is that for the first marble there
is a 1

2

chance of drawing a red marble no matter what you draw as a second
one. However, the knowledge that the second marble drawn was red gives us
more information to work with. So again the formula for conditional probability
comes to our aid.

P (A|B) =
P (A \B)

P (B)
=

1

6

1

2

=
1

3
.

Thus, in both cases the probability is the same, and what is more the formula
is identical when written up formally. But in the second case it is not guided
by any simple intuition, but instead counteracted by fallacies like the timeline
fallacy, which is the idea that you can not be conditional on an event that hap-
pens earlier on the timeline. [5] The color of the first marble cannot depend on
the color of the second. Thus a very simple problem like drawing two marbles
from a bag can produce numerous problems, the sample space is more complex
than it initially seems, and the timeline fallacy might make students think that
event A is independent of B because it occurs ”before”.

Theorem: Bayes Rule.

P (A|B) =
P (B|A)P (A)

P (B)
.

Proof: This follows almost trivially from the definition of conditional proba-
bility. Since A \B = B \A.

P (A \B) = P (A \B) = P (B|A)P (A),

) P (A|B) =
P (B|A)P (A)

P (B)
.

This formula is very important to the subjectivist view on probability, because it
allows the mathematician to update their beliefs on the probability of A given
the new information that B has been observed, if the probability P (B|A) is
known. In the previous example with the marbles, where we want to solve the
counter-intuitive part (b), we see that using Bayes rule will yield:

P (A|B) =
P (B|A)P (A)

P (B)
=

1

3

1

2

1

2

=
1

3
.
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Solving our problem.

The definition of independence provokes the natural question; what about de-
pendence? Is there a logical way of investigating the meaning of two events
being dependent? This is almost always outside of the curriculum, but Falk
and Bar-Hillel showed in a very interesting paper how dependence can be clas-
sified, and so shed light on many of the di�culties of this topic.[15]

Definition: Let A and B be two strictly random events, 0 < P (A), P (B) < 1 of
the same probability space. Then either we have that P (A|B) > P (A), which we
write B % A and say that A is positively dependent on B, P (A|B) = P (A),
which is just independence, or P (A|B) < P (A) in which case B & A and we
say that A is negatively dependent on B.

This definition has the benefit of categorizing all events in relationship to each
other. The paper then goes on to prove how these relations of positive and neg-
ative dependence, and independence, are highly irregular and badly behaved,
and how many conclusions one wants to draw do not hold in general. In partic-
ular the relations are not transitive. [15]

Example: Alibi. A robbery of a kiosk has been committed Saturday night,
the robbery lasted for 15 minutes and happened between 1:00am and 1:30am.
Detective 1 is on the case investigating a suspect, who they find was sitting
in a car close to the kiosk at 1:10am. Lets call this evidence A, let S be the
event that the suspect is guilty. Clearly this evidence seems to suggest that
S could be true so B % S. Now, separately from detective 1, detective 2 is
investigating. He has found that the suspect was drinking in a bar close to the
kiosk at 1:20am. Lets call this piece of evidence B. Now, from the perspective
of detective 2, it seems that B % S, so we have two pieces of evidence that indi-
cate that the suspect could be guilty. However, when we put the two together,
A \B essentially gives the suspect an alibi, because there is no way they could
have spent 15 minutes robbing a bar before, after, or in between A and B. So
A\B & S, which means that you can have two events that separately indicate
that a third event, yet when you put them together they indicate the opposite,
which just shows how tricky dependence and independence can be. [15]

3.6 Random Variables

In this section we will try to present the axiomatic view of random variables,
account for how they relate to the concept of randomness, and how this can be
taught at a high school level. One of the di�culties students as well as teach-
ers have with probability is that the presence of randomness. [5] Unlike other
mathematical disciplines that are more logically deterministic, the presence of
randomness means that probability theory has a substantial number of counter-
intuitive results even at fairly basic level.

Example: Rare and normal results. If we do two runs of flipping a coin
5 times and write down the results (heads = 1, tails = 0), we might get the
following two runs: a = (1, 1, 1, 1, 1), b = (0, 1, 0, 0, 1). If you ask some students
which one of these two outcomes are most likely they will often respond with
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b, even though both cases represent a single outcome of the sample space.[5]
This might be due to them intuitively considering a a ”rare” result, while b is
a ”normal” result, which should have a greater probability. This is a fallacy
because the one rare result is not more unlikely than the one normal result,
as they both constitute one outcome in the set of outcomes. However, con-
sidered as a whole, the set of ”rare” results would be much smaller than the
set of ”normal” results, hence if you flip a coin five times you are more likely
to get a ”normal” result, but not more likely to get that particular normal result.

Definition: Given a probability space (⌦,F , P ) we can define a random vari-
able, or as it is also called, a Stochastic variable, to be a measurable map
X : ⌦ ! E, for some measurable subset E ⇢ R.

Example: Sum of two dice. Let ⌦ be the sample space for rolling two
fair dice, containing 36 pairs of numbers as shown in table 2, then a stochastic
variable could be taking the sum of these two rolls. This is similar to taking
the digit sum as we discussed in the Dea Trier Mørch example. The stochastic
variable X : ⌦ ! R would be defined; X((a, b)) := a+ b, and we would use the
following notation:

P (X = 3) = P ({((1, 2), (2, 1)}) = 2

36
=

1

18
,

to denote the probability that the stochastic variable takes a certain value, which
corresponds to the cardinality of the event that we roll a one and a two in some
order.

Table 2 shows the possible outcomes, eg the sample space, of rolling two dice,

Dice 1

Dice 2
1 2 3 4 5 6

1 (1,1) (1,2) (1,3) (1,4) (1,5) (1,6)
2 (2,1) (2,2) (2,3) (2,4) (2,5) (2,6)
3 (3,1) (3,2) (3,3) (3,4) (3,5) (3,6)
4 (4,1) (4,2) (4,3) (4,4) (4,5) (4,6)
5 (5,1) (5,2) (5,3) (5,4) (5,5) (5,6)
6 (6,1) (6,2) (6,3) (6,4) (6,5) (6,6)

Table 2: Cross-table for rolling two dice.

with the highlighted parts being the event that the sum of the dice is six. From
the illustration we see that the probability P (X = 6) = 5

36

. We also see that
the frequency of the sums follow the symmetric pattern:

1, 2, 3, 4, 5, 6, 5, 4, 3, 2, 1.

Notation: If we have have two stochastic variables X,Y on the same sample
space, then we use the notation:

P (X = x|Y = y) =
P (X = x \ Y = y)

P (Y = y)
,
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to denote the conditional probability that X will take the value x, given that
Y = y. We notice that our two stochastic variables are independent precisely if
and only if:

P (X = x|Y = y) =
P (X = x \ Y = y)

P (Y = y)
=

P (X = x)P (Y = y)

P (Y = y)
= P (X = x).

Definition: If our sample space ⌦ = {!
1

,!
2

} has precisely two elements, and
our random variable X on the probability space (⌦,F , P ) takes the values zero
and one and assigns them to the two elements, one for success and zero for fail-
ure, then we call it a Bernoulli distributed random variable. X : ⌦ ! {0, 1}.
We then consider that the variable is one if the Bernoulli trial is an success,
and zero if it fails.

Now, given that X(!
1

) = 1, X(!
2

) = 0, and that P ({!
1

}) = p we get the
probability function for X:

P (X = i) =

(
p if i = 1

1� p if i = 0
.

It is certainly possible to use the dices and the coins as examples for almost
all of these concepts, however coin flips being naturally ”fair”, are maybe not
the best educational example. So here I will provide a di↵erent example of a
Bernoulli random variable just to illustrate the innumerable possibilities there
are for such examples for educators.

Example: Abiogenesis. Consider a planet that is similar to Earth in chemi-
cal composition. There are is thought to be an extremely large number of such
planets in the universe, and for each of them there is a probability p that the
event A - that life will start, will occur.[21] We obviously know that p > 0,
because A already happened on one planet that we know of. Let B = Ac be
the event that life does not start, then for each such planet we have the fol-
lowing sample space: ⌦ = {A,B}, which given a random variable that assigns
X(A) = 1 and X(B) = 0 with A being a success and B a failure, we have a
Bernoulli trial. The Bernoulli random variable then has probabilities:

P (X = 1) = P ({Life will start}) = p,

P (X = 0) = P ({Life will not start}) = 1� p.

From which we see that it is Bernoulli distributed. [7]

Here again there is a wide disconnect between the scholarly and the high school
mathematics, for while high school text books does introduce notation similar
to P (X = a), they do not spend much time discussing what X is in this context
and how it should be thought of or understood. [18]

3.7 The Binomial Distribution

Theorem: The Binomial Theorem states that:

(x+ y)n =
nX

k=0

✓
n

k

◆
xkyn�k.
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Proof: The proof follows from the realization that if we expand (x + y)n we
get 2n terms, each containing a string z

1

z
2

z
3

· · · z
n

where each z
i

is either x or
y. Then for each k we see that the number of copies of the term xkyn�k must
be exactly

�
n

k

�
. This is because:

(x+ y)n = (x+ y)(x+ y)(x+ y) · · · (x+ y)| {z }
n copies

.

So in order to get to xkyn�k we must choose an x from precisely k of the n
parenthesis, where of course the other n � k parenthesises contribute a y. But
by definition

�
n

k

�
is the number of ways of choosing k elements from a set of size

n, so we are done.

Corollary A special case of the binomial theorem that is very useful in proba-
bility is the fact that given 0 < p < 1 and n 2 ! we get the identity:

1 = 1n = (p+ (1� p))n =
nX

k=0

✓
n

k

◆
pk(1� p)n�k.

Definition: Given n 2 ! and p 2 [0, 1] we can define the binomial distribu-
tion to be the discrete probability distribution of the number of successes when
we have n Bernoulli trials, each with a chance p of success.

Now, let X be a stochastic variable that counts the number of successes we
have when we perform n Bernoulli Trials, then we can combine with the bi-
nomial coe�cient to obtain the following powerful formula for calculating the
probability:

P (X = k) =

✓
n

k

◆
pk(1� p)n�k.

This is a valid probability function because:

nX

k=0

P (X = k) =
nX

k=0

✓
n

k

◆
pk(1� p)n�k = 1.

Here the binomial coe�cient is counting the number of di↵erent runs that con-
tain precisely k successes, and pk(1 � p)n�k is the probability of one such run
happening.

Definition: If X is such a stochastic variable that counts the number of suc-
cesses of n Bernoulli trials, each with a probability p of success, then we say that
X is binomially distributed with the probability function as given above, and
we write X ⇠ Bin(n, p), to denote it.

Example: Abiogenesis. Consider the Bernoulli trial from the previous sec-
tion, and let p = 0.05 be the chance that life starts at a planet with similar
chemical makeup to the earth. Suppose now that there are 11 such similar
planets closer than 20 light-years from the earth. What is the chance that life
will start on exactly one of those planets? Now let X be the random variable
that counts the number of successes of the Bernoulli trials. Using the formula
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for the binomial distribution we can calculate;

P (X = 1) =

✓
11

1

◆
(0.05)1(1� 0.05)10�1 ⇡ 0.347.

From which we see that there is a 34.7% chance that we will have a neighbour.
Since p 6= 0.5 this is not a symmetric, or uniform distribution so it is di↵erent
from the combinatorial comparing of cardinalities of the classical view of prob-
ability. In most of the previous examples we could calculate the probability by
comparing the size of the sets. The binomial formula allows us to calculate the
probability in some cases where the field is not symmetric. The value we choose
for p in this example was just an arbitrary number, however one can consider
the facts we know and use Bayesian statistics to find out which value of p would
be most likely, and it turns out that a high value is the most probable. [21] This
inverse problem of trying to find p is of course also very central in statistics.

3.8 Mean and Variance

Definition: Given a stochastic variable X with range {x
1

, x
2

, ..., x
n

}, and cor-
responding probabilities p

i

= P (X = x
i

) we call the following number the
Expected Value E(X), or the Mean value µ:

E(X) := x
1

· p
1

+ x
2

· p
2

+ ...+ x
n

· p
n

.

This is a generalization of the notion of a mean or an average that is weighted
according to the probability of di↵erent outcomes.

Definition: Let X be a stochastic variable like in the previous definition, then
the Variance �2 of X is defined to be the following number:

E[(X � µ)2] = (x
1

� µ)2 · p
1

+ (x
2

� µ)2 · p
2

+ ...+ (x
n

� µ)2 · p
n

.

Example: Let us now calculate the mean and the variance for the stochastic
variable X being the sum of two dice as in section 3.6.

E(X) = 2 · 1

36
+ 3 · 3

36
+ 4 · 3

36
+ 5 · 4

36
+ ...+ 12 · 1

36
=

252

36
= 7.

And the variance is similarly calculated:

E[(X � µ)2] = (2� 7)2 · 1

36
+ (3� 7)2 · 2

36
+ ...+ (12� 7)2 · 1

36
=

35

6
⇡ 5.833.

So one deviation is � =
p
V ar(X) =

q
35

6

⇡ 2.415, so we can immediately

notice that the sums 2 and 12 are more than two standard deviations from the
mean as 7 + 2 · 2.415 = 11.83 and 7 � 2 · 2.415 = 2.17. Which fits neatly into
the rule of thumb that two standard deviations from the mean contain approx-
imately 95% of the outcomes, in this case 34

36

⇡ 94.44%.

We can also calculate the mean and the variance of a single Bernoulli trial,
and then use this to calculate the mean and variance of a Binomial distributed
stochastic variable X. For a single Bernoulli trial the mean is simply:

E(X) = 1 · p+ 0 · (1� p) = p.
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And the variance is:

Var(X) = (1� p)2 · p+ (0� p)2 · (p� 1) = p(1� p)((1� p) + p) = p(1� p).

Theorem: If Xb(n, k) is a binomially distributed stochastic variable X ⇠
Bin(n, p) then its mean is µ = E(X) = np and its variance �2 = Var(X) =
np(1� p).

Proof: I will give a brief proof of this as it is one of the main results of in-
troducing the binomial distribution. To prove it we will need a few tricks and
identities, primarily the fact that: k ·

�
n

k

�
= n·

�
n�1

k�1

�
. Now consider the equation:

E(X) =
nX

k=0

x
k

· p
k

=
nX

k=0

k ·
✓
n

k

◆
pk(1� p)n�k,

=
nX

k=1

n ·
✓
n� 1

k � 1

◆
ppk�1(1� p)n�k,

= np

nX

k=1

✓
n� 1

k � 1

◆
pk�1(1� p)(n�1)�(k�1).

Where we have used that the first term is zero, and our identity. Now we will
show that this sum equals one by rewriting m = n� 1, j = k � 1, then we get:

nX

k=1

✓
n� 1

k � 1

◆
pk�1(1� p)(n�1)�(k�1) =

mX

j=0

✓
m

j

◆
pj(1� p)m�j = 1.

However this is equal to sum of the probability of every single run of m trials,
which is one since P is a probability function. Hence:

E(X) = np.

Now to see the same thing about the variance:

Var(X) = E[(X � µ)2] =
nX

k=0

(k � np)2 ·
✓
n

k

◆
pk(1� p)n�k

=
nX

k=0

(k2 � 2knp+ (np)2) ·
✓
n

k

◆
pk(1� p)n�k

= A+B + C
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Here we have to split this sum into three sums, lets call them A,B,C correspond-
ing to (np)2, �2knp, and k2 respectively, the three terms in the parenthesis.

A = (np)2
nX

k=0

✓
n

k

◆
pk(1� p)n�k

= (np)2

B = �2np
nX

k=0

k ·
✓
n

k

◆
pk(1� p)n�k

= �2(np)2

C =
nX

k=0

k2 ·
✓
n

k

◆
pk(1� p)n�k

=
nX

k=1

nk ·
✓
n� 1

k � 1

◆
ppk�1(1� p)(n�1)�(k�1)

What we have done is merely identifying the probability function like before,
and noticing that the �2knp term left us with the exact same sum as in the
mean value case. So the only thing left to investigate is the last sum, where we
will use the same trick as before. Let m = n� 1, and j = k � 1.

C =
nX

k=1

nk ·
✓
n� 1

k � 1

◆
ppk�1(1� p)(n�1)�(k�1)

= np

mX

j=0

(j + 1) ·
✓
m

j

◆
pj(1� p)m�j

= np(1 +
mX

j=0

j ·
✓
m

j

◆
pj(1� p)m�j)

= np(1 +mp) = np(1 + (n� 1)p) = (np)2 + np(1� p).

From which we get that:

Var(X) = A+B + C = (np)2 � 2(np)2 + (np)2 + np(1� p) = np(1� p).

Thus we can conclude our content analysis, where we have followed the bino-
mial from its modest beginnings in combinatorics to a fully fledged statistical
distribution with mean and variance determined.

4 Research Questions

The purpose of this thesis is to contribute to a specific area of didactical re-
search, namely, inquiry-based teaching on combinatorics and probability theory
at the high school level. In addition to this I have focused on teacher knowledge
and paradidactic infrastructure, and how the latter can enable the professional
development of teachers, and facilitate the sharing of didactical knowledge. The
main empirical content of this thesis is a case study of a team of teachers who, as
a part of a didactic project in conjunction with the University of Copenhagen,
have made a LS cycle on the topic of combinatorics. While it would certainly be
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useful to ask research questions like: ”What is the mathematical and didactical
knowledge on combinatorics and basic probability among danish high school
teachers?”, I have not collected the empirical data to draw conclusions about
this. However, I have the empirical data to study the process of an experiment
in LS in a Danish high school. Thus, I have formulated research questions that
are relevant to the case study. There has been few instances of LS in Danish high
school, so this is a relatively new area of research. In primary and secondary
school there have been more research done, but that is not directly comparable
due to factors like the di↵erences in teacher education from the secondary to the
high school level. Therefore I hope that it can be a useful contribution to the
field of didactical study if I can make some headway on these research questions.

Research questions:

• What is the potential of lesson study in Danish high school to advance
the teachers didactical knowledge in general, and subject knowledge on
combinatorics and probability theory in particular?

• Can such a case study provide qualitative knowledge about the mathe-
matical organisations that students develop in the setting of inquiry-based
teaching on the subject of combinatorics and probability theory?

By didactical knowledge in general I mean didactical techniques that are appli-
cable to the teaching of many mathematical subjects and not specific to a single
field like combinatorics. I want to investigate whether the LS format enables
teachers to share didactical techniques and ideas that might otherwise remain
individual. By subject knowledge on combinatorics and probability theory, I
mean didactical and mathematical knowledge like examples, tasks, techniques,
representations and ways of explaining and visualising, that are specific to these
subjects. I would like to investigate whether LS, or collaborative teacher projects
like it, could facilitate the exploration, sharing and widening of such knowledge.
Lastly, the second research question concerns inquiry-based teaching on these
subjects. I want to study the praxeologies of the students when confronted
with combinatorial problems, and the possibilities and obstacles there are for
teaching through problem solving on these topics.

5 Methodology

The methodology is inspired by the method used by Takeshi Miyakawa and Carl
Winsløw in the article Developing mathematics teacher knowledge: The para-
didactic infrastructure of “open lesson” in Japan[27]. It is a method that has
its basis in ATD, and which studies, not only the mathematical and didactical
organisations that are present in the research lessons, but also the pre-didactic
organisations of the planning meetings, and the post-didactic organisations of
the reflection meetings. Reproduced here is an illustration of the paradidactic
infrastructure of a lesson study. With MO

1

and MO
2

referring to the pre-
didactic, and the post-didactic infrastructures respectively.

I will use these theoretical tools from the ATD to analyse the didactic orga-
nizations that come into play as the lesson study cycle unfolds. As well as
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Figure 6: Paradidactic Infrastructure. [27]

investigating if, and how, these meetings and open research lessons can facil-
itate the di↵usion and spread of mathematical ideas and didactic knowledge
among the participating teachers. In order to try to answer my research ques-
tions I will try to investigate whether there is any movement in the didactical
organisations, and look for instances where the didactical knowledge of the par-
ticipating teachers is shared or expanded upon. I will provide a detailed account
of the whole lesson study cycle to put all of the statements of the teachers, as
well as the other participants into their proper context. Thus I hope to shed
some light on the part of the research question that concerns itself with the
potential of lesson study to enable the development and sharing of didactical
knowledge.

In the start of the section on the planning meetings I have identified some
mathematical tasks and techniques that come into play most frequently in the
discussions. I will use this to make an analysis of both the way these MOs that
feature in the discussions of the teachers, and the way they feature in the work
and discussions of the students during the research lessons. This analysis is
made in order to answer the part of my research question that is: ”what is the
potential of lesson study in Danish high school to advance teacher knowledge on
combinatorics and probability theory in general?”. It is also made in order to
investigate the MOs of the students when faced with teaching through problem
solving in combinatorics. These students had not yet been taught the com-
binatorial techniques, so we will look at their praxeologies when faced with a
counting problem that they do not beforehand know how to solve. Such knowl-
edge of student praxeologies is also a part of the teachers’ didactical knowledge,
and I will analyse whether the post-didactical reflection meetings enable the
teacher to develop a greater knowledge of the students’ reactions, problems,
and potential when faced with such a task. During the analysis I will look
for instances where the teachers share or develop didactic techniques that are
particular to the learning problems that are present in combinatorics and prob-
ability, some of which we have already discussed in the content analysis section.
I will present quotes from the team members discussions that I deem to be rel-
evant in investigating this part of the research question, and which illuminate
some part of the teachers knowledge and skill.
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To investigate more specifically the DOs that come up during the LS, I have
identified some key didactic tasks in the discussion section. I will label them
DT . Similarly there are some key didactical techniques D⌧ that come up in
the conversation. These tasks and techniques are not particular to the topic
of combinatorics but instead inherent to the new paradigm of questioning the
world. Many of these DT s and D⌧s are mentioned in the planning, but they
feature most prominently in the discussions between the team members and
the observers in the reflection meetings. My approach will be to look at the
didactical tasks as they were met and solved in the research lesson, and then to
discuss and analyse the reflections of the team and the observers about potential
improvements.

It is clear that this approach to investigating the research questions is very
qualitative, however I don’t see this as a problem. Since lesson study is not
widespread in Denmark, and the project, of which this case study is a part,
is one of the first that experiments with implementing LS in high school, it
would not be possible for me to do a quantitative study on this at this point in
time. Nor are the teachers that are a part of this lesson study team completely
representative of the average danish teacher. All of them are enthusiastic and
motivated with many years experience and a high level of mathematical confi-
dence. Thus the study is mainly on e↵ect of lesson study on teachers which are
already very skilled. However, though they have many years of experience, the
teachers are quite new to the paradigm of questioning the world, and especially
to the kind of lesson designs that are inspired by the Japanese model of whole
class discussions. Thus some of the didactical techniques required are also quite
new to these teachers and I will investigate how these skills develop during the
lesson study cycle.

Data collected:

• Audio recordings from the two planning meetings, the two research lessons,
a readjustments meeting, and the two reflection meetings.

• Notes taken during the entire process.

• Pictures taken of the students work during the research lessons.

• The lesson plans for the two research lessons.

Due to constraints on time, I only got the data from the case study in late April
when the thesis was due to be handed in in May, I have not transcribed the entire
recordings, but only selectively chosen bits that I deemed most interesting and
relevant. These bits have then been translated from Danish into English to
the best of my ability and as close as possible to a direct translation. I have
additionally added in square brackets [], context that was directly implied and
evident from the discussion but which was not spoken. The pictures taken of
the student work during the research lessons is added in the text and will be
the basis of an analysis of the mathematical organisations that the students
developed and employed during the lessons.
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6 Praxeological Analysis of the Case Study

This is an analysis of a complete lesson study made by a team of four teachers
at a fairly normal Danish high school. The topic of the cycle of lesson study is
combinatorics. It will include two planning meetings where they plan a lesson
which they want to try out in two classes, one which is slightly more focused
on the natural sciences, while the other is slightly more focused on the social
sciences. After the planning meetings one of the teachers on the team will do
the lesson in their class, while the rest of the team as well as researchers from
university observe the lesson. After each research lesson there will be a reflection
meeting where the team, and the observers, discuss the successes and failures
of the lesson. Then there will be a second, slightly modified, research lesson by
another teacher on the team in their class, and a subsequent reflection meet-
ing. I have had the opportunity to document this whole process and I will try
to analyse it praxeologically to see how students as well as teachers relate to
the tasks at hand and the relevant mathematical organizations. For the sake
of anonymity the four team members are dubbed P

1

, P
2

, P
3

, P
4

, participants 1
through 4.

In these tables I have collected some of the proposed mathematical tasks and
techniques that occur most frequently in these discussions in order to be able
to refer to them practically and precisely.

T
1,1

: Choose 3 from 4 With replacement and order.

T
1,2

: Choose 3 from 4 Without replacement but with order.

T
2

: Choose 3 from 256 With replacement and order.

T
3,1

: Choose 4 from 6 With replacement and order.

T
3,2

: Choose 4 from 6 Without replacement but with order.

T
4

: Choose 4 from 10 With replacement and order.

Table 3: Sampling tasks.

While it may seem trivial to be deciding between these quite similar tasks for
the students, it is actually very important. One of the lessons that we see
consistently from the research literature from East Asian countries is that ex-
perienced teachers there tend to place a lot of emphasis on choosing the right
tasks to represent a concept.[17][26]
As I discussed in the part 3.2.2, there are well know formulas for calculating all

Symbol: Technique: Relevant tasks:

⌧
1

: Using the formula: nk T
1,1

, T
2

, T
3,1

, T
4

⌧
2

: The formula: n(n� 1) · · · (n� k + 1) T
1,2

, T
3,2

,

⌧
3

: Partial and complete listing T
1,1

, T
1,2

, T
3,1

, T
3,2

, T
4

⌧
4

: Drawing counting trees T
1,1

, T
1,2

, T
3,1

, T
3,2

, T
4

⌧
5

: The multiplicative principle T
1,1

, T
1,2

, T
2

, T
3,1

, T
3,2

, T
4

Table 4: Combinatorial techniques.
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of the above tasks. To calculate T
1,1

, and T
1,2

, one can use ⌧
1

, and ⌧
2

, respec-
tively. But, if it is not implicitly stated and only implied by the context, it can
be tricky for the students to realize which situation they are in, eg, if the task
really is T

1,1

or T
1,2

or some other combinatorial task. In this case the context
is codes, so it is implied, but not stated, that the problem is ordered. If not
for this assumption the students would have four di↵erent possible problems to
solve. Not to mention that the research shows that students often have trou-
ble seeing the rationale behind these formulas, so these tasks might deceptively
seem more simple than they are. [24]

6.1 Planning meeting 1

This planning meeting and the next, and the time in between them, constitute
both the phases study and planning, as identified in the theoretical section
2.4. Since this was not the first lesson study undertaken by this team, and they
knew each other well and had worked a lot together, there were little focus on
team-building activities. Though in no way did they neglect this, as every mem-
ber consistently participated and their opinions were heard and respected. The
goal of the study phase that was handled was: ”To decide the topic of the lesson
study cycle and increase team knowledge within this topic.”, and this happened
primarily during the first meeting and in the time between the meetings. The
goals of the planning phase of identifying appropriate learning objectives and
making a lesson plan happened partially in the first planning meeting but are
substantiated in the second meeting.

Topic of the lesson study.
The first topic of the meeting was on what the subject of the lesson study should
be, and it was decided that combinatorics would be useful. The two classes in
question are both on the level of mathematics B, which is the intermediate level
of mathematics for the second year of high school. One of the classes are on a
humanities track, while another has a biology focus. In Denmark you don’t have
final exams in every topic, but instead draw lots and get exams in some of your
main courses which supplement the grades given by the teacher. That formed
the background for the choice of combinatorics as a subject. P

1

explained it in
the following way:

P
1

: It says in the curriculum for both humanities and biology that
they, in fact, have the same requirement, in that if they come up
to their A-level written exams in 3g [last year of high school], then
they can be asked to do some mathematics as a part of their exam
answer. In that way they are the same, and it is precisely the bi-
nomial distribution and statistics that is the common platform for
them both. That is also why we thought this could be good to work
with and investigate.
P
2

: Especially the introductory part with combinations and permu-
tations has a lot we can work with. But that they themselves should
reach and explain the binomial distribution, that is not easy!
P
1

: The key is that there are many di↵erent ways to do it.

Thus the choice of combinatorics as a topic was driven by a few main consid-
erations. First, that it would fit well into the schedule for the teaching of the
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two classes. Secondly that it can serve as a primer for them to be introduced
to probability theory and statistics, the latter of which is an important part of
the shared curriculum of these two classes. And that a good understanding of
this might be useful for exams further down the road. It is worth noting that
these experienced teachers have a broad overview over the entire curriculum and
thus are able to anticipate in advance what will be important later. Thirdly,
there was the appeal that combinatorics is a topic where you don’t need any
prerequisites and where it is possible to find solutions by reasoning and logic,
and not by study, which is what P

2

is saying. Thus it might be easier for the
teachers to design inquiry based education here. It is not true in general that
topics have to be elementary for them to be accessible trough problem solving.
It is certainly possible to make inquiry-based teaching on advanced subjects, as
is done in university for example, but it might be simpler to design lessons on
more fundamental topics. A lot of the literature and ideas are based around
primary and secondary school teaching where one has more time and are work-
ing with more elementary ideas, and that may be the reason some teachers feel
that inquiry based tasks must be somewhat ”hands on”. Lastly there is also
an observation on the part of the team members that many students struggle
with and do not understand combinatorics. These problems in teaching com-
binatorics and probability theory were expressed by P

3

and P
4

in the following
way:

P
4

: We are working on the addition and multiplication principles
now and, wow, it is di�cult [for them].
P
3

: If you do the problem; What is the probability of getting a
straight in poker? [They ask] ”Why is the one above the other [in
the fraction]?”. It is really hard for them.

Clearly both of these experienced teachers have observed that many students
really struggle with grasping these concepts, so though introductory combina-
torics may seem basic to a university trained mathematician it is still a subject
which can pose many di�culties in the high school setting. It is also interesting
to note that P

3

immediately connects the problems of teaching combinatorics to
problems of probability, displaying the close interrelation of these two subjects
in high school, where they often follow directly after one another, and uses many
of the same techniques. The problem of calculating the probability of getting
a certain hand of cards in a game is of course often a counting problem, so in
that sense entirely combinatorial.

Deciding a type of problem.
Choosing the right problem or task for the lesson is a didactical task of high im-
portance, particularly when pursuing inquiry based education. Here of course,
with the topic set to be combinatorics, the teachers had to come up with a task
for the students that that satisfy some or all of the principles for good tasks
that we described in section 2.4.

P
1

: I want to challenge them with the addition and multiplication
principles.

Here P
1

puts forth a very clear goal for the task to be designed. It is also a goal
that centres these two principles, that we discussed in section 3.1, which feature
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heavily both in combinatorics and in probability theory in similar, but subtly
di↵erent ways. The teachers very much associate the addition and multiplication
principles with the task of counting the number of di↵erent courses of a menu
on a restaurant, which is a variation of the ice cream task discussed in section
3.1, and with the counting tree technique. These classical tasks and techniques
then feature in this part of the conversation before the following intervention
from P

4

.

P
4

: Could we instead of restaurants and menus maybe start with
the game of mastermind?

In mastermind the players make codes, which the other player tries to guess.
These codes are usually made up of four coloured tokens and they players have
six colours to choose from. In section 3.2.2 I explained the rules of this game as
an example of a more advanced combinatorial concept. The introduction of the
idea of mastermind lead the team to the first concrete proposed task; how many
codes of length 4 can you make from 6 colours. This problem can be considered
both with and without replacement, which I have dubbed T

3,1

and T
3,2

.

Practical elements.
After the introduction of the idea of mastermind the teachers engaged in a dis-
cussion of the practical possibility of having the students play mastermind, if
they could get enough games, tokens or even print the playing boards. This
was a bit of a side track as it does not really contain that much didactical or
mathematical content but is more practical. Of course it is a didactical task to
prepare a material milieu that can enable students to achieve clarity, but some-
times these discussions about the specific material elements can distract from
the more important work of studying the mathematical and didactical tasks at
hand.

Which problem lends itself best to generalization?

P
1

: I would like to see generalization.

Like P
1

all the teachers placed a lot of focus on the process of generalization.
Whereas it might seem trivial to go from the specific case T

3,1

, 64, to the general
case nk, in the view of these experienced teachers, this was not something that
the students necessarily would understand easily or do spontaneously.

The idea of mastermind and the subsequent talk also lead to the proposal of mul-
tiple di↵erent code-related questions. For example the team considered whether
to merely ask the students how many pin codes with 4 digits one can make from
10 digits, like in a phone. This task, identified as task T

4

, could also give rise
to a new question of how many people in Denmark on average have the same
pin code on their phones. Here we had the following exchange:

P
2

: They will immediately transfer [the context] to their pin code.
P
3

: If we use the pin code they will say that the highest is 9999 so
there are 10000 codes.
P
1

: Yes, and that is why we use colours.

Here we see a number of objections to the didactical value of the task T
4

. They
might make the deduction that the largest number you can make is 9999, which
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is a solution that is ad hoc, and thus does not give a lot of understanding of
the counting problem in general, and precisely this generalization was the stated
goal of the task. Secondly P

1

interjected that part of the appeal of using colours
is to add a layer of abstraction that can prevent such ad hoc solutions and thus
lead the students to see the value of the general formula. Thus in the choice be-
tween the tasks T

3,1

and T
4

it was judged that T
3,1

would be more instructional.
The advantages are that it is both large enough that the possibilities can not
quickly be counted, and without ”quick solutions” that do not generalize to the
correct formula.

On the structure of the lesson, multiple tasks.
Though in Japanese lesson study each lesson usually have one problem, the di-
dactical design of this lesson study cycle is only inspired, and not bound by that
particular way of doing things. The teachers wanted here to divide the lesson
into two phases of group work with, devolutions, formulation phases, as well
as validation, and then with a single phase of institutionalization at the end.
The decision to go have two tasks were justified on the basis of the following
discussion:

P
2

: Also because, if you remember in one of the previous cycles [of
lesson study in this project] we did it in that way that they got a
new main question after the first round [of group work].
P
3

: That is a good idea because there will be some that are quick,
who says ”we know”, then we can ask them if its with replacement
or not.

The teachers refer back to a shared experience from a previous cycle of lesson
study where they also solved this problem in a similar way. Having only one
task poses the problem that it is hard to make a question that is doable for
the students, yet di�cult enough to sustain their work for a whole hour. The
solution then is to have two problems, first a fundamental question and then
a second question related to expanding the problem. For example by, like P

3

suggested, posing the problem with or without replacement, by generalizing,
or by making a more formal argument. This technique, of dividing the lesson
into two halves then becomes a compromise between the more standard Danish
way of holding lessons with many tasks of the same type of increasing di�culty,
and the Japanese approach where you focus on the details of one problem of
su�cient complexity. Another interesting point was mentioned by P

2

.

P
2

: It is important that they are working on the same problem.

Saying that a bit of the di�culty in having only one active phase, or having
an open problem is that the di↵erent groups of students can end up working
on very di↵erent problems. This would not be a problem in itself if all groups
did good mathematical work, however, it does pose a problem in the formula-
tion, validation and institutionalisation phases, which will not be relevant for
all students as they might not have been working on the problem which is being
discussed on the blackboard. Thus in order to have a whole class discussion
that interests everyone the students have to be on the same page.

Tasks, techniques and technologies.
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Already there has been talk of quite a few tasks and techniques but as in every
mathematical organisation we also need a discourse about why it works, why
it is true. For many of the techniques such as ⌧

1

and ⌧
2

, the formulas nk and
n(n � 1) · · · (n � k + 1), the multiplication principle becomes one of the main
technologies. However, while it is powerful and can explain many things, it can
also be deceptively simple.

P
4

: When you explain the multiplication principle they say: ”Oh,
is it only that”, but it is not just multiplying together.
P
1

: It is also the argument!

This short dialogue touches on the essential di�culty of the multiplication prin-
ciple. It is easy to state, but it can be very di�cult to determine when it holds
in practice. Then one needs to make an argument of why the events are inde-
pendent, or why the two events do not contain information about each other,
that it can be seen as a compound experiment, or some analogue case, as was
discussed more thoroughly in sections 3.1 and 3.5.

Work between the planning sessions.
As ”homework” for the team members between this planning section and the
next it was agreed to work on the following three main points. This can be seen
in appendix 1.

• Try to anticipate what that students will do in the group work phase.

• Make a precise formulation of the main task.

• Think about the time allotted to the di↵erent stages.

Thus each teacher will try to anticipate the students thinking and then they
can compare notes in the next meeting.

6.2 Planning meeting 2

In the second planning session the discussion was a lot more directed at the
specific design of the lesson, and the lesson plan crystallized.

In the time between the first and the second planning sessions the teachers
had made progress in the design of the teaching materials for the lesson. As
we can see from figure 7 they had created a design for a list, inspired by the
playing board of the mastermind game, where students can place the coloured
tokens in order to visualise some of the possible combinations. They had found
some coloured tokens that the students could use to generate combinations. As
we discussed in the section 3.2 we have seen from the work of Elise Lockwood
that even partial lists can be a good tool for students to use in making correct
judgements and generalizations in combinatorial problems.[23] A fact that par-
ticularly holds true if the students approach the problem systematically. This
was the starting point of the meeting which commenced with a discussion of the
material milieu.
The material milieu:
First there was a discussion of the practical aspect, of how to make the task
”how many codes can we make with 6 colours and four places” possible. The
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(a) List 1 (b) List 2

Figure 7: Partial lists with 4 and 3 places.

problem was that the school only had available tokens in 3 colours so they were
discussing whether or not to buy 3 more. This problem produced a number of
suggestions of modifications of the problem in order to make it easier to have
tokens in enough colours.

P
2

: I think it is important that we have the tokens,because there is
a di↵erence in how one perceives and understands these things.

P
2

thought that it was important to hold on to the idea of having physical
tokens as a pedagogical tool in helping understanding. Thus, since they needed
to reduce the number of colours, they discussed a few varieties of possible tasks.
All the teachers quickly agreed that having four colours and four places would
be a very bad didactical choice, as it would be sure to lead to confusion.

P
2

: The optimal would be to have 5 colours and 4 places, thus one
more colour than place, so they can generalize from that.

Here we see the argument made that there should at least be more colours than
places in the code. The discussion then centered around two candidate tasks
namely T

3,1

, T
3,2

and T
1,1

, T
1,2

. The teachers had some main arguments for
reducing the number of colours to 4. The first is practical, the di�culty and
expense of getting enough tokens and pens for a whole class of 30 students if
there are 6 di↵erent colours. The second problem is related to partial listing.

The feasibility of partial listing.
Partial listing and complete listing is the mathematical technique, ⌧

3

, that was
central to the planning of this lesson. The goal of which is that this tech-
nique can help the students train two vital mathematical skills, one of which is
thinking in a systematic fashion, the second of which is the ability to general-
ize. A partial list, and particularly one with physical tokens ideally allows the
students the possibility to move around their arrangement and improve it as
they see the need for being more systematic. There are several di↵erent ways
of being systematic, one divide the problem into cases, calculate the number
of arrangements of each type and then use the addition principle. Or one can
calculate for instance the number of possibilities there are if one place is fixed
and then use the multiplication principle. This latter approach was the one
mainly favoured by the teachers. The reason the latter approach was preferred
is because it resembles a generalization.
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P
1

: If they start to think about how to exhaust [the possibilities of]
one colour, then that can give them the chance to figure out how to
calculate it, or to make a counting tree.

Given the task T
3,2

, then there are 5 ·4 ·3 = 60 cases when we fix the first colour,
and there are 6 colours, then there must logically be 6 · 60 = 360 = 6 · 5 · 4 · 3
in total. The teachers worried that it might not be feasible for the students to
make a partial list of all 60 codes that arise if one tries to solve T

3,2

by fixing
one colour in one place and letting the others vary.

P
2

: With 6 colours there are really many [possibilities], there are
some who never reach the point where they understand the system
when there are so many.

On the other hand, if the problem is T
1,2

, 4 choose 3 with order and without
repetition, then a partial list where the first element is fixed has only 3 · 2 = 6
elements, and this is perfectly feasible to list, and if the problem is T

1,1

then
it is also possible to make a systematic partial list of the 4 · 4 = 16 codes.
Furthermore, while this problem is so small that the entire set of outcomes might
be listed, it still lends itself to generalizing from the partial list. Students will
likely also prefer the use of a formula over listing 24 or 64 outcomes respectively.
The worry is that T

1,1

and T
1,2

might have a too small total set of outcomes,
and thus be too easy.

P
2

: I think we should go down to four colours and three places, it is
possible that some of them will figure it out, but in my class there
are also many who can’t.
P
1

: That is the same problem, and then they have to generalize it.

As we see P
2

thinks it may be easy for some, but also a challenge for others
and thus a fine compromise. P

1

emphasised the generalization like in the first
meeting and said that the two represent the same mathematical problem.

An empty place representing a colour.
Another problem that was raised was the possibility of tokens of three colours
and having a blank space represent the fourth colour. However, the objection
was raised that slower learners might have di�culties recognizing that the blank
space is a colour just like any of the other.

P
2

: I can imagine that there are some [students] that will stop if
there is an open spot which represents a colour.
P
1

: It is a challenge if there is to many translations.

Thus it was decided that it would be better to have four colours of tokens, eg
blue, red, yellow, green, so as to not create any confusion. The teachers knew
that the students might be able to to use the blank space as a colour, but judged
the risk too high that at least one of the groups would be slowed down or im-
peded or confused by having one ”colour” that is not a token but an open space.

La couleur.
One of the teachers then came up with a concept for the lesson that was demon-
strated on the blackboard. This concept was as follows: The teacher starts by
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Figure 8: Concept for the devolution.

presenting codes as pin codes of length 4 or 6 before moving on to a new idea
by the company ”La Coleur” which has an innovative idea for a new type of
code, namely one based on colours. They want to ensure that every Dane has a
unique code, thus they have a colour palette of 256 colours and a code in three
places. This new task T

2

, of 256 choose 3, was not meant to replace the simpler
task T

1,1

, of 4 choose 3, but rather to serve as a main goal, for which solving T
1,1

is a necessary step on the way. This became the teachers plan for the lesson. It
was considered that generalizing from T

1,1

to T
2

should would be a good follow
up task for the students as it involves changing exactly one of the parameters.

Discussion about counting trees.
Another key technique that the teachers kept emphasising was making counting
trees, which I call ⌧

4

. Counting trees are a technique for solving combinatorial
tasks, but they are at the same time a technology which facilitates a discourse
about another concept which is the multiplicative principle. The teachers use
the counting tree to explain to the students why we multiply, [there are the n

1

of possibilities on each branch and n
2

branches, hence n = n
1

n
2

possibilities] as
treated in section 3.1. Thus counting trees understandably featured quite a bit
in these conversations.

P
1

: They were finding 4 digit classical combinations and permuta-
tions. What I saw them do was - some were quite good - but none of
them remembered the counting tree. So I had to remind them and
then they jumped into it.

Here P
1

is identifying a glaring hole in the knowledge of the students, they
cannot remember how to make a counting tree! All of the teachers agreed that
they had experienced the same thing, even though students are supposed to
have learned counting trees and other combinatorial concepts in primary and
secondary school. This is probably also a part of the motivation for the teachers
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in choosing this topic for the lesson study, that they know that students often
are ill equipped to take on these kind of problems, even though they on paper
are supposed to have learned them already. However, the teachers did not want
to just hand the students the counting tree, as they felt this would contradict
the inquiry-based theme of the lesson, but instead hoped to see some groups
come up with it by themselves.

P
3

: Exactly because they have the tokens they will not make a
counting tree.
P
1

: In the institutionalization the counting tree should definitely be
brought forward.

P
3

made the interesting point that the tokens might make it less likely that they
construct, or remember to make, a counting tree compared to if they only had
pen or paper, because the tokens and lists are in a sense a ready-made strategy
that the teacher has told them to use. Since the teachers were unsure whether
the counting tree will be brought up P

1

proposes that it should be used in the
institutionalization. Thus the counting tree is not really being used as a tech-
nique but rather as a technology to make the students understand the formulas
and the multiplicative principle better.

Didactical tasks:
For the group work, or active phase of the lesson, as well as for the formulation
phase, the plan was that the students should work in groups. This group work
is adidactical in that the students work without being directly influenced by the
teacher. There are many didactical task related to facilitating successful group
work and successful adidactical learning. Here are some of the didactical tasks
that the teachers in the team identified and tried to solve.

• Activating every student.

• Making every student feel that their work is recognized.

• Hearing every group in the formulation stage.

• Seeing the progression of every group.

These are quite lofty goals, as in a normal lesson it is not necessarily true that
every student feels seen and recognized and so on. Moreover, trying to achieve
some of the goals may impair the work on the others. The first problem they
tackled was the one of activating all the students.

P
2

: We have seen examples of, when we get up to groups of five or
more [students], that some do not participate.

Here a first obstacle to activating all the students is brought up by P
2

who has
observed that the dynamic of large groups mean that some students take on
the work and the responsibility while others remain inactive. P

2

also added
that even if all the group members are active, that usually means that the large
group has spilt into two disjoint components working separately. This lead to a
large discussion on how many groups there should be.

The size and number of groups.
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Initially the teachers thought that the best group size would be four students,
so that the class with 24 students would have 6 groups, and the one with 30
students, 7-8. One argument put forwards was that it is easier in the formula-
tion phase where the groups present, to hear and keep track of every group if
there only is a somewhat limited number of groups.

P
3

: It is di�cult to determine what 10 groups are doing in 10
minutes.

Here P
3

is talking about the challenge it is to observe and make judgements
about a large number of groups during the relatively short span of time of the
active phase of group work. P

3

also mentioned that a group would be doing
something, and then the second the teacher leaves the table they would start
doing something else, leaving the teacher completely in the blind. Thus it was
argued that in terms of seeing every group, having a smaller number of groups is
an advantage. There were also concerns about the utility of large groups which
lead to the following exchange:

P
2

: Earlier we had challenges that resulted in not everyone being
heard.
P
1

: If we want to activate everyone then we should have smaller
groups and if we want to hear every group then we should have
fewer groups.
P
3

: The best group size is 2 maybe 3. 3 gives a good dynamic.

So in terms of activating the students the teachers agree that smaller groups
are more e↵ective. P

1

here expresses the trade-o↵ that the teachers are doing
between the two competing didactical tasks.

Another objection raised was that it is very time consuming to hear the presen-
tations of a large number of groups and there might be more overlap between
the presentations, limiting their instructional value. A solution to this could be
choosing only some groups to present, but then there is the problem that not all
of the students might feel seen during the lesson. In spite of these problems it
was decided that groups of 3 would be best, so that the small class would have
8 and the large class 10 groups of students.

How to partition students into groups.
Another task is to decide the group members. Do the students form groups
themselves, are they decided at random, or is it the students sitting next to
each other? Here the teachers had some divergent opinions.

P
4

: I have made groups where I tried to connect the strong [students]
and distribute the rest.

P
4

had made an interesting experiment with combining the strong students to
allow them to reach further. P

2

on the other hand felt that putting the strong
students in the same group might have them solve the problem way faster than
the rest of the class and unbalance the lesson. In the end, P

1

and P
2

made the
groups before each their respective lessons.

How to see/hear every student.
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At the end of the meeting P
3

made this suggestion to a technique which could
solve some of the seemingly contradictory didactical tasks.

P
3

: If one sees two [groups] with the same solutions. When one
group has presented, then tell the other ”I see that you have a similar
solution, is there anything you would like to add?”.

All the teachers thought this was a good idea, as it allows there to be a large
number of groups who all have their solutions recognized, without using time
on having all of them go up to the blackboard and present.

The Lesson plan.
One of the main goals of the meeting was to design and to finish the lesson
plan. Some work had already been done in between the two meetings, the team
members had produced a draft of a time plan which was based on their expe-
rience from the earlier lesson study cycles. During the meeting the devolution
was decided with the ”La Couleur” concept. The activities for the group work,
tasks and materials, as well as the size and number of groups were discussed
in length. There was discussions of the mathematical techniques that they ex-
pected the students to use in their formulations. On the other hand there was
not so much talk about the didactical techniques that the teachers would use
for the validation and institutionalization phase, except that it should involve
the counting trees and a comparison between the two techniques ⌧

1

and ⌧
2

. The
finished lesson plan can be found in the appendix.

6.3 Research lesson 1

Here I will discuss the first research lesson, how it transpired, and which math-
ematical and didactical organisations came into play. I will also try to see how
the course of the lesson compared to the lesson plan made by the team. The
whole lesson is 60 minutes long, and I have put the time devoted to each phase
in the lesson plan in parenthesis next to each stage.

Devolution. (5 minutes)
The teacher was seeing the students again in person for the first time in many
months due to Covid. Luckily, this did not seem to cause any problems nor
delays in the start of the lesson. The students were divided up into pre-made
groups of three as soon as they entered the classroom, each group with a sepa-
rate table, and each table with the materials (schemes, tokens, markers) already
present. The teacher immediately told them about the observers and that it
would be a research lesson, and then proceeded to introduce the problem of the
day via a couple of PowerPoint slides. In the PowerPoint slides both the prob-
lem T

2

, how many codes of length 3 can you make from 256 colours, and ”How
many codes can we make with four colours and three places?” were presented,
with the latter being the problem for the first round of group work. That the
codes has to be ordered was strongly implied due to a comparison with the pin
codes of cell phones and other devices but it was not mentioned. Whether the
codes could have the same colour repeating was intentionally not mentioned
either, thus it was left ambiguous whether the task really is T

1,1

or T
1,2

. At this
point the teacher told the students to start working and to prepare a solution
and an explanation to present on the blackboard after 10 minutes.
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Group work, (10 minutes).
The eight groups then started working, while being observed both by the teacher,
the three other members of the team as well as three university researchers. This
did not seem to a↵ect their work or unsettle them too much, even though lessons
with observers are very rare in Denmark. Most groups started out by making a
number of codes and combinations on the list provided to them using the tokens.
However, not all groups were systematic in their approach to this listing. Some
groups seemingly tried combinations at random, and only one group tried to list
all the possibilities keeping the first colour fixed. Every single group assumed
that the order was important and almost every group assumed that repetition
was allowed. Some groups asked the teacher whether the same colour could be
used several times, to which the teacher replied that they could consider what
the di↵erence would be. However, in practice every single group assumed that
the problem was with repetition, thus they were all working on T

1,1

, and were
not really discussing the di↵erence between it and T

1,2

. At least one group
realized the correct formula, but went on to use the materials anyways, not
necessarily in a good or constructive way. Another group used a counting tree,
and at least one group did not use the tokens but instead focused on deriving
the formula.

Common mistakes and problems.
Many groups started with the cases where all the colours are the same, as seen
from figure nine, groups 2,3 and 5 have used this approach, and while this is as
good a place to start as any, it was not followed up with a systematic investiga-
tion of the other cases. Among the groups there was also a tendency to confuse
nk with kn, which is indicative of knowing the formula and the numbers, but
not really why, and what goes where. Another common problem was to use
the additive instead of the multiplicative principle. Another problem was that
all of the groups interpreted the problem as T

1,1

, so when they attempted to
do a systematic listing, case by case, in order to list every possibility, the 64
possibilities were too many for them to list and hence their e↵orts failed. It
would clearly have been easier for them to make a partial or complete list if
they had worked on T

1,2

with only 24 possibilities.
From figure 9 below you can see the cumulative work of all of the groups from
both phases. The coloured lists are from the first phase, while many of the
calculations are from phase 2.

Group presentations or formulation, (7 minutes).
Some of the groups were chosen by the teacher to present their work, groups
with di↵erent approaches were chosen in order to expose the class to di↵erent
ways of thinking of the problem.
Group 3: The first group to present had a naive approach to the problem,
they had tried out a number of di↵erent codes using the tokens but not in a
complete way. In their own words they ”did not really think”. They presented
256 ⇤ 3 = 768 as a solution to the problem of how many codes there are if we
have 256 colours. Group 1 was asked if they had anything to add to this work,
indicating that they had reached the same level during the group work.
Group 5: Had a somewhat systematic approach to their partial list, not one
that fixes the first element, but rather one which listed some of the possibilities
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(a) Groups 1 & 5 (b) Groups 2 & 6

(c) Groups 3 & 7 (d) Groups 4 & 8

Figure 9: Work presented by the groups

case by case, eg, 3 of the same colour, then 2 places of the same colour and one
di↵erent, and so on. Since the could not list all the 64 possibilities, their list
was not complete. They did not use the additive or multiplicative principles,
and could thus not generalize and and they did not really present a solution to
either of the problems. Group 2 was also asked if they had anything to add.
Group 4: This group were systematic in using the same colour on the first slot
repeatedly. In fact, as we can see from figure 9, they have made a correct partial
list, keeping the first colour fixed, for problem T

1,2

. However, since the rest of
the class focused on solving problem T

1,1

, they might have been confused, as
they did not present a solution.
Group 8: This group did not use the tokens much and preferred to derive a
formula. They had a hypothesis that the number of codes with 4 colours with
repetition would be 43 = 64, so in order to test this they reduced the problem
to two colours and made a list of all the 23 = 8 di↵erent possibilities. This
convinced them of the formula nk, and they also presented 2563 = 16777216 as
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the number of codes in the overall problem. Thus they successfully completed
the whole exercise, but they did not consider task T

1,2

.
Group 6: This group were the only group that used counting trees and they
reached the conclusion that there would be 43 = 64 codes because there were 3
slots and four possibilities on each slot. Like group 8 they had used ⌧

1

to solve
T
1,1

, and they also had an instructive explanation of why.

It is clear that the teacher has used the didactical technique of having the
students present in order from more naive to more sophisticated. This requires
careful observation of the students work by the teacher, so that a progression in
the group strategies can be made. During the formulation the teacher did not
really make judgements about the groups work, rather responding with com-
ments like ”super!”, ”that is good”, or ”that is okay”, and trying to identify the
mathematical contents of their thinking without being too critical.

Validation, (5 minutes).
The goal of this phase as stated in the lesson plan was ”to have the students
question”. But, this is not the only goal of a validation phase, it is also the
scene for the evaluation of the di↵erent methods and solutions. Some solutions
are correct, while others are not, and some arguments are more mathematical
than others. Thus an important goal of the validation phase is to evaluate
the di↵erent solutions so that the students are not confused, but know which
are correct and which are wrong. That is the point of clarity. Still it poses a
di�cult didactical problem: How do you tell a student that their solution is
wrong without discouraging them from ever presenting again? How to you help
students acquire the essential skill of being able to evaluate the correctness of a
mathematical solution, technique or technology?

In the lesson the teacher tried to connect the di↵erent methods together without
explicitly mentioning which one is correct. The idea here was that the students
should realize themselves which techniques are correct. Since one group had
mentioned the counting trees the teacher used this in a discussion about the
multiplication principle, where a student was asked to explain the principle be-
hind the counting tree. The teacher also encouraged the students to use this
principle when thinking about the number of codes. There was also talk about
the work of group 8, who had reduced the problem to a simpler problem with
only two colours to test their hypothesis that the formula nk would give the
right answer. Here the teacher praised this as a mathematical mentality, which
it is, but did not problematize that they had taken one example as proof of their
hypothesis.

Second devolution, (5 minutes).
The teacher presented a couple of more power point slides presenting the prob-
lems to be solved in the second round of group work. The main problems
remained; How many codes are there with 256 colours and three places? Are
those enough for an unique code for every resident in Denmark? How can this
be increased so that there are unique codes for everyone in Europe?

So the students were asked to solve T
2

, however, a significant problem was that
group 8 already solved this task, and presented their work on the blackboard,
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so the other groups could easily use their method. The point of the second task
is to generalize by increasing or changing some of the parameters, so that the
amount of codes becomes greater than the population of Europe.

Second round of group work, (10 minutes).
According to the lesson plan this phase would last for 10 minutes but due to
some delay this was decreased to 6 minutes in the actual lesson. The students
seemed a little more tired and less motivated than in the first round of group
work. The dynamic was a little di↵erent, the tokens were not used much, and
most of the groups which had not arrived at the correct answer in the first
round now used the same formula (nk) that had been presented by the success-
ful groups. Some groups experimented with 2566 to see if that would be enough
for all of Europe and discover that it is too large to be printed on the calculator,
which produced the notation 2.81e+14, that they were not familiar with. There
was no debate about whether the problem was with or without repetition, and
the groups which had a good answer during the first round, like group 8, seemed
a little bit bored during this round. From figure 9 we see the work of group 6
which were successful. The method on the right is their explanation from the
first phase and the one on the left where they have written 256x = y is from the
second phase.

Formulation, (7 minutes). The groups make a very short presentation of
their work, and most groups have reached the answers 2563 and 2564. Due to
running a little bit over time this formulation phase was a little more cramped
so I will make a summary here of some of the interesting things that we observed.

Some groups have had di↵erent ideas, for example group 1 first considered in-
creasing the number of codes by keeping the number of colours, 4, fixed and
increasing to 6 places. They then got 46 = 4096 codes which clearly is not
enough to supply all of Denmark. Then they calculated 2563, which is enough
for Denmark but not for all of Europe. They thus wanted to increase the num-
ber of places to 6, but even though they had correctly used the formula in the
previous case with 4 colours, they now inexplicably wrote 2566 = 2563 ·2. Whats
more they were not the only group to make this mistake, with group 3 doing
exactly the same thing. Group 4 also made a multiplication error in the same
vein when the multiplied 64 · 256. Meanwhile, groups 4, 6 and 8 calculated
both 2563 and 2564 correctly and group 2 had a nice explanation and a correct
calculation of 2566.
In this way many the groups have reached the teachers goal of generalizing, they
can use the formula and change its parameters. But even though the students
have reached this goal it is not certain that all of them have a solid understand-
ing of why.

Validation, (5 minutes).
This validation phase is very short as the time was running out. In the lesson
plan it says that it should last for five minutes, but the only written goal is
”the students ask questions”. Hence, since not a lot of the students had any
questions, the lack of a more concrete plan for this stage might have obstructed
it from really coming to fruition.
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Institutionalization, (6 minutes).
The goal of this phase is to institutionalize the knowledge that the students
were supposed to get from the lesson. It is placed last in the lesson so that the
last thing the students hear, and think about, from that lesson will be the most
important. In that way constituting a the summary of the learning goals, the
techniques and technology used. In the institutionalisation phase of this lesson
the teacher focused quite a bit on the distinction between the problem with and
the one without repetition. The problem with this was that the students had
exclusively worked with T

1,1

and T
2

, hence the problem without repetition was
not really something that they had thought about during the group work, which
made the presentation of ⌧

2

, n(n�1) · · · (n�k+1), an institutionalization that
was a little disjointed from the rest of the lesson. Still, the problems are similar
enough that the teacher could ask the students and they were able to derive that
the formula must be somehow on the form n(n�1) · · · (n�k+1). However, the
formula nk was something that they had worked with and which the teacher
brought up again, and so was the counting tree and the multiplicative principle.
These four techniques, ⌧

1

, ⌧
2

, ⌧
4

and ⌧
5

were thus institutionalized.

6.4 Reflection meeting 1

Directly following the research lesson we held a reflection meeting which joined
all of the team members as well as the outside observers. Like before team
members are P

1

, P
2

, P
3

, P
4

, and the other observers are simply P
5

, P
6

, P
7

.

Di�culties for the teacher.
The teacher who held the lesson raised the following problems that they had
experienced during the lesson. First, was a worry the the stage of the group
presentations would take too much time due to the large number of groups (8).
This was the reason they wanted to ”classify” the groups by how far they had
come, with some groups being naive and others more sophisticated.

P
1

: It does not really work for me to place the groups into boxes.
It is di�cult to figure out what the students are thinking in order
to get a good progression in the presentations.

As we see from this quote the teacher was frustrated by the di�culty of classify-
ing the groups. Even though a scale had been prepared beforehand by the team
that a priori listed the levels the groups were expected to reach, not all groups
fitted neatly on this scale. This could be because of the idiosyncrasies of each
group, with many of them changing strategies many times, as well as a some-
what large number of groups. The teacher felt it was hard to keep track of the
discussions and thoughts in every group. This might also be a slight weakness
on the part of the scale prepared by the team, which was not really discussed
in detail in the planning meetings and the team not really solving the exercises
themselves in the ways they expected from the students. However, the other
participants commended the work of the teacher, and the general consensus was
that the formulation phase worked well, with a nice steady progression from
more simple to more advanced methods.

P
1

: The orchestration of the formulations/presentations is di�cult.
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The teacher also thought that it was di�cult to orchestrate the discussion be-
tween the groups and students after the presentations. One reason is possibly
that this way of working is very di↵erent from the usual way of teaching in
Denmark, thus even an experienced teacher might struggle a little to adjust.
Another problem is that in implementing a concept such LS wholesale from an-
other country meant that the teachers were somewhat unsure about what they
could and could not do as a part of the lesson. Both in the planning meeting
as well as this one they often asked ”can we bring up the counting tree”. That
is something that naturally occurs in a research project with fixed boundaries
such as this, but if LS was more naturalized in Denmark, then it is reasonable
to assume that such worries would dissipate.

General agreement that the 3-person groups worked well.
Both the teacher and the other participants felt that the student activity in
the three person groups were generally good, and the majority of the students
participated well.

On the activities of the groups.
P
4

had mostly observed group 8, the group which solved the problem correctly
during the first round of group work. One of the large advantages of lesson study
and open research lessons, is that the number of participants makes it possible
for some to observe a single group in detail. Since the teacher has to observe
every group to obtain an overview, important insights can be gained from ob-
servers who stay with one group and sees the progression of their thoughts.

P
4

: Even though they have solved the task, it is mostly the good
idea of one person that leads to the solution. They did not really
know what they were doing.

Here P
4

had observed that even though the group solved the problem, it was
because one of the students who insisted that they derive the formula. At no
point were they entirely sure of what they were doing and they were not per-
fectly systematic in their work.

Likewise P
3

had observed that some groups, especially group 1, began by cor-
rectly calculating the solution, but then confused themselves, either because of
the tokens, the lists, or conflicting ideas by other group members.

P
3

: That is why it bewildered me a lot that when they went up to
present, they didn’t tell how they had proceeded. It was as if they
had misunderstood what they were supposed to present. After half
a minute they had calculated the solution.

Here P
3

described how some students get the answer correctly at the very start
of the first round of group work, but then they got distracted by a combination
of the tokens, other group members, and not completely understanding what
the task really was. Additionally, they then failed to solve the problem during
the second round of group work, demonstrating a strange lack of generalization.

P
3

: One student had understood it and were explaining it to the
others, and still they could not generalize.
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P
1

: I am quite sorry that I didn’t get to emphasize to them all that
the thought process we saw from groups six and eight was correct.
Several students asked me about this afterwards.

At this point P
1

put a finger on there not having been enough validation, par-
ticularly of the correct methods presented. The lack of validation is a problem
because in the groups where one students has understood the right idea, their
explanation might lack the legitimacy it would have if that thought process had
been validated by the teacher or in a classroom discussion.

Mathematical confidence.
P
2

emphasized that the students almost all reached the desired learning goals for
the lesson, and while the topic might have been rather simple for high school, it
is not too simple and easy for the students, and being able to get to the answer
and to look for the formula might give students some very valuable mathematical
confidence. In this sense P

2

was a little bit sceptical of validating the students
work by simply saying what is right or wrong, instead focusing on giving them
the courage to try di↵erent methods.

Didactical techniques in formulation/validation: As identified by the
teacher the formulation/validation part of the lesson was the most challenging
for them. Here P

5

, an observer with experience with lesson study came with
some suggestions.

P
5

: It is exciting with this formulation/validation that you are work-
ing with it not only being the students going up and doing ”show
and tell”, but that you connect the di↵erent ideas, and that is the
most di�cult for the teacher.

To this observer the important thing is not only that the students present ideas,
but that these ideas are intelligible to the other students, and that the teacher
draws the connections and traces paths between the di↵erent interrelated con-
cepts.

P
5

: Could be really good to get a conversation about why we mul-
tiply.

Many students made the same mistakes of seemingly randomly multiplying num-
bers together. Some did 256 ⇤ 3 some did 256 ⇤ 10 et cetera. To combat this
P
5

proposed having the whole class discuss when and why it is appropriate to
multiply.

On the level of the subject matter.
The next topic of discussion was the elementary nature of the subject matter.

P
5

: I have done many lesson studies in primary school, and I have
seen some of these topics in third grade.

There is nothing particularly di�cult about figuring out how many combina-
tions there are with so and so many colours, with and without replacement,
and like P

5

points out that introductory combinatorics requires no prerequisite
knowledge, and could well be, and is, taught in primary school. However, it is
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a fact observed both in this lesson, and by the teachers on the team in general
that Danish high school students don’t know, or don’t remember how to do
these things, and much less do they know why. Thus, no matter how silly it
might seem to teach such an introductory subject, if the students don’t know it
then it has to be taught before they can move on. Ideally high school students
will be able to generalize and understand these concepts much more rapidly
than students at lower levels, and having this fresh in mind they will be ready
to tackle probability theory.

On the use of the tokens.
P
7

, another experience researcher, agreed that the specific problem could also
be taught at a much lower level. In addition he raised the question of whether
or not the use of physical tokens was a little bit childish. P

7

brought into the
discussion a model of mathematics as a progression between the stages of Con-
crete, Pictorial and Abstract. In this model concrete mathematics is physical
objects such as tokens, apples, coins that the students can see and touch and
move around. The pictorial are things that can be drawn or represented visu-
ally, such as counting trees, or lists or graphs, and the abstract are things that
are represented symbolically, for example by formulas or Greek letters.

P
7

: It seems many of the students are very comfortable at the
concrete level.

To P
7

s surprise almost all of the groups had used the tokens, and they did not
prefer to operate on a higher level, either pictorial or abstract. P

1

interjected
with a possible explanation.

P
1

: We are giving them the possibility for it. Which contract do we
have with the students when these tokens are laying there? Then
they think that they have to use them.

The contract that P
1

is referring to, is the didactical contract that we discussed
in section 2.1 on the TDS. Thus it was identified that the reason all the groups
used the tokens, even though as P

3

had observed in some groups the tokens
served to confuse rather than clarify, might be because of the didactical contract
of the lesson. The students thought that they had to use the tokens and thus
might have been a little bit obstructed from working on a more abstract level.
It was quickly suggested that this could be remedied by simply making it very
clear to the students that the tokens is something they can use if they need
them, not the task itself.

P
2

: We could be more clear, say. ”We want a solution of how many
codes there are”. ”Make a suggestion as to how many codes there
are and explain how you reached it”.

P
2

proposed a more precise explanation of what the students were actually
supposed to do in the first phase. Using a paper to write the number of combi-
nations and an explanation, and presenting that on the blackboard.

Reducing the first phase of group work.
Many of the participants thought that a possible improvement could be to
shorten the first phase of group work, so that the students more quickly could
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get to discuss and share some of their ideas, and to allow more time for the
validation. A counterpoint was made by P

6

.

P
6

: I think there was more instructional value in action 1 than in
action 2, because in the second many of the students could read the
formula 2563 of the blackboard, while in the first each group worked
with their own ideas. Also the most important thing mathematically
is that they understand 43 and 4 · 3 · 2.

P
6

was sceptical to reducing the first active phase because they thought it was
the phase were the students were experimenting with the greatest energy. Also
they thought that the mathematical content is concentrated in understanding
why the techniques ⌧

1

and ⌧
2

works, which was the topic of the first group work,
and that if they understand that they can calculate it for any number of colours
not simply the arbitrary 256.

Group 8 - and partial and complete listing.
The participants also had a discussion about group 8 because they, as the only
group, had the idea of reducing the number of colours to 2 to check their hy-
pothesis that the formula was nk. An interesting point here is that while group
8 was one of the only groups that did not use the tokens to start with, preferring
to deduce a formula, they were also one of the only groups that successfully used
the tokens for something constructive. This is because given the problem with
4 colours only partial listing is possible, and partial listing requires one to be
systematic, and furthermore to be systematic in the correct way. In a way it
requires one to already have the knowledge of how to list, and which elements
one should choose to list, and it seems very few of the students had this knowl-
edge. Instead they tried to be systematic but their e↵orts failed because they
were not able to make a complete list of all the 64 combinations. On the other
hand group 8 were able to use the tokens successfully because they reduced the
problem to one in which they were able to make a complete list, which does
not require the same listing techniques, merely that one does not forget any
combinations. Thus we see here a limit to the technique of partial listing ⌧

3

,
which is that one cannot simply assume that the students know how to do this.
It requires several sub-techniques to adapt to the counting problem at hand.
The technique of fixing one colour on one place and exhausting the possibilities,
would solve this problem, but it is something that they need to learn.

Summary.
At the end of the reflection meeting the most experienced participant sum up
the important points the have been made and reflections that are important
going forwards.

P
7

: It is important that when we go from the first to the second
research lesson, we are very economical with the changes we make.
Otherwise there will be too many variables for us to learn anything.

It is of course a benefit for the lesson study team to have experienced outsiders
observe the lessons and provide them with input. P

7

had several important
reflections.

P
7

: The core of this lesson is that one wants to avoid that they use
these formulas without really having any insight into what they do.
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That becomes a ”template” and combinatorics is perhaps one of the
subjects were templates are the most dangerous.

The term template is used to describe a technique that the students use without
really understanding why. It could also be solving problems through computer
programs and tools where the mathematical content is hidden in the algorithm
and the why is never really explained. In particular, as discussed in section
3.2.2 there are at least 4 di↵erent, yet very similar formulas for combinatorial
problems with and without order and repetition, hence there is a very large
danger that students will chose the wrong one when tackling a problem if they
do not understand the rationale behind why. In essence if they don’t have the
technology to explain it.

The problem of validation.
Like the teacher themselves, P

7

raised the subject of validation as a didactical
task that could be fine-tuned.

P
7

: There was very little validation after the first formulation. How
should it be done, is it the teacher who validates?

This subject of validation, and also drawing the connections between the ideas
of the students, as P

5

pointed out is not something where a didactical researcher
can provide a clear template of do this or do that. It is rather something that
must be developed by the teachers themselves. However, there are of course
many good ideas out there which lesson study teams can try to implement.

P
7

: This validation phase is incredibly important. Make then for-
mulate: ”Why is it that we multiply?”. Do the 5 minutes validation
phase with maximal input from the students themselves, without
saying that is right or that is wrong, but by asking the students:
”Do you agree with that argument?”.

In this way P
7

shared two good ideas for improving the validation phase. One
is mathematical about helping the students understand why we multiply, and
is thus about creating a discourse or technology around the multiplicative prin-
ciple. The second one is a didactical technique, that one asks the students to
themselves evaluate the correctness of an argument. This ability to evaluate a
mathematical statement is extremely important for a number of reasons. Firstly,
in an exam setting a student cannot ask for approval by a teacher and is reliant
on themselves to evaluate their work, and secondly if the goal is statistically and
mathematically literate citizens, then these citizens must be able to evaluate the
mathematics that they come across, be that in a newspaper or in a scientific
article.

Another part of lesson study is to attempt to change the classroom culture to
make it more open to scientific and mathematical inquiry. In order to facilitate
this P

7

made the following suggestion:

P
7

: The principle is that as much as possible comes from the stu-
dents, with respect to them listening that what the other students
are saying. It is not so decisive that everyone presents, as it is that
everyone listens to what is presented.
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An important part of inquiry-based education to make a culture where the
students respect and listen to their peers. This listening attentively to fellow
students, and even being able to repeat the contents of what they said forms
part of the inquiry-based teaching in Japan, where they make a lot of whole class
discussions. In this way students learn that the teacher is not the sole source
of approval, validation and authority, but that they can evaluate mathematical
propositions themselves. This might be a step in the direction of undoing the
tragedy that we discussed in the introduction, that mathematics is seen as a
body of facts to be remembered because ”the teacher said so”.

Importance of writing and semantics.
A final discussion was then had on the importance that the students learn to
write down their reasoning, and on the semantics of combinatorics. The prob-
lem, in Danish as well as in English, is that the two words replacement and
repetition, which I have used interchangeably, mean the same mathematically
but not linguistically. Thus in the context of codes it is natural to use the word
repetition, while actually replacement is the agreed upon mathematical term
that is used in textbooks. The problem is then whether to use replacement
all the time or simply to tell the students that the two mean the same thing,
especially considering that every translation has the potential to confuse some
students.

6.5 Adjustments meeting

The purpose of this meeting was to make some small adjustments and improve-
ments of the initial lesson plan, based on the observations and the input from the
first research lesson and the subsequent reflection meeting. Due to scheduling
conflicts only two of the four team members were able to attend in person, with
a third joining via zoom. When adjusting the lesson it was felt that it is impor-
tant to strike a balance between changing little, and thus not really improving
the lesson, and on the other side changing too much, making it a completely
new lesson. In a sense this meeting is particularly interesting because it contains
both the post-didactic critical reflections from the first research lesson and the
pre-didactic preparatory work for the second research lesson. Thus the teachers
are not only philosophising, but they must also come up with practical solutions
on how they want to solve to most pressing problems before the next lesson.
The changes were focused around four main points:

• Making the students work on the same problem for the first active phase.

• Toning down the importance of using the tokens, so that the students
understand that those materials are merely one of many ways one can
reach solution.

• An additional focus on validation, particularly by the students of each
others solutions.

• Changing the task of the second round of group work.

Working on the same problem.
Already in planning meeting one, P

2

had drawn attention to the importance
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that the students were working on the same problem. Also P
1

saw this as an
important thing to adjust.

P
1

: The task we set was open, with 256 colours and 4 colours and
with and without replacement. There are too many open ends in
the formulation of the task, and that gives us problems down the
road in the validation phase.

The team had identified a problem, namely that the devolution where both 256
colours and 4 colours were mentioned might have confused many of the stu-
dents, with the consequence that in the first phase some students were trying to
solve the task T

1,1

, and some T
2

. This ambiguity might have hindered student
progress. P

1

also draws the connection between this lack of clarity in the devo-
lution and the di�culties experienced in the validation phase. As P

7

put it in
the last reflection meeting, in order to validate one needs a clear mathematical
proposition. If there is a number and a reasoning one can say whether or not
it is correct, but if one like in the previous round have some more or less sys-
tematic partial lists being presented, then that is a bigger challenge to interpret
and to validate.

In order to solve this problem of the confusion in the first round of group work,
the first devolution was made simpler, with both the illustration and the text
focusing solely on the problem with 4 colours and 3 places, with the task T

2

being dropped completely. Some of the key didactical elements to notice here
is that the team spent quite a bit of e↵ort on making a devolution that was
very clear. The students would be working on one of two tasks namely T

1,1

or
T
1,2

and distinguishing between the two was left as a task for them. This is
also a recognition of all of the mathematical content being contained in these
two tasks and T

2

being somewhat less relevant. P
2

and P
3

combined to make a
more precise formulation of the students task in the first group work phase.

P
2

: Give a suggestion to the number of combinations.
P
3

: Write an explanation as to how you reached this number.

It is really instructive to see how one can really not be too explicit when de-
signing these tasks, because what may seem obvious or self-evident to teachers
and researchers might be strange or confusing to a student that has not seen
this type of problem before.

Validation.
The teacher of the first research lesson clearly expressed that the validation was
a di�cult part. During this meeting we discussed some strategies for valida-
tion, such as asking other students what they think of the solutions that are
presented, and whether or not they are convincing. As well as having a discus-
sion around the correct solution and why they work. The lesson plan was also
changed to give a few more minutes to the validation after the first part.

P
1

: When I think back on the whole Meria-project, I would say that
the validation is the most di�cult part.

The Meria-project was a collaboration for developing inquiry-based teaching,
and here P

1

recalls that validation was a challenging part of the lesson. P
1
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also brought up that in some of the research literature and in the experimental
designs, the lessons and tasks are made in such a way that there is a ”winning
strategy”. And if there is a winning strategy then the validation almost gives
itself because it immediately becomes clear to the students that the mathemat-
ical methods associated with the winning strategy are correct and superior. In
contrast, P

1

felt that in a problem such as these with T
1,1

and T
1,2

it is not as
easy to see what the validation should consist of or what the winning strategy
is. As a response to this an didactical technique that was mentioned by P

7

in
the reflection meeting was brought up, namely having the students validate, or
evaluate, each others work.

Time management. There was also the idea of reducing the time designated
for the group work stage and instead using more time on the formulation and
validation stages.

P
1

: That is because we should try to have more time for the students
to listen more to each others presentations.

The team was working hard on implementing some of the ideas that came into
play in the reflection meeting. P

1

mentioned the principle of trying to have
the students really listen to each others presentations, and to try to understand
the mathematical contents of the work of their peers. This is probably not
something that the students are very familiar with, but nonetheless something
the team resolved to work on.

P
2

: So we hold on to these 5 minutes of validation, and I will work
really hard on realizing it.

During the first research lesson P
2

had been keeping track of how much time was
spent on each phase, thus the team was able to compare with that experience
and adjust the lesson plan, so that the time plan fit more precisely. One of the
observations P

2

made was that only 1 out of five minutes were used in the first
validation phase, while the formulation went over time. Thus P

2

, which was the
teacher in the second research lesson resolved to work on this phase.

P
3

: Yes, I think that is better, because 10 minutes is a long time.
Also, if you say there are some quick ones in there. The two groups
I observed, in half a minute they made that calculation.
P
1

: On the other hand there were those who didn’t reach anywhere,
they shouldn’t sit and have that experience for too long.
P
3

: Sitting 10 minutes and only looking, then they need to get some
ideas from the others.

Interestingly, P
1

and P
3

found that reducing the time for the group stage would
be good both with respect to stronger and weaker students, as it would sooner
get them to the important formulation and validation stages where ideas are
exchanged. Thus it was decided to reduce the first active phase from 10 to 7
minutes and to use that time in the formulation. Every minute counts.

On the tokens.
One discussion that was also had was whether to make any changes of the ma-
terial milieu. The problem is that while having physical tokens, and similar
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materials available may help some students understand and get an intuition
for the problem, it can also serve as a distraction from making the necessary
abstractions and calculations, as was observed in the first research lesson. So a
question was whether, in the concrete, pictorial, abstract model it was to go to
far down.

P
1

: It is a didactical choice to go down to that stage.

Both P
1

and P
2

felt that many students might have a benefit from the entirely
concrete tokens. They opined that the problem was not the tokens themselves,
but rather that the students in the first lesson felt obliged to use the tokens due
to the didactical contract. The problem then was that the tokens were seen as
crux to solving the problem, or even that using the tokens was the task itself,
which might have prevented some of the students from reaching as far as they
might have if they had also explored other strategies. To solve this problem the
devolution was changed to include a slide where the materials they must use
for their presentations, namely pens and paper, were contrasted with materials
they could use for support, such as calculators, lists and the coloured tokens.
Again to solve the problem of the students confusion the teachers tried to be as
clear as possible, and to make a subtle change in the contract with the students.

The second round of group work. The team wanted to keep the overall
theme task of the lesson, formulated by P

1

.

P
1

: How can the company make enough unique codes for all Danes
to have 2?

This task is very open and can be solved in multiple di↵erent ways. In the
first lesson the question was interpreted as T

2

, which was to calculate 2563 and
then answer whether or not this was enough, and how this could be increased
further. This approach was changed here so that the number of colours was
not explicitly mentioned at all. This change in the second devolution meant
that the task was wholly di↵erent, and one interpretation would be how many
colours do we need for to provide two unique codes for every Dane.

P
3

: I don’t know if they can calculate it if we do that, how large
must the base number be?

Here P
3

is referring to the base number in the formula nk, so how many colours
there has to be. P

3

was unsure whether the students would be able to calculate
this new problem, which in essence becomes n3 > 2D, where D is the popula-
tion of Denmark, and the inequality should be solved for n. P

2

thought that
they would not write up such an inequality but rather just experiment with dif-
ferent values of n. The team decided to go for this task for the second devolution.

Another addition to the second devolution was on the topic of replacement.
Since it was observed in the first lesson that the class discussion of replacement
versus no replacement in the institutionalization was a little disconnected from
the rest of the lesson, it was decided to include the following phrase in the second
devolution.

P
2

: You must account for whether you reuse the colours or not.
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In this way the team hoped that there could be a fruitful debate about replace-
ment in the second group work and in the second formulations that they could
then refer back to in the institutionalization.

Finally P
1

had this to say about the teaching format in general, where there is
a lot of time in the group work stages set aside for adidactical learning.

P
1

: It is really hard because we step into that teacher mode where
we really want to help them and carry them to the solution, and then
one forgets sometimes who it really is that is reaching that solution.
Is it me or is it them?

Thus P
1

says that sometimes adidactical learning where the students find the
solutions themselves, without the active influence of a teacher, is more instruc-
tive than being carried all the way. On the other hand it is di�cult to let go of
the impulse to immediately help and explain something, especially if that way
of working is the norm, and has been the norm for many years.

6.6 Research lesson 2

In this second research lesson the team had the chance to try out the improved
version of the lesson plan, as prepared in the previous meeting. This plan can
be found in the appendix. Despite a corona scare it was possible to hold the
lesson in person with most of the students present. Around 23-24 students were
there, enough for 8 three-man groups like in the first lesson. The class is in the
second year, 2g, with a focus on humanities, in contrast to the biology focus of
the first class. Due to a rescheduling because of the corona scare, only three
outside observers were able to attend, but the team was present to observe as
well.

Devolution, (5 minutes).
The teacher quickly introduced the subject of codes, and presented the problem
for the first group work phase; how many codes can you make with four colours
on three places. Here something occurred that might have been very lucky, one
of the students asked ”can we use the same colour multiple times?”, to which
the teacher answered; ”You can chose to do so but you need to argue for your
choice”. Having had this discussion in plenum was already a di↵erence from the
first lesson and might have given the students a hint that the problem 4 choose
3 actually contains at least two tasks T

1,1

and T
1,2

.

Group Work, (7 minutes).
The groups, which were pre-made by the teacher taking the di↵erent levels of
the students into account, then went to work on the problem. A very obvious
di↵erence with the first lesson was that here only the minority immediately
started using the tokens, while many more groups had discussions about how
the problem could be calculated. This was likely a direct result of the devolution
stating very clearly that the tokens were merely an aid and not the task itself.
Many groups quite quickly find the correct formula 43 as a solution to T

1,1

,
but there might have been a considerable e↵ect of di↵usion between the groups.
However, while almost all the groups found the answer 43, there was also a lot
of discussion of whether the problem should be with or without repetition, and
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some groups discussed whether the answer was 43 = 64 or 4 · 32 = 24, and at
least one group correctly coupled both 43 = 64 with T

1,1

, and 4 · 3 · 2 = 24 with
T
1,2

. Interestingly, group 4 which started by using the tokens, and which did
it in a very convincing and systematic manner exhausting the possibilities for
one colour in the first place, failed to reach the correct answer of 64. Instead
mixing up the two formulas to calculate 4 · 3 · 4 = 48. It was odd to see that the
successful partial listing still lead to a failure to generalize correctly. However,
overall it was clear that the students understood the problem better than in the
first lesson, most likely due to less ambiguity about which problem to calculate
and what the actual task was. A point in favour of this is that at several points
the students made comments like ”we have to make a suggestion of a number”
or ”we have to find the number”. Thus, in contrast to the first lesson, the
students were focused on a concrete goal of finding this number, and thus they
reached considerably further in their investigation of the problem.

(a) Group 3 (b) Group 8

Figure 10: The most sophisticated solutions

Formulation, (12 minutes).
The groups were asked to put the paper containing their solution of the prob-
lem, as well as an explanation on the blackboard. Every group did so, and some
groups were chosen by the teacher to present. The teacher tried to categorize
the groups by the methods they used. The first group to present were asked
to stand and do so by the blackboard, and then the other groups in the same
”category” could make comments without going to the blackboard.
Group 5 represented the groups which for some reason or another reached the
incorrect answer 48. According to their own explanation:

Group 5: If we mustn’t repeat colours then there are 4 · 3 · 4 = 48
possibilities.

This is actually close to the correct formula, but by over counting by a fac-
tor of 2 it indicates that they have not really understood how to calculate the
problem. Group 4 were in the same category, they reached the number 48 by
counting systematically, 16 possibilities for each colour when fixed on the first
place, and then generalizing wrongly. In their own words they were worried that
they were over-counting if they multiplied 16 by four. And while it is wrong in
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this instance, being concerned with over-counting is of course a healthy thing
when solving combinatorial problems in general. The peculiar thing is that
these groups both reached 48 but with an entirely di↵erent reasoning, and as
solutions to to T

1,2

and T
1,1

respectively.
Group 1: Had both the correct solutions 24 and 64 written on their paper on
the blackboard, but when asked they did not have, or did not want to give any
explanation of these numbers. The argument they had was that there are four
possibilities on each place. There were also some other groups here who had
either one or both of the correct solutions written up but who did not have a
satisfactory argument to follow it up.
Group 8: As is clear from their presentation, that you can see in figure 4(b),
this group had both correct solutions paired to T

1,1

and T
1,2

and were able to
formulate their arguments to the class in a very convincing manner. This is of
course another level that the teacher must take into account, the ability of the
students to explain and to argue for their work. The argument the group used
was based on the multiplicative principle, saying that on the first place there
are n, on the second there are n again or n�1 respectively and so on. Thus the
most advanced solution ended the first formulation. During this whole process
the students seemed interested and engaged in each others work, and almost
everyone seemed to be paying attention.

Validation, (5 minutes).
The teacher held on to the idea of not really saying which solution is correct
or wrong, but instead focusing on having the students argue and explain their
work. Interestingly the teacher also told the students what the goal of the val-
idation phase was, again trying to be very clear that the goal here is to put
into words the reasoning behind their techniques. The students were told that
two of the suggestions are correct and asked them to identify which ones. The
teacher also spent some time trying to get the students to validate the work of
the other groups, thus using the didactical technique that was debated in the
meetings. One student brought up that it is because of repetition there are two
di↵erent solutions, which was the cue for the teacher to bring up a proposition;
”there are more combinations with repetition than without”. This is true, and
is actually a small theorem that the students could be asked to prove, however,
it was mainly brought up to help the students see and remember the di↵erence
between the two.

Following another suggestion from the meetings the teacher tried to bring the
multiplication principle into the discussion.

Teacher: Why is it the precisely multiplication? Why is it 4 times 3
times 2? And why is it 4 times 4 times 4?

In a subtle way here, the teacher is actually validating that 43 and 4 · 3 · 2 is
correct, and asking the students why this is. The teacher also particularly em-
phasized the operation times, so as to direct the students attention to the fact
that it is not addition and that this requires a argument. The students then
made formulations and tried to verbalize their reasoning, and were in general
eager to answer the questions.

The second devolution, (3 minutes).
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The students quickly agreed that in either case 64 or 24, would not be enough for
two unique codes for everyone in Denmark, and thus the problem was changed
into the new task of expanding the number of codes. This task then is to solve
a sort of inequality, T

2,1

is nk > 2D, and T
2,2

is n!

(n�k)!

> 2D, where D is the
population of Denmark, and n and k are parameters that are allowed to vary
representing colours and places respectively. The teacher specified that the stu-
dents could choose to work with or without repetition as long as they would
argue for their choice. Again, a student asked a very good question: ”What
does unique mean?”. This word has a very precise mathematical meaning that
we cannot assume the students are familiar with, so the question enabled the
teacher to make that clear.

Second round of group work, (10 minutes).
A lot of groups made the interpretation that the problem was T

2,1

with k = 3
fixed. This was probably inspired by a PowerPoint slide that was visible where
a large number of colours were presented above a 3-place code. Thus the stu-
dents made some assumption about the population of Denmark, using figures
of 5, 5.5 or 5.6 million, and then trying to solve the equation n3 = 2D for n.
The students used their previous knowledge about the exponential as they had
to take the cube root of 2D. This was not the only interpretation and other
groups used di↵erent strategies. Some increased the parameter k, and some
groups also changed both parameters. In some groups a large debate about the
value of D and how to calculate it became a bit of a distraction, with some stu-
dents insisting that infants, who do not have phones or other devices be left out
of the calculation. Some groups also had more inventive approaches that were
somewhat misguided like using the colours of the rainbow. One of the groups
was quite demoralized, but the seven other groups generally worked well. One
enthusiastic student from a group which reached the mistaken answer 48 in the
first round said: ”Why could we not figure out the first, when we can do this?”,
reflecting a feeling of mastery of successfully doing a perceived harder question.

Formulation, (8 minutes).
Group 7: This group represented the somewhat misguided solutions to the
problem. The group had calculated 2D, but instead of solving T

2,1

, they had
instead simply said that if they had 5 million colours and two places this would
be enough. This indicates that they used the additive principle and not the
multiplicative to calculate the number of codes used. Several other groups had
similarly misguided approaches with one using the colours of the rainbow multi-
plied by 11.2 million and a second using 16 million colours. This problem might
again be related to a problem of the devolution, like in the first phase of the
first research lesson, as the students were not asked to present the number of
codes that their proposed method would produce.
Group 4: Had solved both T

2,1

for two di↵erent values of the population, as-
suming k = 3 and D to be 5 million and 5.6 million respectively, and rounding
up had found that there should be n = 216 colours and n = 226 in these two
cases.
Group 3: Had done the same thing for T

2,1

, but had also solved T
2,2

and for
two di↵erent values. Assuming k = 3, and D = 5.5m and 4.5m respectively.
Crucially this group had also written up how many codes their method would
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(a) Groups 1,2, 5 & 6

(b) Groups 3,4,7 & 8

Figure 11: Work presented by the groups

produce in each case, showing that was indeed slightly larger than the number
needed solving the inequality.
Group 8: Who also had the most sophisticated solution in the first round did
not go the way of increasing n, but rather increased k. They solved T

2,1

, by
simply putting k = 12 and observing that 412 > 2D. Thus unlike groups 3 and
4 they did not really care whether or not the number of codes was close to the
required number. In this way this was the group that solved the problem in a
way that most resembled the teachers expectations from the previous meeting.
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All of these solutions can be seen from figure 11(b).

Validation, (5 minutes).
In this validation phase we are again phased with a problem of validation that
stems from the lack of clarity in the posing of the problem, particularly in not
asking the students to write the number of codes that their method would pro-
duce, something which only group 3 and group 8 did. The teacher observed
that though they had the discussion about reasons for multiplication in the
first validation, many of the groups clearly did not completely understand or
apply this in their solutions of the second problem. Some interesting perspec-
tives on the multiplicative principle were produced by the students here, with
one explaining that multiplication is in a sense an advanced form for addition.
Another student went to the blackboard and made an impressive explanation
of the counting trees on both of the situations T

1,1

and T
1,2

as can be seen in
figure 11(a). Throughout these student explanations the general impression we
got was that the other students were listening attentively.

Institutionalization, (5 minutes).
Like in the first lesson the teacher here used the PowerPoint slides to try to
present the formulas nk and n(n � 1) · · · (n � k + 1), and to make sure that
the students understood this and the di↵erence between the cases. Since there
had already been a substantial debate about replacement during the lesson the
institutionalization of ⌧

1

and ⌧
2

was well connected to what had happened in
the lesson, and the students seemed to understand the techniques well. A point
showing the students understanding was that the teacher started by pointing at
the wrong side of the slide when explaining the formulas, a tiny mistake that
was immediately corrected by the students.

6.7 Reflection meeting 2

In this final reflection meeting the team had the chance to reflect not only over
the results of the two research lessons and the di↵erence between the two, but
also the whole project and the lesson study cycle. Unfortunately due to schedul-
ing conflicts, which were caused by a corona case leading to the research lesson
being postponed, meant that only two out of the four team members could
attend. Also in attendance was 3 outside observers. The two team members
are dubbed P

1

and P
2

, where P
2

is the one who held the lesson, and the three
observers are dubbed P

5

, P
6

and P
7

, to emphasize that they were not a part of
the lesson study team, these three are not necessarily the same as in the first
reflection meeting. P

5

was chosen to be the one to keep notes.

Di↵erences from the first lesson.
The teacher started by reflecting on some of the changes that were made be-
tween the first and the second lesson plan, and the research lessons where they
were put into practice.

P
2

: We shortened the first active phase - I think that was a good
decision, and something that worked was that we cut it down to 4
colours and 3 places.

In general P
2

, and the other team members and observers felt that the changes
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made between the two lessons that we discussed in the section on the adjust-
ments meeting worked very well. The students were not bound to the tokens,
they worked on the same problem, and thus the first round of group work and
the subsequent formulation and validation was felt to be very successful. Despite
this P

2

said the following.

P
2

: That which is strange to me is that they still, despite this,
were unsure of how to calculate the number of combinations. [The
calculations] were not completely sharp, even though I thought it
was more clear.

This is due to the disconnect that even though the initial phase of group work
with the formulations and validations were very smooth, some students still
failed to use the formulas correctly in the second round of group work. This
second round of group work then became the centre of much of the discussion.
P
1

explained how in their view in the second round of group work, the whole
class being a humanities oriented class, have this perspective. Thus many of
the groups engage in long discussions of which number or model to use for the
Danish population, who is included and so on. In the view of P

1

this might have
been the reason why some groups never got much further during this phase than
to make wild calculations with 5 million colours or the like. They never use the
results of the first round because for them a completely new question has been
posed.

P
1

: Those over here starts by saying, we need the cube root because
that it the opposite of the third power, and then we get it connected
to how many colours we need. It was as if the class was split, in that
some others went down wild tangents and maybe it is because the
task becomes really open.

Here P
1

describes the sense we had that the class was split in the second round
of group work with one half pursuing sophisticated and correct mathematical
techniques, and many others making some really wild suggestions that were
quite disconnected from the first half of the lesson.

The problem of validation
P
5

introduced a point that was much discussed during the meeting:

P
5

: I think it is hard, what do you do? What do you do with a
student that makes a really wild suggestion? How do we react as a
teacher?
I think you solve it well, because it becomes very apparent what the
right answer is.

Here P
5

brings up the problem of reacting. How to react when one of the
groups suggests taking the colours of the rainbow and then multiplying it with
11.2 million. On one hand these teachers are very vary of hurting the students
or simply telling them: that is wrong. On the other hand as P

5

also brought
up it takes a lot of time to dissect every single wrong statement carefully and
explain why it is wrong.

P
1

: I think we need to practice it. If this becomes a format that
the students meet again and again then they will become confident
in this classroom where ideas are freely exchanged.
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The teachers don’t really see a quick fix solution to this problem of validation.
To the dilemma of needing to make clear to the students what is right and what
is wrong without hurting their confidence, P

1

proposes that what is needed is
a change in classroom culture and the didactical contract, in order to make it
easier for students to express their ideas, right and wrong. To make a culture
where making a mistake might not feel like such a defeat.

The importance of clarity.
Another point to note was brought up by P

6

, on the importance of formulating
a task in the devolution in such a way that all the students understand what it
is that they are asked to do.

P
6

: We might have underestimated how confused the students were
by the devolution in the first lesson. When they saw the illustration
[PowerPoint slide] with only 4 colours instead [of 256], it suddenly
became a lot more clear to them what the problem was, so they all
could work on the same task.

Some of the issues that were present in the first lesson, like the fact that rather
few of the groups presented something in the first formulation that was actually
a solution to T

1,1

, and none presented a solution to T
1,2

, might be due to a lack
of clarity in the devolution as it was designed by the team. After the devolution
was tweaked at the adjustment meeting to make it as clear as possible and a
little more restricted, the result was that every group made a suggestion, 6 out
of 8 solved T

1,1

and 2 groups solved both T
1,1

and T
1,2

.

Similarly, the second devolution in this lesson where the new tasks T
2,1

and
T
2,2

were presented, was somewhat unclear. The problem was that the students
were asked to give a method for increasing the number of codes, but they were
not asked to calculate how many codes that their new method would produce,
thus producing a disconnect from the first round of group work. This is of course
contrary to the intended goal of the second round which was to generalize the
method from the first round.

Didactical techniques.
Like the other participants P

7

was very concerned with the question of valida-
tion.

P
7

: How can one do this? When someone comes up and says some-
thing that is correct, you can ask some of the others to repeat it.
Ask them to ”say that in your own words” or ”Is it the same or is
it di↵erent”. A trick we see a lot in Japanese lessons is the teacher
asking students what the others have said and it is really e↵ective.

In this way P
7

is sharing with the others a powerful didactic technique that can
be applied in some cases to reinforce the learning, and to emphasize knowledge
that has been shared in the classroom. In particular, it was the opinion of
P
7

that if the students were asked to repeat some of the arguments that were
made by the student that explained the counting tree on the blackboard, then
they would be able to express this knowledge in their own words. Thus P

7

also
provided an example of a context where this technique could have been used
during the lesson.
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P
2

: You are on to something, because I thought it was di�cult in
the situation when you think there was something [of importance]
said and you want someone else to say it.

As we see P
2

has recognized situations in which this technique would have been
useful.

It is also important to note that these reflection meetings are not all criticism,
the participants also praise the elements that went well. With all participants
agreeing on the success of the lesson. P

1

insisted that the time management was
better than anything they had seen, and P

7

praised the theoretical discourse
created around why they multiply. However, it was also felt that the most in-
teresting things to discuss were the areas where further progress can be made.

Responding to student mistakes. The participants kept returning to the
question of how to respond to the wild or mistaken suggestions by the students.

P
5

: It means a lot to have a good classroom culture. Then it is not
a defeat if you have a mistaken suggestion, but you learn something
from it.
P
1

: That is just not always enough I think, they are very shy.

Again the participants returned to changing the classroom culture and the di-
dactical contract as the only good way of solving the dilemma of responding
to erroneous answers. It is as if only by lowering the stakes in the classroom
can the teachers in good conscience tell the students that they are wrong. This
might also be a slight di↵erence between most of the lesson study concepts that
are designed for primary school, and this lesson study cycle which is for high
school. It might be that high school students are more weary of making mistakes
and embarrassing themselves than younger students.

P
7

: I think we should come back to this about mistakes, because
there is no doubt that some are vulnerable that go up [to present],
but the worst we could end with here is that some leave here with
a completely twisted understanding, or that you don’t want to take
them because you don’t want to hurt them.

P
7

here felt that it is also a responsibility as an educator to ensure that the
students do not go home with a completely wrong understanding because the
teacher did not have the heart to tell them they were wrong. However, P

6

was
a little sceptical that the students went home with a twisted understanding.

P
6

: Nobody was in doubt, when the student explained the counting
tree, that what they said was correct, it has been institutionalized.
Nobody thinks the wild suggestions are more valid than the counting
tree.
P
7

: I don’t think they know. They know that what the student is
saying is correct, but that does not mean that what they themselves
were saying is not also correct.

As P
7

points out here, the open nature of problem for the second round of group
work means that there could be multiple correct answers, so while the correct
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solution has been validated, the incorrect solutions have not been explicitly re-
futed. In that way a student might walk out of the classroom thinking that
while the other students had some nice solutions, theirs was valid too, when
mathematically speaking, it was not. P

5

, like P
6

, thought that most of the
students had understood what the right answer was, but recognized that there
might be some students who were still confused, and agreed with P

7

about the
need for clarity. Another point made by P

5

was on the limited time available
for these lessons. Even in a lesson with impeccable time management such as
this, it would be di�cult to reach all the goals if there was the additional layer
of refuting the wrong answers in a thorough and educational way.

Another technique to help with this was brought up by P
1

.

P
1

: The correct solutions are the ones on the blackboard, and when
the lesson finishes we make sure that what is on the blackboard is
correct.

To which P
7

replied that this sounds similar to the Japanese concept of Bansho,
which is blackboard design.

P
7

: There are Facebook groups were they post pictures of their
blackboards after the lesson finishes.

It is clear that this is a form of informal para-didactic infrastructure that exists
in Japan. But it is interesting that the teachers are so dedicated to their craft
that they also pursue it on social media.

This was followed up with a subtle didactical technique that was proposed by
P
5

.

P
5

: On C-level I did that, I celebrated that mistake, the mistake of
the day, the most educational mistake. The students think it is fun.

While it may seem a bit silly to make a competition out of who can make the
most educational mistake, it makes sense within the context of changing the
classroom culture and lowering the bar for thinking out loud and making mis-
takes. P

5

also provided the most archetypal example of an educational mistake
in mathematics, namely dividing by zero. There are surely analogues to such a
mistake in combinatorics.

Lessons learned from the lesson study cycle

P
2

: These conversations, this way of gathering the thoughts, it gives
us some tricks that we bring with us. We get some techniques and
some ways of thinking our didactics and ways of working with these
types of projects.

In this way P
2

as well as the other participants expressed how valuable they felt
that these conversations and reflections are in sharing techniques and develop-
ing as a teacher. As well as being motivated to further pursue inquiry-based
education and to be a part of a professional community.
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P
1

: Earlier I might have shown them the formulas and given a little
proof and they the would solve some exercises. The whole thing
is connected to a framework when they themselves were a part of
opening it up.

The teachers also contrasted this inquiry-based way of working with the normal
paradigm of visiting works as we can see here. P

1

expresses how the students
can connect the di↵erent mathematical concepts to a framework when they have
been a part of developing the concepts and the techniques themselves.

Thus concludes the description of case study and the data I have collected.
In the next section I will discuss what we can learn from the discussions of the
teachers and from the work of the students during the research lessons.

7 Discussion

In this section I will discuss the implications of the data collected from the
case study, as well as how the lesson study connects both to the didactic theo-
ries, (section 2), and to the subjects of combinatorics and probability, (section
3). My two research questions include one on the potential of LS as a means
for sharing and developing didactical knowledge and another which is concerned
with inquiry-based education. In order to look at the didactical organisations of
the teachers, I will analyse the paradidactic situations as they figured through-
out the LS cycle. Paradidactic situations are the situations that the LS team
encounter during the cycle, in particular the pre-didactical, observational and
post-didactical situations.[33] The word situation is used in a similar way as in
the TDS, only that when using it this way the term describes a situation where
the teachers are learning, but there is no teacher with didactical intent. [33]

7.1 Didactical Organisations

As we discussed in section 2.3, didactical organisations are techniques, tech-
nologies and theories centered around solving a certain didactical task. In this
section I try to account for many of the general didactical tasks that came up
during the case study, and the techniques that were used, developed, or shared
during the reflection meetings, in order to solve them. I will also look at the
paradidactic infrastructure of the case study and whether it facilitated the shar-
ing of didactical knowledge, and the creation of DOs.

Solving didactic tasks.
It might be that the teachers felt that the didactical knowledge was the most
crucial in adapting to the new situation of inquiry-based teaching, and thus that
was what the spent the most time discussing. As we saw from the discussions
in the last reflection meeting, this way of working, inspired by the paradigm of
questioning the world, is significantly di↵erent from the classic Danish mathe-
matics teaching and can be challenging for teachers. Some of the main tasks
the teachers of the research lessons had to handle are collected in the following
table.

In table 5 I have given a symbol for some of the main didactical tasks that came
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Symbol Task

DT
1

To devolve the problem to the students - create an adi-
dactical situation.
Recontextualization.

DT
2

To observe the students’ thoughts and methods during
the group stage.

DT
3

Orchestrating the formulation and validation phases.

DT
4

Responding to students incorrect solutions.

DT
5

Helping the students institutionalize the new knowl-
edge.
Redecontextualization

Table 5: Didactical tasks.

up during this case study. The LS team was made up of skilled and experienced
teachers, who already have techniques and ways to solve these problems. What
we then need to look for is whether this LS illuminated these tasks in a new way
for the teachers, and whether they developed, shared, or used new techniques
and theories in order to better solve or understand them. These tasks, as well
as the teacher team, are clearly influenced by the theory of didactical situations
that we discussed in section 2.1. In that way the TDS becomes the theory of
the teachers praxeologies when making a lesson.

Pre-didactic organisations.
The pre-didactic situations of the planning meetings enabled the teachers to
work on some of these tasks. One topic we saw frequently in the meetings was
the di�culties that the team members had experienced when teaching combi-
natorics and probability, due to large holes in the knowledge of the students.
The team explained that very few students could recall or produce a counting
tree when faced with a counting problem, and that they struggled to see the
importance of the multiplicative principle. This was also the experience we had
during the research lessons, where in both cases only one out of eight groups
produced a counting tree as either a technique or a technology. Thus in the
first two meetings the teachers were working on DT

1

, they were planning a les-
son designed to overcome these observed weakness of the students, they were
working on recontextualizing the combinatorial formulas. In order to design
the lesson the team also had to discuss and solve a number of more practical
elements, such as the material milieu, the time management, the group sizes
and the design of the PowerPoint presentation. They also worked on preparing
for the formulation and institutionalization phases that would arise in the re-
search lesson. Notably the team often referred back to the previous LS cycles
of the time project, (this was the third one), and the techniques that had been
used during those showing that knowledge gained during these cycles is brought
forwards and built upon.

Post-didactical organisations.
The reflection meetings after each research lesson are characterized as post-
didactic situations, they teaching related activities and discourse that occur
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after the lesson has finished. Such a discourse is by nature reflective, and con-
cern understanding what has happened during the lesson such as the reasons
why certain parts were more successful and others less so, or the mathematical
praxeologies developed by the students. These post-didactical reflections that
accompany a lesson study have a number of advantages:

• They contain teachers from the same institution (internal) as well as ob-
servers from other institutions (external), and can thus serve as a bridge
between school and university.

• There is a relatively large number of observers who can notice di↵erent
things during the lesson, hence the explanations of why or how something
occurred during the lesson might be more accurate.

• There is usually a mix of more and less experienced participants, and
people with di↵erent degrees of familiarity with LS which can enable the
sharing of knowledge.

Perhaps due to these advantages these post-lesson reflections was fertile grounds
for the sharing of didactical techniques and theories. In table 6 below I have col-
lected some of the techniques that were proposed during the meetings in order
to solve, or improve upon the execution of, certain didactic tasks. Interestingly,
many teachers expressed that DT

2

was a challenging task, but but despite this
worry both the teachers that we observed seemed to handle the task well. Thus
most of the techniques are suggestions to how to better solve the other tasks.

Out of these techniques in table 6 the first two are related to making a suc-
cessful devolution. However, in the discussions around the outcome of the first
research lesson we saw that problems in the devolution can lead to subsequent
problems in the formulation and validation phases, so improving the devolution
might solve some of these problems before they even occur. The next 5 tech-
niques concern something that the team was very eager to discuss and which
they felt was an area of di�culty and also of a lot of potential, namely the
formulation and validation phases of the lesson. Here there are a number of
techniques that have been suggested, many of them inspired by the Japanese
style of teaching through problem solving. The didactical technology that ac-
companies these techniques was expressed succinctly by one of the participants
at the end of the first reflection meeting: ”The principle is that as much as possi-
ble comes from the students”. Here we see that these techniques are thought to
be conducive to student learning because they involve the students thoughts and
formulations. The enable the didactical process to occur. Thus this principle
guides these techniques much like the multiplicative principle guided the count-
ing techniques. The last two techniques were formulated in an attempt to solve
a problematic teacher task during the second research lesson, namely respond-
ing to wild and incorrect student suggestions. Here many teachers shared their
perspectives on how to achieve D⌧

8

which is just as much a task as a technique,
and one teacher suggested a technique D⌧

9

which they had used with success
in the past. Comparatively less time was spent on the institutionalization than
the previous phases, but in the first research lesson the technique ⌧

1,2

, that the
teachers had expected the students to find, was not featured in the student dis-
cussions, but was nonetheless introduced in the institutionalization phase of the
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Symbol Technique Relevant
Tasks

D⌧
1

To be very precise in the devolution, and to make sure
that the students understand the problem.

DT
1

, DT
3

D⌧
2

Make sure that all the students are working on the same
task.

DT
1

, DT
3

D⌧
3

To identify the underlying mathematical content of the
students formulations and connect them.

DT
3

D⌧
4

To highlight the di↵erences between right and wrong
formulations.

DT
3

D⌧
5

Have students repeat/reformulate the correct formula-
tions of the other students.

DT
3

D⌧
6

Have students evaluate the usefulness/correctness of
di↵erent methods. Ask them: ”Is it the same or dif-
ferent?”.

DT
3

D⌧
7

To try to create a ”technical-theoretical moment”, in
the example of the research lessons, ask the students:
”why do we multiply?”.

DT
3

, DT
5

D⌧
8

Try to establish a didactical contract that allows the
students to experiment and make mistakes.

DT
4

D⌧
9

Only have the correct solutions remain on the black-
board at the end of the lesson.

DT
4

D⌧
10

Celebrate the most educational mistake of the day. DT
4

D⌧
11

Focus the institutionalization around mathematical
content that has featured prominently in student dis-
cussions.

DT
5

Table 6: Didactical techniques formulated during the lesson study cycle.

lesson. This is an inherent di�culty in inquiry-based education that one does
not know where the student discussions will lead, and particularly when using
pre-made materials like PowerPoint slides for the institutionalization phase, but
one technique to use could be D⌧

10

. An point to note about the institutionaliza-
tion was brought up by Fujii [17], and is about making the whole class feel proud
of the mathematical content covered by the class, and the ideas that featured
in the discussions. In this way the whole class can partake in the accomplish-
ments, no matter if they are a slower or a faster learner and be inspired to
continue the progress. Just like nationalism allows every Dane to feel proud of
the poems of H.C Andersen, no matter their own poetic inclinations, so could a
class feel proud of their collective achievements. Then having a class with both
faster and slower learners could be an asset and not a di�culty to be dealt with.

Paradidactic Infrastructure.
In summary we can see that the phases of the LS the team meetings contains a
varied discourse about teaching and the many tasks the teachers have to solve.
In the table below I have collected some of the possible benefits to teachers pro-
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fessional development that were observed in the paradidactical situations that
the LS produced.

Pre-didactic
situations

Didactic & Observational
situations

Post-didactic
situations

Sharing di�culties.
Some study.
Techniques for
Lesson design.

Concrete inspiration.
Knowledge of student
praxeologies.

Sharing didactic
techniques.
Understanding what
happens in the classroom.

Table 7: Learning in paradidactic situations.

The pre-didactical meetings focused particularly on how the would make a suc-
cessful devolution, and how they would orchestrate the adidactical situations of
action and formulation. The research lesson, is a didactical situation for one
of the team member who engage dynamically from the students and thus sees
the lesson unfold from the perspective of the teacher. For the rest of the team
and the observers, the research lesson is an observational situation where they
passively observe what happens in the classroom, both the praxis of the teacher
and the praxeologies of the students. Observing how one teacher handles all the
didactic tasks that comes up during such a lesson based on teaching through
problem solving can be a concrete inspiration for other teachers. Seeing tech-
niques in practice is more concrete than discussing them, and successful methods
can then be emulated and implemented in other classes. The observational situ-
ation can also grant the participants of the LS useful knowledge of the students
thoughts because the many observers means that detailed data can be collected
and a more complete picture of the research lesson can be constructed than if
there was only a single teacher present. The discussions of the final reflection
meeting centered around the validation of the students work and the challenges
and techniques connected to that. This enabled the sharing of a wide variety of
techniques connected to that. In addition, the iterative nature of the LS with
two research lessons enabled the teachers to test their hypothesis that the lesson
would be improved with some small changes to the first devolution. Thus the
format also makes it possible for teachers to formulate and test ways of teaching
through problem solving. This repeat performance of the lesson meant that the
teacher in the second lesson had they chance to implement some of the tech-
niques that were discussed in the first research meeting. Particularly distinct
was the added focus on the validation, and validation techniques, as well as
asking the students ”why is it that we multiply?”. Hence it is clear that this
teacher team were ready to implement good ideas from the reflection meetings
into their own practice.

7.2 Teachers’ Subject Matter Knowledge

In this section I will discuss the knowledge of the teachers on the subjects on
combinatorics and probability theory and whether there was any movement in
this knowledge during the seven stages of this lesson study that were analysed in
section 6. In the research question I asked how a LS might help teachers develop
and widen their own knowledge of a subject, in the case of this LS the subject of
combinatorics. I recognize that it would of course be more optimal if we had also
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analysed a LS on probability theory, but we have to base our analysis on what
we observed during this case study. One thing we are particularly interested
in is the planning meetings where ideally the teachers study the mathematical
contents of the LS. This studying is important in order to be better equipped
to solve a number of didactical tasks in the forthcoming lesson. The task DT

1

of making a good problem is the most obvious, but having studied the content
and having it fresh in mind might also be beneficial for DT

2

and DT
3

, for iden-
tifying the students thoughts and connecting the di↵erent methods. How the
specific content of the lesson relates to the overarching theory, eg how counting
the number of codes fits into the theory of combinatorics. It is a crucial part
of inquiry-based education in particular, to have a deep understanding and to
analyse of the subject matter [17] [2]. Because of the nature of inquiry-based
education one is not always sure of what strategies the students will use, or
what their reaction to the devolution might be. Thus tt can lead to di�culties
in the lesson if, due to a lack analysis of the problem and the subject matter,
the direction of the students inquiry is into a terrain in which the teacher is un-
comfortable, or one which does not lead to productive learning. [2] Thus there
are many reasons to engage in content analysis, also for experienced teachers.

Problems in increasing subject matter knowledge.
In the planning meetings of the case study there was some discussions around
the subject matter of combinatorics, but it was less prominent than the discus-
sions about didactic techniques and creating an appropriate didactical milieu.
This might be because the team felt giving students task that was more hands
on, was crucial in adapting to the new situation of inquiry-based education,
and thus a lot of time was spent discussing that. Not to say that there was no
element of discussing the content. There was substantial discussions on which
problem to use in the lesson, on the level of di�culty, and which problem would
lend itself best to generalization. However, there was little discussion of how
this relates to the rest of combinatorics as a subject, and probability theory as
a follow up subject. One problem might be that some educators are a little
reluctant to solve the problems they set themselves. In the case study we saw
that the teachers did not, at least in the planning meetings, solve the tasks they
were setting to the students. Some tasks were calculated briefly using the for-
mulas, but the team did not solve the problems in a di↵erent ways. This might
cause some di�culties because, while the team is perfectly aware of the correct
answer, the act of trying to solve a problem in many di↵erent might help them
obtain a deeper understanding of the subtleties of the problem, and the places
where the students might go wrong. For example, in the final group work in the
second research lesson, only the group with the fastest learners used the method
that was anticipated by the team. Another reason why team members might
not have engaged in too much content analysis is that the subject of combi-
natorics is considered ”basic”. A big problem with elementary or fundamental
mathematics teaching that has been identified by researchers is that teachers
do not see the need for studying contents that are ”easy”, even though, as Lip-
ing Ma showed, there are a lot of things to be learned even about elementary
mathematics. [2] [26] Instead, being very experienced teachers, they drew on
their experience. And while their knowledge of these subjects is strong, the
lack of a shared exploration of the subject matter prevents the knowledge and
techniques and ways of explaining that they have developed from going from
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being individual to being shared knowledge. A lack of a study of the content
may also hinder the sharing of particularly good or interesting examples, tasks
and problems that can be used to illustrate di↵erent aspects of combinatorics.
A weakness here is of course that I did not observe a case study on probability
theory. It is perfectly possible that the team would have engaged in a more
thorough study of the subject matter if the topic of the LS was more complex.
However, for example, take the result:

nPk =
n!

(n� k)!
.

This formula, which is the compact form of the result that the students reached
in the second research lesson, and which relates both to the multiplicative prin-
ciple and to permutations, is both relevant and complicated enough to warrant
an analysis.

Recontextualization and Redecontexualization.
It is possible that because of the particular nature of high school in Denmark,
where students who are not at all used to formal mathematics, meet formally
trained mathematics teachers with a major or a minor in mathematics from
university, that the disconnect becomes very large. The recontextualization of
the abstract and formal mathematical content takes on a large role, and combi-
natorics is no exception. A concept needs to be placed in multiple appropriate
contexts before it takes on a coherent meaning. Just like a word needs to be
used in multiple di↵erent appropriate sentences before its meaning becomes
clear. [25] Thus in order for students to reach an accurate understanding of the
concepts of ”choose n from k, or ”with order”, or ”with replacement”, or even,
as we saw in the second research lesson, the word ”unique”, the concepts must
be placed into context. In the lessons the context was codes, which was a con-
text that both seemingly interested the students and which they understood,
so well chosen in that regard. The lessons also went quite far in institution-
alizing the process of generalization, of producing a formula that would work
for codes of di↵erent lengths, and with di↵ering amounts of digits/colours to
choose from. However, the lessons did not reach the level of redecontextual-
ization, where a concept which is known from multiple appropriate contexts
has its essential mathematical components separated from the context into a
independent mathematical object, like for instance plus or minus. If there is no
decontextualization, the students might perfectly understand what they have
learned in this lesson, which is a logically sound way of calculating the number
of codes of such and such length etc. What they might not realize is that this
method applies to a whole class of di↵erent counting problems that they can
now solve, if they are able to identify that the underlying mathematical struc-
ture is the same. Of course that is not something that one can expect from
a single lesson either, in that way learning mathematics is like learning a lan-
guage, at first one can only produce certain practiced sentences and only with
deeper understanding can one take each separate word and place it into a new
sentence, a new context, where it can tell one something new. If there arises a
new context, like for example: ”four friends play a game three times, each time
the winner gets a prize. In how many ways can the prizes be distributed?”,
can the students see its mathematical structure? It requires a strong under-
standing of the concepts of order and replacement in order to analyse this task
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and see that it is a counting problem with replacement, but without order. In
this example the word ”replacement” means the same as ”one friend can win
the game multiple times”. That is a translation that is more di�cult than
the one in the lesson between ”repetition” and ”replacement”, which in itself is
already a challenge that was discussed by the teachers in the reflection meetings.

A logical consequence of the need for context and redecontextualization is the
need to have a broad range of di↵erent tasks and examples that illustrate the
same concept. Having many such examples available necessitates the sharing of
knowledge and resources between teachers, which is exactly the idea of having
the element of content analysis, or study, in the LS cycle. In the case study
there was some discussion of which examples to use for teaching the students
the multiplicative and additive principles, many of which were a variation of
the amount of choices on a menu, and while that is a fine example, it certainly
never hurts to have a broad repertoire of di↵erent contexts to choose from.

7.3 Mathematical Organisations of the Students.

In this section I will discuss the praxeologies of the students, as we observed
them during the research lessons, and how far they progressed towards crys-
tallizing into mathematical organisations. Here we can say something about
the specific techniques that students develop and use in adidactical situations
connected to inquiry-based teaching, or teaching through problem solving.

On the material milieu.
The physical tokens that were used as a teaching aid was the subject of much
debate during the reflection meetings. In the first lesson it was felt that they
obstructed some students from deducing a solution by becoming a task in them-
selves instead of an aid. During the second lesson the importance of the tokens
was toned down, and the students were able to use them more productively. A
thing to note in both lessons was that many students and groups used the to-
kens in a unsystematic manner. Or in many cases, eventually the students were
systematic, but they were listing the problem case by case, which is only a sys-
tematic way of creating a complete list and not a partial list, since the di↵erent
cases do not have the same number of combinations. Since the problem T

1,1

has
more possibilities than the students can list, they failed to use the list for calcu-
lating the number of techniques. This indicates that while complete listing is an
important basic technique that students draw upon, systematic partial listing is
a more advanced technique that the students have to learn, not something that
they spontaneously invent during a 10 minute group work session. In the first
lesson we saw one group successfully use the tokens to make a complete list of
the problem, with only two colours, and in the second lesson one group made a
successful systematic partial list exhausting the possibilities of one colour in the
first place. In both of these cases the successful groups represented faster learn-
ers who had many mathematically sensible formulations. Thus we reached a
somewhat ironic situation where the physical tokens that were designed to help
slower learners visualize were implemented with the most success by the faster
learners. However, that is not to say that the tokens were without value for the
rest of the students, it might have helped them visualize and contextualize the
problem in a better way, just not enough to reach a solution.
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On the counting trees.
Like the team predicted, almost no students spontaneously produced a count-
ing tree in any of the lessons. A notable exception being the one student that
made a very sound formulation of the reasoning behind the counting tree to the
rest of the class during the second lesson. This deficiency in the combinatorial
knowledge of second year high school students illustrates that this topic is not
basic, or too easy for students, but rather something that they struggle with and
need to work on in order to place the whole combined block of combinatorics
and probability theory on a sound basis. Counting trees are also useful visual-
izing tools that not only figure in elementary mathematics, but all the way into
advanced topics in logic and set theory, so it can certainly be something that is
worth spending some time on.

Student errors.
Many students across the groups and in both lessons made errors that to the
outside viewer seemed most like random multiplication. All kinds of multipli-
cations were made, ”2566 that must be 2 · 2563” just to produce an example,
and some even wilder multiplications were produced during the second research
lesson. Some of these multiplications were really misguided uses of the additive
principle like solving T

2

with ”3 ·256”. One reason why we see this large amount
of random multiplication might be that the students are used to a didactic con-
tract where they are supposed to use every number in the problem to make
some operation which will produce an answer. So, corresponding to this they
take the numbers of the task and guess which operation to apply, in the case of
these lessons multiplication was the one they went for. This student errors re-
ally exemplify the need for inquiry-based education that teaches the students to
think about the why, and to construct technologies and theories to accompany
the techniques that they use. As we discussed in the content analysis the mul-
tiplication principle is tricky and these lessons clearly showed that students can
have trouble explaining why they multiply in di↵erent contexts. As discussed
in section 3.5, this multiplication is often analogue to independence, so learning
when and why one multiplies has a deeper significance that it might be worth
discussing in class, and the problems students have with multiplying here might
carry on into probability theory unless they are addressed.

The didactical process.
Table 8 shows the didactical moments as they relate to the problem: how many
codes of length k can we make from n colours. This problem has a number of
specific tasks that I described in the previous section. The relevant are: T

1

: 4
colours and 3 places, T

2

: 256 colours and 3 places. These tasks also contain the
natural sub-tasks T

1,1

and T
1,2

, which is the task with and without replacement
respectively.
Many students were able to find, apply and explain the formulas nk and n(n�
1) . . . (n�k+1). In the table I have compared the two lessons using the moments
of the didactic process introduced in section 2.2. These moments correspond
to creating a mathematical organisation around a task and a technique. For
example, in the first lesson, the students went through both the first and the
second moments. They encountered the problem of calculating the number of
codes, and then they tried in groups to explore the task and to develop tech-
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1st research lesson 2nd research lesson

First
moment

T
1

& T
2

T
1

Second
moment

Using the tokens, partial listing,
counting tree, developing ⌧

1

.
Partial listing, counting tree, de-
veloping ⌧

1

& ⌧
2

Third
moment

Using the counting tree,
connecting di↵erent solutions.

T:”Why do we multiply?”,
di↵erence between ⌧

1

& ⌧
2

,
multiplicative principle.

Fourth
moment

Applying ⌧
1

to n = 256, k =
3, 4, 6. 2563, 2564, 2566.

Working on nk > 2D &
n(n� 1) · · · (n� k + 1) > 2D.

Fifth
moment

⌧
1

and ⌧
2

. ⌧
1

& ⌧
2

and the counting tree
institutionalized.

Table 8: The didactical process in the research lessons.

niques to solve it. Though not all the groups developed successful techniques,
the ones that did were able to formulate their work thus creating in some sense
the technological-theoretical third moment. In the second round of group work
the students worked on the technique applying it to 256 colours and with di↵er-
ent numbers of places 4, 6 etc, so in a way this is similar to the fourth moment of
technical work. However, while it was a generalization in terms of parameters,
the context remained the same. At the end of the lesson the technique ⌧

1

was
institutionalized by the teacher corresponding to the fifth moment. The lessons
thus went a long way towards helping the students create a mathematical organ-
isation around ⌧

1

in lesson 1, and around both ⌧
1

and ⌧
2

in lesson 2. Naturally
this process was not completed in either of the lessons, there was not enough
time to do the technical work to a large extent, nor to have a sixth moment.
We also see the technical work being di↵erent in the two classes, where in the
first round the groups were successful in solving a rather straightforward gener-
alization, while in the second lesson the second question was more complex, and
was only completed by some groups. Nonetheless, the lessons seemed to provide
the students the beginnings of a local MO on combinatorics structured around
the multiplicative principle as a theoretical discourse. As one teacher pointed
out, the key di↵erence from the usual way of teaching is that the students have
themselves participated in developing the techniques and discourse around these
mathematical organisations.

Institutional Restrictions.
While the lesson study seemed to be inspiring to the teachers and several ex-
pressed that they would like to incorporate more inquiry-based teaching into
their practice, there are a number of institutional restrictions that limit this.
Firstly, there is the issue of finding time to create devolutions and problems
that are well suited for teaching trough problem solving. These problems have
to be well chosen in order to enable adidactical learning to take place. It is
also di�cult to find time to have lesson studies in the busy schedule of these
teachers. Secondly, there is also institutional resistance against change. Some
teachers and administrators oppose teaching through problem solving, and pre-
fer doing it as it has always been done. One teacher expressed to me that they

Probability, Combinatorics, and Lesson Study in Danish High School



Claus Axel Frimann Kristinson Bang Page 97

had colleagues who were very sceptical about LS, and that they were doubtful
of how many things could be changed and how many teachers that would come
aboard. A third restriction is related to the subject matter itself. The high
school curriculum is both tightly packed and predetermined. Thus there is only
very limited time for each subject, and though it is easy enough to cover this
curriculum if the lessons are one long institutionalization, accompanied by the
solving of a few exercises, the worry is that this would neither be particularly
inspiring nor educational for the students. Another big restriction on this is,
as we saw in the lessons, are the holes in the students knowledge from sec-
ondary school. The research lesson could have been on a more advanced topic
if the students already knew the fundamental combinatorial techniques. The
fact that the curriculum is predetermined is also a limiting factor for teaching
trough problem solving because it is so much harder to control where the in-
vestigations of the students will lead. Ideally the class could develop and apply
the mathematics required to solve problems regardless of whether it figured on
the curriculum or not.

8 Conclusion

With the broad research questions that I have chosen it is clear that one such
case study cannot provide a final verdict, but only say something about the
trends that were indicated in this case. The lesson study that I observed was
rich in discussion of varied and powerful didactic techniques that the teachers
could use to solve di↵erent tasks. As the data concerns a LS and not other
forms of teachers’ professional development I can not determine whether this is
something that is due to the LS format in particular, or if it occurs whenever
teachers have the opportunity to discuss their practice based on shared obser-
vations of didactical situations. However, it certainly indicates that LS, as an
example of paradidactic infrastructure, can enable the development and spread
of didactical techniques that are important for inquiry-based teaching. Since
there has not been many experiments with LS in Danish high school, this study
suggests that implementing LS in these institutions could help teachers with
their professional development and improve teaching. If the goal is to move
away from the paradigm of visiting works and towards the paradigm of ques-
tioning the world then teachers have to change some of the practices that they
have used for many years. Adapting to new practices is of course much easier
with concrete inspiration and knowledge of new techniques to use in place of the
old ones, and the LS did in this case produce both inspiration and didactical
knowledge. As seen from the list of techniques shared in section 7.1, methods
for solving the problems related to inquiry-based teaching were discussed with
great enthusiasm. It was also clear that the teachers didactical praxeologies
changed between the lessons, with the teacher of the second lesson incorporat-
ing techniques discussed in the first reflection meeting into their practice. But,
LS cannot do everything, it is not a magical trick to be implemented that will
solve all problems. In the case study we observed that the focus on didactical
techniques connected to inquiry-based teaching overshadowed discussions into
the nature of the subject matter. Hence, this example indicates that a LS might
not help teachers further develop and broaden their mathematical skills unless
this is actively pursued in the planning meetings. The joint exploration of the
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mathematical contents by teachers is a form of paradidactical infrastructure
that they are not very accustomed to, and that might be why we did not see the
team going beyond their current content knowledge during this case. No one has
a perfect understanding of mathematics, and a persons knowledge about a topic
like combinatorics can always be expanded with clever tasks, and problems, and
interlinking concepts. In the paradigm of questioning the world, it might not
be only the students, but also the teachers who should approach their tasks
with a curious and imaginative outlook, in order to solve them in new ways,
and at the same time to expand their own knowledge and skills. However, a
subset of subject matter knowledge that was expanded during the LS cycle was
the awareness of the students praxeologies when faced with teaching through
problem solving in combinatorics. The team observed the di�culties and also
the resourcefulness of the students when faced with a counting problem they did
not know beforehand. In both classes there were some groups who solved the
problems in clever ways using the multiplicative principle, the counting trees, or
the physical tokens for partial listing. There were also many groups of students
for which this combinatorial problem was a challenge. In particular, it became
clear that almost all the students relied on complete listing, and were not able
to spontaneously produce the correct partial list. This kind of knowledge can be
valuable for educators when planning lessons and designing problems. Lastly, I
want to make the point, that if these very skilled teachers can benefit from LS,
then a reasonable hypothesis could be that many teachers can.

Inquiry-based education.
The main advantage of inquiry-based education in combinatorics and probabil-
ity is that there are innumerable examples of real world applications that are
sure to interest and to motivate the students. For every problem, it is possible to
find a context which the students can understand and which provides meaning
to the problem. Another reason for inquiry-based teaching in these subjects is
that they concern modelling the world with mathematics, and there is a broad
range of ways to see and to solve the di↵erent problems. The often counter-
intuitive nature of randomness, and the subtleties of counting and independence
also is a danger to the traditional way of teaching in which students learn to
use a certain template. In other areas of mathematics, for example when learn-
ing derivation, it might be useful to learn and to practice the templates of the
product rule and the chain rule, because they are so powerful and almost al-
ways works. However, in combinatorics, already the four basic formulas that we
described in section 3.2.2 poses a great problem to students in choosing which
one to use. Thus they need an additional skill to just applying the template,
they must learn to model the problem in mathematical terms. This is clearly a
challenge for students, as even models such as partial lists, and counting trees,
were not created or understood by all during the research lessons. A thing we
saw in the research lessons, and which might be linked to the way mathematics
is taught more generally is the tendency for students to guess at the solution.
In the lessons, many students were multiplying numbers together seemingly at
random, guessing at which procedure to use given the input information. This
could be an artifact of the paradigm of visiting works, where for each work vis-
ited, there are a technique and types of tasks, so guessing rather than deducing
becomes the students modus operandi. This might particularly be a problem
when the students encounter probability theory. In section 3.3 I described some
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of the many views on probability, that are useful in di↵erent cases, and which
provide perspectives that are can be used in modelling and understanding prob-
abilistic phenomenon. The di↵erent views and the many counter-intuitive traps
in probability, demonstrates the need to give students a sound understanding
of these concepts which is not based on guesswork. Teaching through problem
solving might then give students the analytical skills they need in order to be-
come statistically literate and critically thinking members of a modern society
full of quantitative information of various quality.
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Cyklus 3 - ide 
15. marts 2021 
11:50 
  

Overordnede problem: Hvor mange går rundt med den samme pinkode til deres mobiltelefon? 

Devolution 1 Eleverne får en spilleplade med plads til en 4-farvet kode (20 rækker), 
bingobrikker i 6 forskellige farver, sprittusser i 6 forskellige farver. 
Opgaver: hvor mange forskellige 4-farvede koder kan man skabe vha. 6 
farver, når samme farve ikke må genbruges? I skal vise jeres tankegang og 
metode, der får jer frem til resultatet. 

Aktion 
Relativ kort 

Eleverne ….. 

Formulering   

Validering   

Devolution 2 Hvordan kan vi mere generelt bestemme antallet af 4-farvede koder med n 
farver, og hvor kravet om at farverne skal være forskellige ophæves (note til 
os) 

Aktion Hvad gør eleverne 

Formulering   

Validering   

Institutionalisering   

  

Tjek op på: Tusser i 6 farver x 6 

  Købt spillebrikker, så vi har 
6 farver til 2x6 grupper 

  Lave spilleplader 

  
  
  
  
  
 

Lektie til 
næste møde 

Komme med bud på, hvad 
eleverne finder på at lave i 
aktionsfaserne 

  Prøve at præcisere en 
opgaveformulering 

  Tænke tid til de forskellige 
faser 



Lektionsplan for Team-R cyklus 3 
 

Tilsigtede viden 
for eleverne 

Eleverne skal opnå kendskab til begreber inden for kombinatorik såsom fakultet, 
med og uden tilbagelægning samt ordnet og uordnet. 

Mål med 
lektionsstudiet 

Vi har diskuteret noget om gruppestørrelser i forhold til elevaktivering i forhold 
til tidligere erfaringer. Vi vil gerne sætte antallet pr. gruppe ned til 3, men det 
betyder vi får en del grupper. Så hvordan får vi alle gruppers input i spil, og 
samtidigt hvordan kan vi få alle elever aktive i aktionsfasen? Dette vil vi gerne 
undersøge nærmere. 

Overordnede 
problem: 

Firmaet A Coleur vil gerne slå sig op på, at alle mennesker er unikke og derfor 
skal have deres helt egen unikke kode, til deres devices. 
Vi antager, at koderne på en device består af tre felter. 
Vil firmaet kunne garantere, at der er koder nok til alle danskere med 2 devices i 
gennemsnit kan få deres helt unikke kode, hvis den består af farver og vi har 256 
farver at vælge imellem? 

Materialer Eleverne får 4 bøtter med bingobrikker og en spilleplade med 24 rækker samt 
tusser i samme farver som brikkerne. Endelig får de en spilleplade i A3 til 
præsentation af tankegang. 

Devolution 1 
5 minutter 

Eleverne får en spilleplade med plads til en 3-farvet kode (24 rækker), 
bingobrikker i 4 forskellige farver, sprittusser i 4 forskellige farver. 
Opgaver: hvor mange forskellige 3-farvede koder kan man skabe vha. 4 farver, 
når samme farve ikke må genbruges? I skal vise jeres tankegang og metode, der 
får jer frem til resultatet. 
  
Eleverne opdeles, så de er 3 personer pr. gruppe (dvs. 8 grupper i 1.y og 10 
grupper i 1.w). 

Aktion 
Relativ kort 
10 minutter 

Eleverne arbejder med problemstillingen 
  

1. Usystematisk tilgang med enten brikker eller farver 
2. En systematisk tilgang, men hvor de bruger additionsprincip i 

stedet for multiplikationsprincip og uden skelen til med og uden 
tilbagelægning 

3. En systematisk tilgang, men hvor de bruger additionsprincip i 
stedet for multiplikationsprincip og tager hensyn til med og uden 
tilbagelægning 

4. En systematisk tilgang evt. bruger tælletræ, og bruger 
multiplikationsprincip men uden skelen til med og uden 
tilbagelægning 

5. En systematisk tilgang evt. bruger tælletræ, og bruger 
multiplikationsprincip og med skelen til med og uden 
tilbagelægning 

6. En systematisk tilgang og en generalisering  
Formulering 
7 minutter  

Vi vil kun høre grupper med forskellige løsningsforslag. 
Til gengæld spørges de grupper, der sidder med samme tilgang, om de har noget 
at tilføje, og vi skriver så samtlige gruppenumre op på tavlen ud for den 
pågældende løsning. 

Validering Eleverne får mulighed for at spørge ind 



5 minutter  
Devolution 2 
5 minutter  

Hvordan kan vi mere generelt bestemme antallet af 4-farvede koder med n 
farver, og hvor kravet om at farverne skal være forskellige ophæves (note til os) 

Aktionsfase 2 
10 minutter 
  

Eleverne arbejder ud fra den mest optimale løsning  

Formulering 
7 minutter 

Eleverne præsenterer deres generelle løsninger 

Validering 
5 minutter 

Der spørges ind 

Institutionalisering 
6 minutter  

Der samles op og fokuserer på, at der er en situation, hvor vi har med og uden 
tilbagelægning og heroverfor om rækkefølgen er vigtig. 

  

  

  



  

1  

2  

3  

4  

5  

6  

7  

8  

9  

10  

11  

12  

⋮ ⋮ 
24  

 

 GRUPPE: 

A B C 



Lektionsplan v.2 for Team-R cyklus 3 
 

Tilsigtede viden 
for eleverne 

Eleverne skal opnå kendskab til begreber inden for kombinatorik såsom fakultet, 
med og uden tilbagelægning samt ordnet og uordnet. 

Mål med 
lektionsstudiet 

Vi har diskuteret noget om gruppestørrelser i forhold til elevaktivering i forhold 
til tidligere erfaringer. Vi vil gerne sætte antallet pr. gruppe ned til 3, men det 
betyder vi får en del grupper. Så hvordan får vi alle gruppers input i spil, og 
samtidigt hvordan kan vi få alle elever aktive i aktionsfasen? Dette vil vi gerne 
undersøge nærmere. 

Materialer Eleverne får 4 bøtter med bingobrikker og en spilleplade med 24 rækker samt 
tusser i samme farver som brikkerne. Endelig får de en spilleplade i A3 til 
præsentation af tankegang. 
De må derudover bruge lommeregner og kladdehæfte. 

Problemstilling 1: Firmaet La Coleur har specialiseret sig i at lave unikke koder til dine devices ud 
fra en filosofi om, at vi mennesker alle er unikke, og derfor også fortjener en unik 
kode til vores devices. 
Vi antager, at koderne på vores devices består af 3 felter. 
Firmaet undersøger hvor mange unikke koder man kan lave med 3 felter og 4 
farver. 

Devolution 1 
5 minutter 

Problemstillingen overdrages til eleverne med en tidsramme på 7 minutter til at 
komme med et bud og gøre sig klar til en præsentation, der skal indeholde 1) et 
bud og 2) en forklaring. 
Det præciseres, hvad eleverne SKAL bruge og MÅ bruge af de udleverede 
materialer (SKAL: A3 til præsentation og tusser til at skrive. MÅ: spilleplade og 
bingobrikker. Kladdehæfte og lommeregner er bare tilgængeligt).  
Så på bordet ligger en A3 spilleplade med plads til en 3-farvet kode (20 rækker), 
samt to A4-plader med plads til 24 rækker, bingobrikker i 4 forskellige farver, 
sprittusser i 4 forskellige farver. 
  
Eleverne opdeles, så de er 3 personer pr. gruppe (dvs. 8 grupper i 1.y og 10 
grupper i 1.w). 

Aktionsfase 1 
7 minutter 

Eleverne arbejder med problemstillingen 
  

1. Usystematisk tilgang med enten brikker eller farver 
2. En systematisk tilgang, men hvor de bruger additionsprincip i 

stedet for multiplikationsprincip og uden skelen til med og uden 
tilbagelægning 

3. En systematisk tilgang, men hvor de bruger additionsprincip i 
stedet for multiplikationsprincip og tager hensyn til med og uden 
tilbagelægning 

4. En systematisk tilgang evt. bruger tælletræ, og bruger 
multiplikationsprincip men uden skelen til med og uden 
tilbagelægning 

5. En systematisk tilgang evt. bruger tælletræ, og bruger 
multiplikationsprincip og med skelen til med og uden 
tilbagelægning 

6. En systematisk tilgang og en generalisering  



Formulering 
12 minutter  

Vi vil kun høre grupper med forskellige løsningsforslag. 
Til gengæld spørges de grupper, der sidder med samme tilgang, om de har noget 
at tilføje, og vi skriver så samtlige gruppenumre op på tavlen ud for den 
pågældende løsning. 

Validering 
5 minutter  

Eleverne får mulighed for at spørge ind og uddybe 

Devolution 2 
3 minutter  

Firmaet udvider undersøgelsen: Hvad kan firmaet gøre for at alle danskere har 
to unikke koder? 
 
Eleverne får ny tidsramme, men stadig med krav om en præsentation af et et 
bud og forklaring. Denne gang skal de i deres forklaring gøre rede for, om de må 
genbruge farverne eller ej. 

Aktionsfase 2 
10 minutter 
  

Eleverne arbejder ud fra den mest optimale løsning de har set i det foregående. 
 

a) Eleverne kommer bare frem til, at de udvider antallet af felter og 
antallet af farver, for at kunne producere flere koder. 

b) Eleverne kigger på flere farver men stadig 3 felter og når frem til en 
beregning 

c) Eleverne kigger på flere felter, men stadig med 256 farver og når frem til 
en beregning 

d) Eleverne kigger på flere felter og flere farver og opstiller et bud på en 
beregning 

e) Eleverne få generaliseret flere felter og flere farver 
 

Formulering 
8 minutter 

Eleverne præsenterer deres generelle løsninger 

Validering 
5 minutter 

Der spørges ind 

Institutionalisering 
5 minutter  

Der samles op og fokuserer på, at der er en situation, hvor vi har med og uden 
tilbagelægning og hvordan vi kan beregne mere generelt i de to tilfælde. 
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24  

 

 GRUPPE: 

A B C 
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