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Abstract 
This thesis undertakes a study of challenges with teaching and learning the vector calculus concept of divergence in the context of undergraduate 
physics education. Based in the Anthropological Theory of the Didactic, a case study of two university physics courses is conducted. Commencing 
with an examination of undergraduate physics textbooks, an outlook on divergence as portrayed in the context of undergraduate physics education 
is obtained. Subsequently, lecture and exercise session observations as well as student interviews are conducted and analysed. This leads to the 
identification of a number of challenges for teachers and students with making sense of the concept. 
A central challenge disclosed is to align two conceptually different perspectives on divergence: As a particular sum of partial derivatives and as the 
volume density of flux out of a volume at a point. Whereas the latter prompts both teachers and students towards describing 
the divergence of a vector field as simply the net flux out of a volume, the former gives rise to viewing it as an unspecified “total 
change” of the field. It is further indicated that portraying divergence in the physical context of fluid mechanics presents the challenge of clarifying 
the distinction between the divergence of vector fields on 𝑅2and 𝑅3. Also, making sense of the divergence of vector fields containing singularities, 
for example at regions of charge for the electrostatic field, introduces a significant didactic challenge. Whereas the divergence of vector fields at 
such problematic points may be easily derived, it necessitates an extension of its definition from a sum of partial derivatives to “what 
the Divergence Theorem intuitively implies.” A discussion of why these challenges are pertinent to attend to, and how they can be addressed by 
alternative teaching strategies, is conducted ultimately. 
 

http://www.ind.ku.dk/
http://www.ind.ku.dk/publikationer/studenterserien/


D E T N A T U R - O G B I O V I D E N S K A B E L I G E F A K U L T E T
K Ø B E N H A V N S U N I V E R S I T E T

Master's Thesis

A praxeological investigation of divergence

- Exploring challenges of teaching and learning math-in-physics

Anders Wolfsberg

July 31, 2015

Supervisor: Ricardo Avelar Sotomaior Karam

Speciale for cand.scient-graden i matematik. Institut for Naturfagenes Didaktik,

Københavns Universitet

Thesis for the Master degree in Mathematics. Department of Science Education

University of Copenhagen





i

Abstract

This thesis undertakes a study of challenges with teaching and learn-

ing the vector calculus concept of divergence in the context of under-

graduate physics education.

Based in the Anthropological Theory of the Didactic, a case study

of two university physics courses is conducted. Commencing with

an examination of undergraduate physics textbooks, an outlook on

divergence as portrayed in the context of undergraduate physics ed-

ucation is obtained. Subsequently, lecture and exercise session ob-

servations as well as student interviews are conducted and analysed.

This leads to the identi�cation of a number of challenges for teachers

and students with making sense of the concept.

A central challenge disclosed is to align two conceptually di�erent

perspectives on divergence: As a particular sum of partial deriva-

tives and as the volume density of �ux out of a volume at a point.

Whereas the latter prompts both teachers and students towards de-

scribing the divergence of a vector �eld as simply the net �ux out of

a volume, the former gives rise to viewing it as an unspeci�ed �total

change� of the �eld.

It is further indicated that portraying divergence in the physical con-

text of �uid mechanics presents the challenge of clarifying the distinc-

tion between the divergence of vector �elds on R2 and R3. Also, mak-

ing sense of the divergence of vector �elds containing singularities, for

example at regions of charge for the electrostatic �eld, introduces a

signi�cant didactic challenge. Whereas the divergence of vector �elds

at such problematic points may be easily derived, it necessitates an

extension of its de�nition from a sum of partial derivatives to �what

the Divergence Theorem intuitively implies.�

A discussion of why these challenges are pertinent to attend to, and

how they can be addressed by alternative teaching strategies, is con-

ducted ultimately.
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Preface

Originally a student of mathematics, my major interest was in my

own mathematical work. Upon encountering the �eld of mathematics

education research, a strong interest in the mathematics that other

students do dawned on me. Eventually, venturing into physics ed-

ucation research, I grew increasingly perplexed by the mathematics

that students of physics, and indeed teachers as well, do.

Here was a species, apparently di�erent from me, of mathematics-

doers, or physics-doers, or doers of whatever they were in fact doing,

emphasising the s in mathematics, making it a noun in plural form.

This realisation prompted me on towards the study of this thesis -

an explicit desire to investigate how students and teachers of physics

employ and treat the knowledge that �pure� mathematicians so often

claim primacy over, determining mathematics as a singular noun.

In this endeavour, I delved into literature on, e.g., epistemic cul-

tures, communities of practice, and cultural-historical activity theory

to understand how such a di�erent scienti�c and educational culture

could be studied - its particularity properly appreciated. Yet, these

theories originate in sociology or social psychology, and so seemed

to be best �t for broader studies of human social doing and think-

ing. This con�icted with my inherent mathematical nerdiness, which

drew me towards a more speci�c study of the particular abstract

mathematical-physical concepts that this foreign educational activ-

ity sought to illuminate.

The concept of divergence emerged as an increasingly interesting ob-

ject of study, where one could investigate �mathematics in a physics

education context,� satisfying both of my yearnings. Concurrently,

the Anthropological Theory of the Didactic emerged (in my perspec-

tive) as a didactic theory, which took seriously both a researcher's

need for acting the anthropologist and the mathematical nerd. That

is, a theory o�ering both socio-cultural perspectives on teaching and

learning as well as a tool for focusing attention on the very knowledge

which this activity revolves around - the praxeological model.

In a scope beyond my own personal interests, a study of the teach-

ing and learning of divergence in the context of physics education

seemed pertinent as well. Studies of the mathematics that physi-

cists (in spe) do are greatly represented in educational literature.

Likewise, research on epistemological obstacles related to particular

concepts. This thesis represents an attempt to address both aspects
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of educational study simultaneously - a rather underrepresented re-

search enterprise, at least in the view of this author.



Contents

1 Introduction 1
1.1 A brief preview on contents of the thesis . . . . . . . . . . . 2
1.2 A working de�nition of divergence . . . . . . . . . . . . . . . 3
1.3 Previous educational research . . . . . . . . . . . . . . . . . 5

1.3.1 Students' di�culties in problem solving . . . . . . . . 5
1.3.2 Teachers' lack of emphasis on geometrical interpreta-

tions . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.4 Towards a methodological approach . . . . . . . . . . . . . . 8

2 Methodology 9
2.1 Didactic theory . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1.1 Modelling institutional practices - praxeologies . . . . 10
2.1.2 Epistemic potential of a praxeology . . . . . . . . . . 14
2.1.3 The didactic transposition . . . . . . . . . . . . . . . 19
2.1.4 The reference model . . . . . . . . . . . . . . . . . . 20

2.2 Research design . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.2.1 Step 1: Constructing a reference model . . . . . . . . 23
2.2.2 Step 2: Analysing a case of two courses . . . . . . . . 26

2.3 Further delimitations . . . . . . . . . . . . . . . . . . . . . . 28

3 Analysis part I: The reference model 31
3.1 Reference praxeological map . . . . . . . . . . . . . . . . . . 31
3.2 Reference praxeologies derived from Q1 . . . . . . . . . . . . 35

3.2.1 Task type T1,CalcDiv . . . . . . . . . . . . . . . . . . . 35
3.2.2 Task type T1,LocateDiv . . . . . . . . . . . . . . . . . . 42

3.3 Reference praxeologies derived from Q2 . . . . . . . . . . . . 48
3.3.1 Task type T2,Streamfunction . . . . . . . . . . . . . . . . 48
3.3.2 Task type T2,Poisson . . . . . . . . . . . . . . . . . . . 50

3.4 Summarising remarks . . . . . . . . . . . . . . . . . . . . . . 51

4 Analysis part II: A case of two courses 53



CONTENTS

4.1 Analysis of lectures . . . . . . . . . . . . . . . . . . . . . . . 53
4.1.1 Episode 1 (Mat F lectures) . . . . . . . . . . . . . . . 54
4.1.2 Analysis of episode 1 . . . . . . . . . . . . . . . . . . 58
4.1.3 Episode 2 (Mat F Lectures) . . . . . . . . . . . . . . 65
4.1.4 Analysis of episode 2 . . . . . . . . . . . . . . . . . . 66
4.1.5 Episode 3 (Mat F lectures) . . . . . . . . . . . . . . . 71
4.1.6 Analysis of episode 3 . . . . . . . . . . . . . . . . . . 74
4.1.7 Episode 4 (EM1 lectures) . . . . . . . . . . . . . . . 76
4.1.8 Analysis of episode 4 . . . . . . . . . . . . . . . . . . 78

4.2 Analysis of exercise sessions . . . . . . . . . . . . . . . . . . 80
4.2.1 Exercise 0: Computing partial derivatives . . . . . . 81
4.2.2 Exercise 1: Divergence and �ux out of a pillbox . . . 82
4.2.3 Exercise 2: Divergence in between R2 and R3 . . . . 85

4.3 Analysis of student interviews . . . . . . . . . . . . . . . . . 88
4.3.1 Interviews succeeding the Mat F course . . . . . . . . 89
4.3.2 Interviews succeeding the EM1 course . . . . . . . . . 96

4.4 Summary of results of the case study . . . . . . . . . . . . . 100

5 Discussion, conclusion, and perspectives 103
5.1 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.1.1 Challenge 1 revisited . . . . . . . . . . . . . . . . . . 103
5.1.2 Challenge 3 revisited . . . . . . . . . . . . . . . . . . 107
5.1.3 Challenge 2 revisited . . . . . . . . . . . . . . . . . . 108
5.1.4 Challenge 4 revisited . . . . . . . . . . . . . . . . . . 111

5.2 Conclusion and perspectives . . . . . . . . . . . . . . . . . . 118

Appendix A 127
A.1 A few de�nitions and theorems . . . . . . . . . . . . . . . . 127

Appendix B 131
B.1 Guiding interview protocols . . . . . . . . . . . . . . . . . . 131
B.2 Interview transcripts . . . . . . . . . . . . . . . . . . . . . . 134



Chapter 1

Introduction

In the mid 19th century, the physicist James Clerk Maxwell coined the term
convergence in his paradigmatic work on detailing a mathematical frame-
work for describing electromagnetic phenomena. By analogy to the �ow of
�uids, he used it for a particular mathematical operation that measures the
tendency of electrical �eld lines to ��ow� towards points of negative charge.
A few years later, Heaviside in his development of early vector calculus pro-
posed using the same mathematical expression, now with a change of sign,
and denoted it divergence. Divergence has since become a central concept
in many physical and mathematical theoretical frameworks ranging from
electromagnetism and �uid mechanics to vector calculus and di�erential
geometry.

As an abstract, mathematical concept with a multitude of applications to
modern physical theory, the teaching and learning of divergence is a central
endeavour recurrently undertaken in university physics educational institu-
tions world-wide.

Yet, this enterprise is not unproblematic. Indeed, students of physics are
not born �uent in the abstract language of mathematics, and educators
struggle to convey the meaning of its intangible terms. Why exactly is it
so di�cult to make sense of such concepts as divergence? What lies at the
root of physics students' strains with learning them, and teachers' chal-
lenges with aiding them in their study?

This thesis ventures an exploration of this multi-faceted concept, the chal-
lenges of its teaching to, and learning by, undergraduate students of the
physical sciences. The research question that guides this study is:

1
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How, and to what extent, can challenges be identi�ed for
the teaching and learning of divergence in the context of
undergraduate physics education?

The aim of the study is to contribute with perspectives to educators and
students of the physical sciences who seek to teach and learn, respectively,
the concept of divergence - whether it be for purposes of delving into elec-
tromagnetism, vector calculus, or one of the many other divergence-ridden
subjects of science.

The investigation of the research question is done in a two-step empirical
analysis succeeded by a chapter on discussing the results, and preceded by
a chapter on methodology.
That makes �ve chapters with this introduction being the �rst, which form
the general structure of the thesis. To prime the reader I shall o�er a bit of
elaboration on the contents of the chapters so as to clarify the progression
of the study and introduce central notions.

1.1 A brief preview on contents of the thesis

Chapter 1: Introduction
Concluding this introduction, a working de�nition of divergence shall be of-
fered, and relevant existing educational research on its teaching and learning
shall be presented.

Chapter 2: Methodology
Theory and research design chosen to guide the investigation of the research
question shall be elaborated herein. The main theoretical lens employed to
guide the study is taken from the general framework of the Anthropological
Theory of the Didactic (ATD).
ATD o�ers a socio-cultural perspective on knowledge and its continual re-
production in educational institutions (this last word having special mean-
ing). In particular, the constructs of praxeology, epistemic potential of such,
and reference model are central. The �rst o�ers a particular means for de-
scribing knowledge as it emerges, is used, and can be observed in educational
activity. The second notion serves to qualify and describe, particularly, how
technical work and theoretical arguments in observed activity jointly have
potential (or not) for illuminating various facets of some knowledge - diver-
gence being of prime interest. The last denotes an analytical model, built
on empirical data from a selected educational context, which shall serve
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to characterise and distinguish various facets of, or praxeologies involving,
divergence.
Further, the research design shall be elaborated, describing how observa-
tions are made, and how this will serve in answering the research question
(or o�ering an attempt at one).

Chapter 3: Analysis part I - The reference model
In this chapter, a select number of undergraduate physics textbooks shall
be analysed in order to contruct the reference model, identifying reference
praxeologies on divergence.

Chapter 4: Analysis part II - A case of two courses
Herein, two courses, �Mat F� and �EM1�, given to students of the physical
sciences at the University of Copenhagen shall be analysed. Mainly lecture
observations and student interviews, and supplementally observed exercise
sessions, constitute the empirical data. Analysed relative to the outlook on
divergence o�ered in the reference model, this part of the analysis serves to
identify (potential) challenges for the teaching and learning of divergence.

Chapter 5: Discussion, conclusion, and perspectives
In this �nal chapter, the results of the analysis shall be discussed. In partic-
ular, examples of how various textbooks address the challenges identi�ed in
the case of two courses shall be given. Hereby, perspective is o�ered on the
extent of these challenges, and alternative teaching strategies that address
them are illuminated. At the end of this chapter, conclusions on how the
research question has been answered in this thesis shall be given, as well as
perspectives as for further research suggested by this study.

1.2 A working de�nition of divergence

This section aims at o�ering a working de�nition of the notion of divergence.
In the theory section, didactical tools and viewpoints shall be elaborated
allowing for a more systematic didactic analysis of the concept, its teaching
and learning.

Galbis and Maestre (2012) o�er a de�nition of the divergence of a vector
�eld, which reads as follows1:

1This de�nition relies on de�nitions of a vector �eld and a scalar function or scalar
�eld. Standard de�nitions of these notions can be found in Appendix A.
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Working de�nition of the divergence of a vector �eld
Let F : U ∈ Rn → Rn, be a vector �eld of class C1 on the open set U .
The divergence of F is the scalar function

Div F =
n∑
j=1

∂fj
∂xj

.

(Galbis & Maestre, 2012, p. 14, original emphasis).
Note that fj for j = 1, ..., n and n ∈ N are the Cartesian component
functions of F, and {xj}nj=1 ⊂ U is the standard set of Cartesian coor-
dinates.

Already at this early point, we run into the question of how signi�cant
a role mathematical rigour should have in this thesis. In fact, in physics,
one would arguably dispense with speci�cation of vector �elds being of class
C1 (continuously di�erentiable) and the set U being open. Throughout this
thesis, I shall predominantly omit mention of such particularities. Although
running the risk of upsetting rigorists, this attitude is taken to remain closer
to common practice in physics educational literature - the main body of em-
pirical data in this thesis2.

The de�nition above clari�es what divergence of a vector �eld means. Hereby,
divergence is seen to be an operator from the space of C1 functions on Rn

(or an open subset thereof) into the space of continuous functions on Rn.
I shall not go further into the properties of the divergence operator, but
instead focus on the meaning of the divergence of a vector �eld - a scalar
�eld.

Note that in physics, it is customary to employ the notation of ∇ · F in-
stead of Div(F) to signify the divergence of a vector �eld (Schey, 1997).
However, this notational scheme suggests a connection between the �nabla�
operator (∇ is read �nabla� or �del�. It is introduced later in this thesis)
and divergence, which deserves more attention than is intended in the brief,
preliminary outlook of this section.

The divergence of vector �elds can be coordinate-independently de�ned as

2One could argue that mathematicians in general hold primacy over a �correct� use
of mathematics, and physicists in general lack or disregard details of rigour. Yet, as
Redish (2005) argues, math-in-physics is its own dialect of the mathematical language.
Hence, the attitude taken here can be said to be one of sticking to this math-in-physics
dialect.
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well, or expressed as a scalar �eld in coordinate representations di�erent
than the Cartesian system, which shall also be revisited duly. For now, we
have a preliminary de�nition of the divergence of a vector �eld - enough
to go by, specifying the concept that the study undertaken in this thesis
revolves around.

We turn now to a presentation of previous educational research, which illu-
minates how divergence can be viewed, analysed, and researched on in an
educational context.

1.3 Previous educational research

Physics and mathematics education research on tertiary-level topics are
relatively young academic �elds, and literature focusing speci�cally on di-
vergence in an educational context seems hard to come by.
However, I present here two di�erent perspectives o�ered by Pepper, Chas-
teen, Pollock, and Perkins (2012), and Dray and Manogue (1999).

1.3.1 Students' di�culties in problem solving

Pepper et al. (2012) have studied common student problem solving di�-
culties in upper-division electromagnetism courses.
Herein, they address students' di�culties with determining the divergence
of an electrostatic �eld. In particular, they document in a case study,
how students are quite capable of calculating the divergence of an electro-
static �eld given in Cartesian coordinate representation. However, when
presented with the problem framed below of assessing the divergence of an
electrostatic �eld without a coordinate representation of the �eld supplied,
students fail to employ two pertinent �expert strategies�.

You have a thin, non-conductive spherical shell with radius R centered
at the origin. The shell carries a total charge - Q, which is uniformly
distributed over the surface of the shell. There are no other charges any-
where. Where in space (if anywhere) does the divergence of E vanish?
(Pepper et al., 2012, p. 8)

The two expert problem solving strategies are described by the authors as
follows:
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The divergence has to do with the �sourceness� or �sinkness�
of the vector �eld: it tells you if there is a source or sink at
the point where the divergence is calculated. In electrostatics,
sources and sinks come from electric charges, and the divergence
of the electric �eld is therefore related to the charge density, ρ:
∇ · E = ρ

ε0
. (Pepper et al., 2012, pp. 7-8)

Hereby, the �rst expert strategy is to simply apply Gauss' Law in di�erential
form for electrostatics. The other expert strategy is described as follows:

A more visual way to assess whether a particular point on an
electric �eld line drawing has nonzero divergence is to draw a
small closed surface in the �eld and determine if all the electric
�eld lines that enter the circle also leave the circle. If this is true,
the area inside is divergence free, if not, there is divergence at
some point inside the circle. (Pepper et al., 2012, 2012, p. 8)

Pepper et al. code 51 students answers to the problem above and argue
that only 26% of students answer correctly, that the divergence vanishes
everywhere except at the sphere surface, r = R. Assessing qualitatively
the remaining 74% of the answers, they argue that students seem to fail
because they do not apply the �appropriate math tools� (p. 8), i.e., either
of the two expert strategies.

This study describes how there exists several strategies for determining the
divergence of a vector �eld - at least of an electrostatic �eld - and some
which are more appropriate than others for certain problems. Hereby, the
authors situate the challenge of teaching and learning about divergence as
one of rendering students competent in activating such �expert strategies�,
and not just strategies for calculating the divergence of a vector �eld (given
in Cartesian coordinate representation). Yet, it is not clear, how exactly
these strategies have been identi�ed, except that they are claimed to be
�what experts would do�.

1.3.2 Teachers' lack of emphasis on geometrical
interpretations

In contrast, Dray and Manogue (1999) focus more on the challenge of teach-
ing vector calculus concepts such as divergence, rather than their learning
or activation in problem solving strategies.
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The authors speak of a �gap� between two di�erent teaching approaches,
the mathematics and physics approaches3. They distinguish the two ap-
proaches so:

In the mathematics approach, div and curl are de�ned as dif-
ferential operators on vector �elds. It is then shown that they
satisfy, respectively, the Divergence Theorem and Stokes' Theo-
rem. If there is time (there often isn't), it is pointed out that div
has something to do with how much a vector �eld is diverging,
(...). In the physics approach, this is turned around completely.
For instance Schey [2] [this is a reference to Schey (1997), only
in 2. Edition] de�nes div and curl in terms of, respectively,
the Divergence Theorem and Stokes' Theorem. This amounts to
de�ning these operators to measure the amount a vector �eld
is, respectively, diverging and rotating. The actual content of
the two theorems, then, is to derive the explicit coordinate ex-
pressions for div and curl from which the mathematics approach
starts. (Dray & Manogue, 1999, p. 25, original emphasis)

Although the order in which de�nitions and derived results are sequenced
in teaching is problematised here, the main point of the authors is that:

We emphasize it to make a point, namely that the geometric
interpretation of div and curl (and grad) deserves greater atten-
tion than it often gets. Conveying the ability to look at a vector
�eld and say whether it has divergence and/or curl without cal-
culating things should be a high priority for any course on vector
calculus, regardless of approach. (Dray & Manogue, 1999, pp.
25-26)

Hereby, as was emphasised by Pepper et al., a central aspect to consider in
the teaching of divergence is the relation between its coordinate dependent
algebraic representations and its �geometric interpretation� as seemingly of-
fered by the Divergence Theorem.

It is not clear exactly what this geometric interpretation is (as understood
by the authors), but it seems to be somewhat similar to the �expert strat-
egy� of Pepper et al. of visual inspection of �eld line diagrams to identify

3The authors use these terms, not to distinguish between academic disciplines, but
simply to name recognisably the two approaches that they describe.
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points of non-zero divergence of a vector �eld. In particular, the Divergence
Theorem4 equates the �ux of a vector �eld out of a volume with the volume
integral of the divergence of the �eld. Hence, imagining a �small closed sur-
face� around a point, and assessing the di�erence in numbers of �eld lines
entering and exiting the enclosed volume would suggest a non-zero outward
�ux, hence (net) non-zero divergence inside the closed surface.

1.4 Towards a methodological approach

The two articles presented above both indicate pertinent approaches to
unfolding this study of the research question posed in the introduction.
Whereas the former article studies physics students' understandings or abil-
ities, the latter situates the study as one of teaching approaches.

To investigate challenges for the teaching and learning of divergence, it is
pertinent to question �rst: What standards are held up for comparison,
lending meaning to such a term as challenges? In this regard, the for-
mer article seems to have an outlook on �expert problem solving strategies�
which serves to identify causes for students' di�culties. The latter speaks
mostly from personal experience (as is also speci�cally stated therein).
In the coming section, the methodological approach taken in this thesis
shall be elaborated. In particular, two central points of emphasis guide the
choices of both theoretical viewpoint and research design.

The �rst point is to investigate both �the taught� and �the learnt� - both
the manner in which divergence can be taught, and how it can be learnt, or
at least observed in students' work. Judging from the two articles above,
both aspects are important sources of information in the exploration of the
research question, and so the stance taken here is to formulate a method-
ological approach which to some extent incorporates both.

The second point is to include a speci�cation of, wherefrom background per-
spectives on divergence, or the basis of comparison that guides the study
of its teaching and learning, are drawn. That is, whereas the articles above
do not include speci�cation of the actual research process by which �expert
strategies� or distinct �teaching approaches� have been identi�ed, this point
shall be emphasised in the study undertaken in this thesis.

4See Appendix A for a statement of the theorem.



Chapter 2

Methodology

In this chapter, the didactic theory underlining the study is presented. On
the basis of this elaboration, the research design by which the research
question is sought answered shall be presented and re�ected on.

2.1 Didactic theory

The Anthropological Theory of the Didactic (hereinafter: ATD) is a theo-
retical framework which originates in the work of logician Yves Chevallard.
In the following I shall present some tenets of the theory and some theoret-
ical constructs to be employed in this study.

ATD departs from a hypothesis on the nature of knowledge (Barbé et al.,
2005): Knowledge is the product of human question-driven activity within
institutions. I shall return to the notion of institution; for now, consider
knowledge conceived of as a product of human activity.

As humans engage in social activity, they question the world - including
ideas and abstract constructs of their own making. Knowledge, in the view
of ATD, hereby emerges as the result of investigating all manners of prob-
lematic questions, constructing answers to the question.

Yet, knowledge has no absolute form or meaning, nor is it situated in some
Platonic realm of ideas. Rather, it is continually (socially) constructed and
reconstructed when humans engage in social activity. Hence, answers - the
knowledge - constructed to problematic questions are only �true� in the
sense that they are considered as such within a social group. This notion of
a social group is made somewhat more precise within ATD by introducing
the more abstract notion of institution, as used in the statement above.

9
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An institution is understood as a social structure1. It must not be confused
with concrete educational, political, or governmental organisations. Rather,
it can be thought of as a community: Notions such as family or study group
are examples of institutions. That is, an institution is not a particular group
of people, but rather, a designation of such groups abstracted away from
the particular people occupying positions in it at a given time. Although
particular members of a family or a study group are not necessarily the
same over the course of time, the structures, or institutions, remain. Such
social structures are what institutions are meant to describe.

The main characteristics of an institution is that certain practices and
�shared understandings� are common herein which determine what is given
status as knowledge.

Take for example the case of the �gap� described by Dray and Manogue
in the above. �Mathematics� and �physics� approaches do not refer to the
conduct of particular individuals; rather, they designate certain abstract
groups. In view of ATD, these can be understood as two di�erent institu-
tions to the degree that di�erent practices or discourses are dominant within
them. A common observation is that (some) mathematicians demand, al-
most to the degree of fetishism, rigorous argumentation, whereas (some)
physicists are less strict on the need for such a discourse. In other words,
what might be deemed a sound argument, problem solving technique, or
even meaningful problem in one institution cannot be assumed to be the
same in another.

In regard to the study undertaken herein, this introduces a problematique.
There can be no objective examination of the �concept of divergence� as its
meaning, purpose, and value is determined by the institution in which it is
used and reproduced. Hereby, epistemological investigations of an �object of
knowledge� such as divergence becomes a problem of empirically investigat-
ing practices or discourses within various institutions wherein such objects
of knowledge �live� (by virtue of individuals socially sharing them).

2.1.1 Modelling institutional practices - praxeologies

A �rst step is to get a hold of how �practices within an institution� can be
understood in an ATD view. This concern gives rise, and in the historical
development of ATD did give rise (see, e.g., Bosch & Gascón, 2006), to the
notion of a praxeology.

Chevallard (2006) describes the notion so:

1The usage of the term is borrowed from sociology, see, e.g., (Douglas, 1986).
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Some dictionaries de�ne praxeology as the study of human ac-
tion and conduct. (...) But what I shall call a praxeology is,
in some way, the basic unit into which one can analyse human
action at large. (...) What exactly is a praxeology? We can
rely on etymology to guide us here - one can analyse any human
doing into two main, interrelated components: praxis, i.e. the
practical part, on the one hand, and logos, on the other hand.
(Chevallard, 2006, pp. 2-3, original emphasis)

Hence, praxeology must be understood as a portmanteau, which describes
a uni�ed approach to the commonly distinct elements of human activity:
doing (praxis or practice2) and knowing (logos, also denoted theory).
As Chevallard writes, they are understood as being interrelated, since,

No human action can exist without being, at least partially, �ex-
plained�, made �intelligible�, �justi�ed�, �accounted for�, in what-
ever style of �reasoning� (...) Praxis thus entails logos which in
turn backs up praxis. For praxis needs support - just because,
in the long run, no human doings go unquestioned. (Chevallard,
2006, p. 3, original emphasis)

This elaboration is all good and well as it lays down how human insitutional
activity can be analysed. Yet, it is quite abstract, and it is pertinent to
elaborate on how, more concretely, such a praxeology can be described.

A praxeology can be modelled in terms of four categories, task types and
techniques which sort under the praxis component, and technology and
theory, which sorts under the logos component. These are conveniently
denoted by the symbols T (task type), τ (technique), θ (technology), and
Θ (theory), so that a praxeology, P , can be written [(T, τ)praxis, (θ,Θ)logos]

3

A word of caution. It must be understood that human activity at large
cannot be reduced to such a symbolic categorisation scheme. Hence the
word �modelled�: just as models in physics such as �Newtonian bodies in
free fall� are idealisations in which one ignores and selects information to
portray, so are praxeologies in this concrete form idealised models.

2In English, to practice is often taken to mean to exercise or to repeat some actions
as in learning by rote. This is not the meaning here. Rather, in ATD, the word is used
to describe institutional practice or practices, such as in cultural practice or practices:
ways of doing in an institution.

3Recall that Chevallard is a trained logician, which might explain the common usage
of formal symbolism in ATD.
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The task types, T , are often characterised by an imperative 4, which directs
towards a speci�c action. For example, calculate the inde�nite integral of
a given real-valued function of one real variable or sketch electric �eld lines
for a given spatial distribution of charged particles.

They are types of task since they cover a set of concrete tasks which in their
formulation indicates techniques for doing so.
It is of course not straightforward to identify such task types in a well-
de�ned manner given an observed institutional activity. Yet, the point is
that more general questions, such as �what is the derivative of a function�,
are (according to ATD) reducible or operationalizable to such task types -
and this is a characteristic of institutional practices, at least when focusing
on the (re-)production of knowledge therein.

The techniques, τ , must be understood rather generally as �ways of resolving
a task� (Barbé et al., 2005). One might ask: Is it possible to reasonably
determine and demlimit a �nite number of techniques for rseolving a given
task? An answer is that, of course, an in�nite number of techniques can
be thought out, but considering a speci�c community (institution), it is
remarkable how there is in fact only one, or very few ways, used in their
actual practices.

So much for the praxis part; what about the logos, or theoretical part in
the praxeological model of knowledge? As Chevallard speci�es above, the
logos block of a praxeology is that which describes the explanations or
justi�cations for the validity of a given technique to resolve a given task
type. As mentioned, it is divided in two: technology, θ, and theory, Θ.

Technology is thus not meant here as in its somewhat common usage as,
e.g., a piece of equipment, computer soft- and hardware, etc. Instead,
technology means the arguments that support the validity of the technique.
For example, a technique for calculating the derivative of a (di�erentiable)
real-valued, single-variable function at a point, f ′(x0) could be as follows:

1) Calculate a �nite function di�erence, ∆f = f(x0 + h)− f(x0), h > 0
2) Calculate the di�erence quotient ∆f

h
.

3) Take the limit as h tends to zero.

Why does this technique yield the derivative of the function? An argument
(technology) could be to invoke the standard de�nition of such derivatives.

4�Genre� in the (French) words of Chevallard (1999).
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Other arguments can of course also be employed. Indeed, if f(x0) is �de-
�ned� in an institution as the slope of a tangent to the function graph at
x0, then it might be su�cient to argue that the di�erence quotient signi�es
the slope of a secant line, and taking the limit the tangent slope, i.e., the
derivative of f at x0 is obtained.

Further, arguments that are not necessarily recognised commonly as being
valid. For example, �this technique works because my mother says so� can
of course be employed (and deemed valid in some institutions). Yet, this
is what the technology of a praxeology aims at modelling: the particular
arguments used, regardless of their common-sense �validity�.

This point is important and deserves a bit of further attention. Indeed,
this study focuses on the context, or institution, of undergraduate physics
education. Hereby, an ATD perspective suggests that one must focus on the
technology (or praxeologies in general) that can be witnessed therein. This
approach resonates with the digression from certain standards of mathe-
matical rigour taken in stating the working de�nition of the divergence of
a vector �eld above. The praxeological model of knowledge, hence, can be
seen as a tool for embedding oneself (as a didactic researcher) in a given
institutional context. Hereby, an ATD perspective on knowledge writes o�
the feasibility of an objective perspective on, what is divergence, and o�ers
the praxeological model to specify instead, what is divergence in a given
institutional context5.

The �nal component of a praxeology - the theory, Θ, is the �superdiscourse�,
the broader theoretical context within which the technology is based. For
example, the technique and technology above can be seen as elements of a
grander discourse on di�erentiation or calculus. Yet, one could also situ-
ate the technological discourse within the �theory� of analytical geometry
(arguing in terms of secants and tangents) or Newtonian mechanics (if ar-
guments rely on identifying the function with the time-dependent position
of a body in motion, and its derivative with its velocity).
Since this study does not aim at situating observing praxeologies within spe-
ci�c theoretical frameworks, the �theory� category shall not be employed.

5To be sure, a researcher arguably cannot liberate herself entirely from imposing her
own preconceptions of what some knowledge is when describing institutional practices.
Hence, the point of this argument is not to postulate that the praxeological-institutional
perspective on knowledge can re�ect without bias knowledge as it emerges in observed
institutions. Yet, the argument is that this perspective forefronts the relativity of what
divergence is, and emphasises the need for empirical inquiry into this question, rather
than simply stating a de�nite de�nition of divergence prior to any inquiry into its teaching
and learning - hence the term �working de�nition.�
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The category of �technology� shall instead serve to describe entirely the lo-
gos part of observed praxeologies.

Hereby, the notion of praxeology has been described. As Chevallard states,
it serves as a tool to analyse, at least some aspects of, �knowledge on diver-
gence�, or praxeologies involving divergence, in a given institutional context.
We turn now to an approach to characterising such praxeologies further.

2.1.2 Epistemic potential of a praxeology

Michèle Artigue (2002) describes how techniques can be said to have both
pragmatic and epistemic value:

[T]echniques are most often perceived and evaluated in terms of
pragmatic value, that is to say, by focusing on their productive
potential (e�ciency, cost, �eld of validity). But they have also
an epistemic value, as they contribute to the understanding
of the objects they involve, and thus techniques are a source of
questions about mathematical knowledge (Artigue, 2002, p. 248,
original emphasis)

It might be clear, that a technique has the potential for producing answers to
the task types, which they are considered as resolving, i.e., their pragmatic
value. It is perhaps less clear, that performing a technique would generate
further questions. In fact, this idea might hint at an inclination to favor
learning-by-rote didactic strategies: Perform a technique enough, and new
pertinent questions about the objects of knowledge, they involve, arise in
the minds of students. Yet, this is in fact the opposite of Artigue's point.
She elaborates: Any technique, if it has to become more than a mechanically-
learned gesture, requires some accompanying theoretical discourse (Artigue,
2002, p. 261). Hereby, we see, that the technique in itself does not generate
a discourse, rather it must be supplied with a discourse in order to do so.

Artigue presents an example of determining epistemic values of a technique
- questions that could emerge from performing it:

Let us take a very simple example: the technique of Euclidian
[sic] division. The epistemic value of this is evident: it plays
a fundamental role in the proof of various arithmetic theorems,
and it helps to explain their neccesity and the connections be-
tween them. At a more elementary level, through the iteration
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of the division process, pupils can understand very early why the
decimal expansion of a rational number is necessarily periodic.
(Artigue, 2002, pp. 259-260)

By re�ecting on the Euclidean division technique, hence, we can think up
a number of �good topics to discuss�, a potential discourse, such as on the
periodicity of decimal expansions of rational numbers. Some students might
be able to think this out themselves, but an epistemic potential can be ex-
ploited most observably, if teachers or textbooks in any way prompt such a
discourse, or qualify students to do so themselves.

I shall herein adopt Artigue's terms, albeit with two small alterations. First,
instead of talking about pragmatic and epistemic values, I shall speak of
such potentials. Second, I shall speak of such potentials as being a �prop-
erty� of praxeologies rather than techniques. The reason is as follows.

Artigue (2002) uses the notions to speak of, how instituitions place value
on some potentials of a technique. She uses this to argue, that such implicit
or explicit conditions of a social or institutional context can, and should,
be questioned (and altered) to understand better the role of techniques in
teaching and learning. In this thesis, it is not the intention to problematise
values (or norms) of institutions; rather, it is the aim to explore, or inves-
tigate, challenges for teaching and learning divergence.

Further, as ATD postulates, techniques are (most often) inseparable from
technology, and praxeologies are the �minimal unit of analysis� of human
activity (Chevallard, 1999). This observation emphasises the apparent com-
plementarity of techniques and technology in the praxeological model of
knowledge: The technique has potential for generating questions about the
objects manipulated with, but this manipulation cannot be separated from
the rules, theorems, statements, or arguments, that are given by the tech-
nology.

Therefore, I shall speak of pragmatic and epistemic potentials of praxeolo-
gies rather than of such values of techniques. In particular, the notion of
epistemic potential of a praxeology is meaningful here, as it is a means for
describing the (potential) questions about the notion of divergence, that
various praxeologies can be said to raise.

Hence, considering a particular praxeology involving the notion of diver-
gence, we might ask: which epistemic potentials does it embody - which
pertinent questions (and answers) about divergence does it emphasise or
obscure. To illustrate further the investigation of epistemic potentials of a
praxeology, I shall o�er a comparative example.
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Consider the hypothetical problematic question: How to determine the ve-
locity of a Newtonian body in constantly accelerated motion. Which prax-
eologies could be observed in mathematics and physics educational institu-
tions, which aid in investigating this problematic question?

We might for example witness (or imagine) two praxeologies based on the
task of computing the derivative of a real-valued, single-variable function.
Signifying a praxeology by the symbol P , two di�erent praxeologies could
be described as follows:

PA: Example A of a praxeology on computing derivatives of
second degree polynomials

T : (Task type) Given a second degree polynomial, f : R → R de�ned
by f(x) = ax2 + bx + c, with a, b, c being real constants, compute its
derivative at a point, x0 ∈ R (knowing it to be di�erentiable there).

τ : (technique) First, compute the function di�erence over an interval
[x0, x0 + h], h ∈ R+:

∆f = f(x0 + h)− f(x0) = a(x0 + h)2 + b(x0 + h) + c−
(
ax2

0 + bx0 + c
)

= h (2ax0 + ah+ b) ,

Second, compute the di�erence quotient,

∆f

∆x
=
h (2ax0 + ah+ b)

h
= 2ax0 + ah+ b.

Take the limit as ∆x = h tends to zero:

lim
∆x→0

(
∆f

∆x

)
= 2ax0 + b

Invoking now the standard de�nition of the derivative of such a function,
we see, that:

f ′(x0) = 2ax0 + b

θ: (technology) Discourse on arithmetic di�erences, quotients, and of
function limits. The usual de�nition of the derivative of a function on
R.
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And:

PB: Example B of a praxeology on computing derivatives of
second degree polynomials

T : (Task type) Same as above.

τ : (technique) First, exploit rules for di�erentiating linear combinations
of monomials:

f ′(x) =
(
ax2 + bx+ c

)′
= a

(
x2
)′

+ b(x)′ + c(1(x))′

Second, exploit the theorem that (xn)′ = nxn−1 for n ∈ N, obtaining

f ′(x) = 2ax+ b

θ: (technology) Linearity of the di�erentiation operation (or operator)
and the theorem on di�erentiation of monomials in one variable, (xn)′ =
nxn−1.

Although these two praxeologies both resolve the task of computing the
derivative of second degree polynomials, they have di�erent epistemic po-
tentials.

The former, PA, illustrates a process, which characterises the process of
di�erentiation, in a sense. That is, it elicits how the derivative can be con-
sidered a particular evanescent limit of a particular ratio: The limit of the
ratio of function increment over an interval to the interval's length.
In other words, the praxeology articulates, how the operation of di�erenti-
ation �works�, as portrayed in the formal de�nition:

�Derivative of f at x0� := f ′(x0) = lim
∆x→0

(
∆f

∆x

)
.

Further, if a graph of the function is supplemented or constructed, it would
be straightforward to compare the algebraic technique with the geometrical
interpretation of a derivative as the slope of a tangent to the function graph
at a point.
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In contrast, the latter praxeology, PB, does not articulate such a process.
Rather, it exploits and explicates the properties of the derivative as a linear
operator. Surely, if this aspect of di�erentiation is under investigation, the
latter praxeology would be more informative than the former.

Hereby, both praxeologies embody epistemic potentials as for investigating
derivatives, or mathematical praxeologies aiding in the study of the prob-
lematic question: How to determine the velocity of a Newtonian body in
constantly accelerated motion. Surely, it cannot stand alone in providing
an answer to the above question, but it is a probable element in such an
inquiry, at least in most mathematics and physics educational institutions.

The notion of epistemic potential hereby serves as a means to characterise
praxeologies, and it shall be employed to qualify how observed praxeologies
elicits various aspects of the divergence of a vector �eld in the institutional
context of undergraduate physics education.

Hereby, we can make more clear sense of the notion of challenges with
teaching and learning divergence, as stated in the research question.
Observing and analysing teachers and students' activity, we might iden-
tify some praxeologies. Further, as these praxeologies to a greater of lesser
extent elicit various aspects of the notion - or embody various epistemic
potentials - one might identify challenges for teachers with clarifying them
or for students with making sense of them.

Note that in this ATD-based perspective, teaching can be observed in teach-
ers' elaborations of praxeologies, e.g., in university lectures.
Yet, it is pertinent to ask also, how can we inquire into, what students'
learning? This question is of course a di�cult one, for we cannot rightly
look into the minds of students. What we can observe from an ATD per-
spective, however, are the praxeologies, that students are able to elicit.

Hence, the praxeological model of knowledge is not one describing individ-
uals' (teachers or students) cognition, competences, or abilities. Rather, it
is a model of social knowledge (re-)producing activity, depicting how knowl-
edge is socially shared. I shall return later to the methodological question
of, how indeed such praxeologies shall be investigated in this study.

For now, we turn to the question of where, pertinently, such institutional
activity can be observed. One straightforward answer is: In classrooms.
Yet, the framework of ATD postulates (Bosch & Gascón, 2006), that this
scope is problematically narrow. The reason is, that classroom activity is
always part of a larger system of educational activity, which must be taken
into account when considering such classroom activities. This brings us to
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the ATD notion of the didactic transposition.

2.1.3 The didactic transposition

As stated earlier, the identi�cation and characterisation of praxeologies is
a matter of empirical study of intitutional activities. Consider for exam-
ple the institutional context of a university course given to students of the
physical sciences.

On the one hand, this knowledge can be said to originate in historical
and academic studies. Indeed, the notion of divergence was originally con-
ceived of by Maxwell within the context of electromagnetism. Later, it was
embedded and employed in other academic contexts, for example in (the
development of) vector calculus (Crowe, 2011). With the continual writing
and rewriting of textbooks and other teaching materials, this knowledge
has then been reorganised and reformulated over time. One view is that it
is the same knowledge, only portrayed di�erently by di�erent individuals.
Yet, from the socio-cultural perspective of ATD, one might speak of a social
process of didactic transposition (Chevallard, 1985). That is, as knowledge
is �transposed�6 from the institutions of academic researchers into educa-
tional institutions, the knowledge, or at least its praxeological structure,
changes.
This process is known as the external didactic transposition (Winsløw,
2011). A central �location� for observing such a transposition process is
by comparing research articles with textbooks - �academic knowledge� and
�school knowledge�. One would not be surprised to �nd that notions such
as divergence are portrayed quite di�erently in these two formats or rei�-
cations of knowledge (re-)producing activity.

Further, to reach the classroom, a second step of the didactic transposition
can be considered - the internal process. This term is meant to describe,
�rstly, how teachers and educators reformulate and reorganise knowledge
to meet the particular needs and conditions of their part of the general
educational system - their reconstruction of �knowledge to be taught� into
�knowledge actually taught�. Secondly, the internal process incorporates

6It is pertinent to emphasise that the term transposition should be understood as
a complex processe. Indeed, it must not be confused with simplistic behaviourist no-
tions such as packets of knowledge transmitting throughout �social space�. Rather, the
transposition occurs as a consequence of the continual production and reproduction of
research articles, textbooks, and curriculum documents; and researchers, teachers, and
students' intercommunication.
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how the knowledge is transposed into how a �community of study� - under-
graduate physics students for example treat such knowledge (see �gure 2.1)

Figure 2.1: Fig. 1 in (Bosch & Gascón, 2006, p. 56) depicting
the didactic transposition process. The �rst broad arrow signi�es the
external process of transposition, and the latter two signify the internal
process.

The didactic transposition process emphasises the institutional relativity
of knowledge (Bosch & Gascón, 2006). That is, in an ATD perspective,
knowledge naturally emerges quite di�erently, or at least in di�erent praxe-
ological organisations, in these four institutions. It is not straightforward to
delineate these institutional contexts in a precise manner. Yet, the point is
that the empirical unit of analysis, when doing didactic studies, is broader
than the goings-on in a particular classroom, or in students' (community of
study) work.

This epistemological perspective further suggests that there is no de�nite
�right� perspective on knowledge. Rather, it is always relative to the in-
stitution in which it is (re-)produced. As such, divergence is not what
rigour-favouring mathematicians would describe it as any more than what
physicists would describe it as. In fact, it is not what academic articles
portray it as any more than how students describe it. This relativistic per-
spective on knowledge may be problematic from a philosophical point of
view, but I shall not go further into that here. Instead, I take the more
pragmatic perspective, that challenges with conveying or elaborating prax-
eologies in a given institution can only be quali�ed as �challenging� relative
to that observed in other institutions.

Hence, to describe what divergence actually means �rst and then investi-
gating teachers and students' treatment of it is not a viable option. Rather,
one can investigate how divergence is portrayed in some institution and
then compare it to its treatment in classroom activity. This gives rise to
the ATD theoretical construct of a reference epistemological model (here-
inafter: Reference model).

2.1.4 The reference model

Bosch & Gascón in their Twenty-�ve years of the didactic transposition
(2006) describe a reference epistemological model so:
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Research in didactics needs to elaborate its own models of refer-
ence to be able to avoid being subject to the di�erent institutions
observed, especially the 'dominant ones'. There is no privileged
reference system for the analysis of the di�erent bodies of knowl-
edge of each step of the didactic transposition process. A refer-
ence model needs to be continuously developed by the research
community and submitted to the proof of the facts. (Bosch &
Gascón, 2006, p. 57)

The reference model hence represents an attempt to construct a researcher's
point of view on some knowledge, abstracted away from its role and function
within various institutions under investigation7.

The reference model is indeed a curious construct.
As the quote above states, it is both a tool for analysing didactic phenomena
of institutional knowledge reproducing activity, and a �system of reference�,
which must be constructed from empirical study of institutions wherein such
activity takes place - institutions wherein praxeologies can be observed.

Winsløw (2011) elaborates on the notion of a reference model so:

We notice that building reference (for instance, of mathematical
practice and knowledge) in terms of praxeologies (and organi-
sations) is by no means �natural� in the sense that one way is
�right� or �evident�. As in any act of modelling, models are
constructed as means to organise our description, experiments,
analysis and so on (Winsløw, 2011, p. 125)

The reference model hence serves as an analytical model, which yields
a background view on praxeologies involving divergence for any didactic
study. Constructed on the basis of empirical data, it serves to supply an
outlook on �institutionally situated knowledge on divergence.� Observed
cases can then be held up againts the outlook in the reference model, al-
lowing for the identi�cation of challenges with the teaching and learning of
divergence.

7In a sense, the reference model is comparable to the notion of observational frame
of reference in Einsteinian relativity. It is the reference point of view from which mea-
surements are made sense of, so to speak. Of course, the analogy must be taken with a
grain of salt. For example, the physicist would focus on the relativity of motion between
experimenter and observed phenomena, specifying what is considered to be �at rest�.
The reference model, in contrast, focuses on the relativity of knowledge, specifying how
some knowledge is understood as the reference point for conducting didactic analysis.
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2.2 Research design

The research question posed in the introduction is:

How, and to what extent, can challenges be identi�ed for
the teaching and learning of divergence in the context of
undergraduate physics education?

Given the theoretical outlook presented in the previous section, the method
by which this question is investigated in this thesis can now be speci�ed. It
consists of three steps.

First, a reference model shall be constructed on the basis of analysing a
selection of undergraduate physics textbooks. The purpose of this refer-
ence model is to establish an outlook on di�erent reference praxeologies
involving the notion of divergence as witnessed in the textbooks examined.
Hereby, we obtain a perspective on, what divergence is (or can be) in the
context of undergraduate physics education.

Second, the reference model shall be employed in an analysis of a case. The
case shall be presented further in due time, but brie�y stated, it consists
of a sequence of two mandatory courses given to students of the physical
sciences at the University of Copenhagen - �Mat F� and �EM1�. The aim
herein is to investigate, how �knowledge of divergence� emerges in actual
teaching-learning situations. In particular, considering the observations rel-
ative to the outlook in the reference model, potential challenges for making
sense of the notion of divergence shall be identi�ed and illuminated.

Third and last, a discussion shall be undertaken shedding light on oppor-
tunities for addressing these challenges in teaching. In particular, the chal-
lenges identi�ed in the second part shall be held up against, how various
textbooks address them. The purpose hereof is to shed light on the ex-
tent to which these challenges can be considered problematic in a (slightly)
broader view than the case studied.

In view of the di�erent institutions of the educational system presented in
the general didactic transposition model of the didactic system, the ap-
proach can be visualised as in �gure 2.2 below.

Two points about the research design chosen are illustrated in the �gure.
Firstly, note that I do not incorporate the institution of �academic� or �schol-
arly� knowledge - how divergence is treated in mathematics and physics
research institutions, e.g., in such research articles.
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Figure 2.2: The three-step research design.

It would indeed be interesting to investigate this dimension, as well as the
historical development that the notion of divergence has undergone since
it was conceived of by Maxwell. Yet, in regard of the limited extent of
this thesis, I shall concentrate on how it is portrayed in a selective set of
textbooks, which can be said to sort under what has here been denoted the
undergraduate physics education institution8.

Secondly, note that the box denoted knowledge taught and �learnt� signi�es a
joint approach to investigating how divergence emerges in actual teaching-
learning situations. Hence, as shall be elaborated, I shall draw on both
classroom observations (of teaching) and student interviews (of �learning�).
Also, the reason for choosing two courses to study, and not di�erentiation
signi�cantly between them, shall be elaborated duly.

2.2.1 Step 1: Constructing a reference model

In this section, I elaborate on the method by which the reference model
shall be constructed. First, recall the purpose of the model: It must serve
as an analytical tool to interpret empirical investigations of actual teaching

8This is not to say, that any complete or precisely delimited social insitution - or com-
munity - is investigated. Rather, the term is used to o�er but a common denomination
subjecting to the theoretical terms and tenets of didactic transposition theory.
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and learning episodes. How to construct such a model?

The praxeological model of knowledge shall serve to structure the analysis,
leading to the identi�cation of various di�erent task types, techniques, and
technology, which involve the notion of divergence.
I shall take as basis empirical data witnessed in a number of undergraduate
textbooks intended for the teaching of students of the physical sciences,
focusing particularly on the physical context of electromagnetism.
Hereby, the aim is to remain somewhat within the con�nes of undergraduate
physics education with a bias or focus on the use and meaning of divergence
in electromagnetism. Whereas this approach constrains the broadness of the
scope of the reference model, it conversely serves to delimit the investiga-
tion, emphasising what could be done alternatively to extend the study:
Looking deeper into the treatment of divergence in other physical or math-
ematical contexts, for example.

The focus on electromagnetism is further warranted by two considerations:
Firstly, the courses chosen focus on this context, and so it serves as a more
comparable viewpoint. Secondly, electromagnetism is a theory commonly
revisited in undergraduate physics education world-wide, which suggests
that it is a rich context to investigate.

I have selected the following �ve textbooks:

1. Div, grad, curl, and all that - an informal text on vector calculus
(Schey, 1997). This textbook presents vector calculus topics in the
context of electrostatics. As the title indicates, it explicitly focuses
on divergence.

2. A student's guide to Maxwell's equations (Fleisch, 2008). This text-
book describes in detail Maxwell's four equations for electromag-
netism (in both integral and di�erential forms). It places speci�c
focus on the meaning of each term or symbol used in the equation
- hereunder that for divergence, which plays a prominent role in the
di�erential forms of the equations.

3. Introduction to electrodynamics (Gri�ths, 1999) Gri�ths' textbook
is a classical textbook on introductory electromagnetism. Its �rst
section (pp. 1-57) is devoted to vector calculus, which shall mainly
be focused on in the construction of the reference model. It is also
the textbook employed in the EM1 course.

4. Mathematical methods for physicists (Arfken & Weber, 2005). This
textbook o�ers a general introduction to mathematical methods for
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physicists, i.e., mathematical notions such as divergence as directed
to, and focused on, physics education.

5. Field theory and vector analysis - Compendium to Matematik F9.
(Gjevik & Fagerland, 2012). This textbook presents vector calcu-
lus (or analysis) theory mainly in the context of �uid mechanics, but
also with reference to electromagnetism. It has been included here,
in particular, as it is the textbook employed in the Mat F course.

Other textbooks have also been considered, but are not included in the
analysis for constructing the reference model. These are (Feynman et al.,
2013), (Batchelor, 2000), (Young & Freedman, 2012), and (Riley & Hobson,
2011). Some of these textbooks contained too little content on divergence
or too few exercises and examples involving it to be included. Others were
deselected by virtue of their aiming at super-undergraduate level. Some
of these, however, shall be referred to in the third step of the study, the
discussion section.

The textbook analysis is guided by the objective of identifying praxeologies
that pertain to the divergence of a vector �eld. That is, to categorise task
types witnessed in worked examples and exercises in terms of the techniques
and technology employed in resolving them. It is of course not always clear
which techniques are intended for which exercises. Yet, the task is not to
depict the intents and contents of the textbooks proper; rather, it is to ex-
tract relevant elements to construct the reference model.

To systematise this analysis, two main analytical questions guide the cate-
gorisation of task types and thereto constructed praxeologies.

Q1 : Given a vector �eld, how can its divergence be determined?

Q2 : Given the divergence of a vector �eld, how can the vector �eld be
determined?

These questions are meant to direct the investigations, but of course, they
also limit the scope. For example, consider an exercise such as:

II-16 (a) Calculate the divergence of the function

F(x, y, z) = if(x) + jf(y) + kf(−2z)

9Norwegian title: Feltteori og vectoranalyse - kompendie til Matematik F
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and show that it is zero at the point
(
c, c,− c

2

)
(Schey, 1997, p.

57)

This exercise is categorised as one of determining the divergence, given a
vector �eld, (Q1) by calculating it. Hence, the part about showing that it
vanishes at a particular point is disregarded, although it undoubtedly has
some signi�cance and reason for being included by Schey.

2.2.2 Step 2: Analysing a case of two courses

The case studied consists of two courses given to �rst-year students of the
physical sciences at University of Copenhagen. The �rst course, �Mat F�,
is a �mathematics for physicists� course. It is meant to introduce students
to the mathematics that they will need in their subsequent undergraduate
physics studies, in particular the subsequent course on electromagnetism,
EM1 (as stated in personal communication with the Mat F lecturer).

The �rst four weeks of this course are dedicated to vector calculus, whereas
the remaining �ve weeks deal mostly with di�erential equations, Hilbert
space, and Fourier series. I have only included observation and analysis of
these �rst four weeks. The course o�ers lectures and exercise sessions. The
exercise sessions focus mainly on allowing students to work in groups with
an instructor present for aiding. At the end of the sessions, students or the
instructor present some of the exercise results on the blackboard (as stated
in personal communication with the Mat F lecturer). For the �rst four
weeks on vector calculus, the course lectures and exercises are based on the
textbook: �Field theory and vector analysis - Compendium to Matematik
F� (2012).

The second course, �EM1�, follows chronologically the �rst and deals with
introductory electromagnetism. This course has both lectures and exercise
sessions, as well as laboratory sessions. I have focused mainly on the lectures
and exercise sessions, disregarding the laboratory activities. The textbook
employed in the course is (Gri�ths, 1999).

Whereas the EM1 course on its own would potentially o�er excellent insight
into the treatment of divergence in the context of undergraduate physics
education, much of the theory - e.g., on divergence - is introduced in the Mat
F course. Hereby, it is pertinent to include both courses in the analysis.
This increases signi�cantly the amount of empirical data to be analysed,
which might be considered to in�uence the degree of depth that the analysis
admits, given the limited extent of this thesis. Yet, the aim is not to
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obtain an elaborate analysis of these courses proper, but rather to extract
episodes that serve to explore particular challenges (see research question).
Hereby, the amount of empirical data is quite delimited, and also, an actual
distinction between the goings-on in each course is less central in this study.

In both courses, lectures and exercise sessions have been observed, and
student interviews have been conducted.

Empirical data collection and structuring - course observations

In the Mat F course, the lectures of the �rst four weeks have been audio-
/video recorded. Further, the exercise sessions which had exercises on their
schedule involving divergence have been observed. In each exercise session,
the work of a particular two-(wo)man group of students has been chosen as
focus, following their work with the exercises. Also, the instructors' com-
ments have been noted, if relevant. In the EM1 course, the same approach
has been taken to exercise sessions. Here, lectures, which had topics involv-
ing divergence on the schedule have been audio-/video recorded.

In both courses, the lecture video/audio recordings have �rst been coded,
noting when divergence (or synonyms for it) were mentioned by the lec-
turer, or was written on the blackboard. This has led to the selection of
some episodes which were further analysed.

Empirical data collection and structuring - student interviews

Five students volunteered to be interviewed when asked in plenum to par-
ticipate (for free) in �a didactic project�.
It is not quite clear, which subgroup of students is hereby represented by
the �ve, in terms of prerequisites, general ability or competence (indeed,
such notions are not even de�ned or problematised herein). This approach
somewhat limits the scope on the representativeness of the interviews rela-
tive to the entire student group. Yet, as with the lecture analysis, the aim
is not to document a representative case. Rather, it is to identify potential
challenges with making sense of the notion of divergence. Again, the study
undertaken in this thesis should be seen more as an investigation or explo-
ration rather than a documentation scheme.

Two sets of semi-structured interviews with open-ended questions have been
conducted: One by the conclusion of the Mat F course, and one by the later
conclusion of the EM1 course. They are each based on two di�erent guid-
ing interview protocols, which can be found in Appendix B. Transcripts of
the student interviews can be found there as well. Both protocols aim at
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prompting students towards explicating their perspectives on divergence.
Hence, they are asked to explain divergence as if they were explaining it
to someone �unfamiliar with mathematics�. Hereby, an attempt is made to
prompt a more intuitive response than a mere stating of the mathematical
objects involved in respective de�nitions of divergence.

Recall that it is not each individual student's �conceptions� or �miscon-
ceptions� - their personal understandings - which are sought illuminated.
Rather, the purpose is to identify potential challenges with making sense of
divergence as witnessed by (in-)consistencies in their elaborations relative
to the outlook obtained in the reference model.

In general, the aim is to approach the analysis with a more prospective
than retrospective attitude - the causality between the observed teaching
and students' perspectives is less in focus than what can be understood
about challenges with teaching and learning about divergence in a more
general view than the particular case studied.

2.3 Further delimitations

In the above section, a number of re�ections on the method of empirical
data handling in the research design have already been presented, and shall
not be elaborated further. Instead, a brief elaboration shall be o�ered on
how the ATD theoretical standpoint directs the study.

A central feature of the praxeological model of knowledge is that it does not
describe well the dynamics of classroom interaction. Hereby, this study can
be said to neglect a plethora of didactically important aspects of teaching
and learning processes10

Yet, as lectures and interviews are studied mainly, and not complex student-
teacher interactions, the underemphasis of the social dynamics is somewhat
a reasonable standpoint. Further, the student interviews do not aim at in-
vestigating students' thinking or conceptions. This is a proactive attempt
to investigate, not students' cognitive processes, but rather what they say
- albeit it be, perhaps, non-representative of what they think.

The ATD framework attempts to describe epistemological, or knowledge
(re-)producing activity and the products thereof, disregarding whether they
be considered (by others) as physical or mathematical. Yet, it is pertinent

10For example: Social interaction patterns (see e.g. Steinbring, 1998) and construc-
tivist perspectives on the complexity of psychological or cognitive processes (see e.g.
Sriraman & English, 2010).
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to mention, that a substantial body of educational research both in math-
ematics and physics education research institutions exists which focuses
explicitly on the epistemological relations between mathematical and phys-
ical knowledge11

This body of educational research emphasises how the ATD perspective
attained in this thesis, though focusing on models of knowledge, does not
quite address the (potential) relation between mathematical and physical
knowledge, its teaching and learning.

11See for example educational research on processes of mathematical modelling
(Kaiser & Sriraman, 2006), physical modelling (Hestenes, 1992), or somewhere in be-
tween (Uhden et al., 2012).





Chapter 3

Analysis part I: The reference

model

In this chapter, the reference model is presented, resulting from the text-
book analysis. A number of praxeologies are described, which have been
identi�ed in the textbooks examined. These are hereinafter denoted refer-
ence praxeologies as they serve as reference point of view for analysing the
case of two courses.

3.1 Reference praxeological map

For each of the two analytical questions, a number of task types were wit-
nessed in the textbooks examined. These are denoted by the letter T with
subscripts that signify their content. A description of these, and their subor-
dination to either of the analytical questions can be seen in the frame below,
where italics indicate the terms that have given rise to the subscripts set
on the task types.

Task types witnessed in the textbooks, and categorised
according to the analytical questions guiding the analysis

Q1: Given a vector �eld, how can its divergence be determined?

• T1,CalcDiv: Given a vector �eld, F on R2 or R3, in Cartesian,
cylindrical, or spherical coordinate representation, calculate

31
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the divergence of the vector �eld.

This task type in fact encompasses three task types, one for
vector �elds given in either coordinate representation. These
are conveniently denoted:

- T1,CalcDiv(Cart), T1,CalcDiv(cyl), and T1,CalcDiv(sph).

• T1,LocateDiv: Given a vector �eld, F on R2 or R3 in a �eld line
diagram representation, locate points, p, where Div(F)(p) <
0 or Div(F)(p) > 0, i.e., points of positive or negative diver-
gence.

Q2: Given the divergence of a vector �eld, how can the vector �eld be
determined?

• T2,Poisson: Given the divergence of a curl free, conservative
vector �eld on R3 in Cartesian coordinate representation,
Div(F)(x, y, z) = ψ(x, y, z), ψ being a scalar �eld on R3,
solve for F.

Note that this task type is denoted by the subscript Poisson.
This refers to the fact that for curl free, conservative vector
�elds, the equation Div(F)(x, y, z) = ψ(x, y, z) reduces to
Poisson's equation, Lap(V ) = ψ, where V is a scalar �eld (or
scalar potential) such that F = ∇V , and Lap is the Laplacian
di�erential operator.

• T2,Streamfunction: Given a divergence free vector �eld on R2 in
Cartesian coordinates, Div(F)(x, y) ≡ 0, sketch the vector
�eld in a �eld line diagram.

Note that this task type is denoted by the subscript stream-
function. This refers to the fact that every divergence free
�eld on R2 admits a scalar �eld such that the tangent vectors
of its level curves are parallel to the vector �eld at each point.
This scalar �eld is often denoted a streamfunction.
Hereby, the level curves of the streamfunction indicate, at
each point in R2, the direction of the vector �eld, F.

These task types shall be exempli�ed in the following. For now, note that
one or more observed techniques, τ , provide an approach to answering each
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of the task types. These techniques in turn rely on di�erent technology, θ
- di�erent theorems, identities, or justifying arguments. In particular, they
rely on three di�erent de�nitions, or even rather informal descriptions, of
the divergence of a vector �eld. In the following, I shall elaborate on, and
exemplify these praxeologies, beginning with those sorting under Q1, then
those sorting under Q2.

First, however, I present �gure 3.1, which illustrates the di�erent reference
praxeologies identi�ed, and how they arise from either of the analytical
questions. I shall denote this �gure the reference praxeological map. Each of
the reference praxeologies identi�ed are brie�y explained below, but these
explanations shall be elaborated in the remainder of this chapter. The
reader is therefore encouraged to revisit the reference praxeological map, to
make entire sense of it, after having read the chapter.

Brief explication of the reference praxeological map

Coloured strings in �gure 3.1 indicate di�erent reference praxeologies
which are brie�y described here.

PFluxDensity
CalcDiv : Praxeology for determining the divergence of a vector �eld

by calculating the ��ux density�. The praxeology connects the notion
of �ux to that of divergence.

PPartDer
CalcDiv : Praxeology for determining the divergence of a vector �eld by

computing partial derivatives of the vector �eld's coordinate component
functions. The praxeology connects the notion of partial derivative to
that of divergence, and represents a coordinate-dependent approach to
divergence.

PFluxInf
LocateDiv: Praxeology for determining points of non-zero divergence of

a vector �eld by graphical inspection of a �eld line diagram for the vec-
tor �eld.

PPartDer
Streamfct: Praxeology for determining the Cartesian coordinate repre-

sentation of a divergence free vector �eld on R2. The praxeology relies
on having a streamfunction, ψ, for the vector �eld supplied.

PPartDer
SolvePoisson: Praxeology for reducing Div(F) = φ to Poisson or Laplace's

equation and solving for F. Here, φ is a scalar �eld and F is a curl free,
conservative vector �eld, both on R3.
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REFERENCE PRAXEOLOGICAL MAP

Reference praxeologies

on the divergence

of a vector �eld

Q2T2,PoissonPPartDer
SolvePoisson

T2,Streamfct PPartDer
Streamfct

Q1

T1,CalcDiv

T1,CalcDiv(Cart)

PFluxDensity
CalcDiv(Cart)

PPartDer
CalcDiv(Cart)

T1,CalcDiv(cyl)

PFluxDensity
CalcDiv(cyl)

PFluxDensity
CalcDiv

PPartDer
CalcDiv(cyl)

PPartDer
CalcDiv

T1,CalcDiv(sph)

PFluxDensity
CalcDiv(sph)

PPartDer
CalcDiv(sph)

T1,LocateDiv

PFluxInf
LocateDiv

Figure 3.1: Reference praxeological map illustrating the various prax-
eologies identi�ed in the textbooks examined
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3.2 Reference praxeologies derived from Q1

Two main task types have been identi�ed in the textbooks, departing from
the analytical question, Q1. These two task types by no means exhaust all
exercises and examples observed in the textbooks, but for the sake of the
extent of this thesis, only the two are considered here.

3.2.1 Task type T1,CalcDiv

All of the textbooks examined include exercises or examples, wherein a
task is set to compute the divergence of a vector �eld on R2 or R3 given in
Cartesian, cylindrical, or spherical coordinates1.
Take for instance a worked example o�ered by Schey (1997, p. 40):

Compute the divergence of the vector �eld on R3 given by

F(x, y, z) = x2i + xyj + yzk

or the more elaborate one o�ered in Arfken & Weber (2005, pp. 40-41):

Compute the divergence of the vector �eld on R3 given by

r = xi + yj + zk

Both cases are examples of tasks of the type T1,CalcDiv(Cart), wherein the
vector �eld is given in Cartesian coordinates.

There are also examples of task of types T1,CalcDiv(cyl) and T1,CalcDiv(sph),
where the vector �elds are given in cylindrical and spherical coordinates,
respectively. For example, we have in ((Fleisch, 2008, p. 42)):

Find the divergence of the �eld given byA = 1
r
r̂ in spherical coordinates

(where r̂ is the radial basis vector).

1One can also �nd expressions for the divergence of vector �elds given in general
curvilinear coordinates, but I shall not incorporate this case in this reference model.
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The textbooks witness di�erent techniques for resolving such tasks, each
relying on di�erent technology. In particular, they rely on di�erent de�ni-
tions of the divergence of a vector �eld.

In the following, it shall be described, how these techniques and technology
give rise to di�erent praxeologies for computing the divergence of a vector
�eld given in Cartesian, cylindrical, or spherical coordinates.

Description of reference praxeology PFluxDensity
CalcDiv

Some textbooks (see, e.g., Schey, 1997) de�ne the divergence of a vector
�eld on R3, at a point p ∈ R3, by:

Div(F)(p) := lim
∆V→0
about p

(
1

∆V

‹
S

F · n dσ

)
,

where V is a volume in R3, ∆V its magnitude (∆V =
˝

V
dτ), and S its

boundary surface with unit normal vector n.

Appendix A contains a note on the �volume limiting operation�, and some
proposed conditions for ensuring its existence (which are not o�ered in any
of the textbooks).

A quick note on notation. I shall keep to the notation above for integrals
throughout this chapter. The subscript to the integral symbols signi�es
the set of integration, surface integrals are denoted by two integral symbols
and the di�erential dσ, and a circle or ellipse around the integral symbols
signi�es that the surface is closed in R3. n signi�es the (piecewise smooth)
surface normal vector �eld to the surface. Volume integrals are denoted by
three integral symbols and the di�erential dτ .

This de�nition explicitly states a relationship between the divergence and
the �ux of a vector �eld, or the �ux density2. For this reason, hereinafter,

2In physics, (volume) densities are often de�ned as the limiting value of the ratio of
the amount of some quantity contained in a volume to the volume's magnitude (see, e.g.,
Gri�ths, 1999). For example, if mV is the mass contained in a volume V ⊂ R3, then
the mass (volume) density, ρm, at a point p ∈ R3 can be de�ned as the limit

ρm(p) := lim
∆V→0
about p

(mV

∆V

)
.

With a slight abuse of notation, it can also be written as a �volume di�erential quotient�:

ρm :=
dmV

dV
,

where dmV signi�es the mass contained in an in�nitesimal volume, dV .
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the above expression, or in ATD terms, technological component, is denoted
θFluxDensity. Further, the de�nition does not specify a particular coordinate
system in which the vector �eld F is represented - it is coordinate indepen-
dent.

Consider its signi�cance for resolving task type T1,CalcDiv, for a vector �eld
given in either Cartesian, cylindrical, or spherical coordinates. Which tech-
niques are employed to determine the divergence of a vector �eld by means
of this de�nition?

The textbooks examined do not provide general techniques for evaluating
surface integrals, nor the �volume limit� of them (or a sequence of them).
Indeed, techniques seem restricted to special cases of (sequences of) vol-
umes which makes calculating the outward �ux immediately feasible. These
volumes are spheres, Cartesian parallellipipeds, as well as cylindrical and
spherical �parallellipipeds� (see �gure 3.2).

(a) Cartesian parallellip-
iped

(b) Cylindrical �parallel-
lipiped� (c) Spherical �parallellip-

iped�

Figure 3.2: �Parallellipipeds� characteristic to various coordinate
systems (see, e.g., Schey, 1997)

For these special surfaces the volume limiting procedure is described as
taking the evanescent limit of the parameters spanning the volume, i.e.,
edge lengths, radius, etc3. The surfaces are special also in the sense that
the are piecewisely constituted of surface segment, the normal vectors of
which are equal to a single basis vector in either a Cartesian, cylindrical,
or spherical coordinate system.

An example of this technique for determining the divergence of a vector
�eld making use of Taylor expanding the �eld in question can be found in
(Schey, 1997).
Here I shall present an example of own construction, inspired by Schey,

3The order in which the limits must be taken and the (non-)existence of the �volume
limit� is not problematised.
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that illustrates the technique in the case of a vector �eld given in spherical
coordinates.

Example of a technique for calculating the divergence of a
vector �eld in spherical coordinates (resolving T1,CalcDiv(sph))
by employing the �ux density de�nition, θFluxDensity:

Consider the task of �nding the divergence of a vector �eld given in
spherical coordinates by F = r2r̂, where r̂ is the radial basis vector, and
arguments are suppressed for the sake of clarity.

Let p = (r0, θ0, φ0) be an arbitrary point in R3 (θ being the polar angle,
and φ the azimuthal angle with corresponding basis vectors θ̂ and φ̂).

We now construct a spherical �parallellipiped� (see �gure 3.2 above)
centred at p, and with sides ∆r, ∆θ, and ∆φ. Consider now the �ux
out of its (piece-wise smooth) boundary surface, which consists of six
(curved) sides, Si, with unit normals ni:

‹
S

F · n dσ =

‹
S

r2r̂ · n dσ =
6∑
i=1

‹
Si

r2r̂ · ni dσ

The side furthest from origo clearly has unit outward normal r̂ (oriented
out of the volume) at each point, and the innermost side has unit out-
ward normal −r̂ at each point. The remaining four sides have outward
unit normal vectors given by either θ̂ or φ̂ at each point of a side, and
so are perpendicular to r̂ at each point. This yields that
‹
S

F · n dσ =

‹
Soutermost

(
r0 +

∆r

2

)2

dσ −
‹
Sinnermost

(
r0 −

∆r

2

)2

dσ

=

[(
r0 +

∆r

2

)4

−
(
r0 −

∆r

2

)4
]
·
ˆ φ0+ ∆φ

2

φ0−∆φ
2

ˆ θ0+ ∆θ
2

θ0−∆θ
2

sin θ dθ dφ,

using that the spherical surface element is given by dS = r2 sin θ dθ dφ.

Now, the magnitude of the volume V enclosed by the �parallellipiped�
is given by

∆V =

˚
V

dτ =

ˆ r0+ ∆r
2

r0−∆r
2

r2 dr ·
ˆ φ0+ ∆φ

2

φ0−∆φ
2

ˆ θ0+ ∆θ
2

θ0−∆θ
2

sin θ dθ dφ

=
1

3
·

[(
r0 +

∆r

2

)3

−
(
r0 −

∆r

2

)3
]
·
ˆ φ0+ ∆φ

2

φ0−∆φ
2

ˆ θ0+ ∆θ
2

θ0−∆θ
2

sin θ dθ dφ,
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using that the spherical volume element is given by
dV = r2 sin θ dr dθ dφ (and using Fubini's Theorem to separate the
integrals).

We see that the ratio between �ux and volume magnitude yields some-
thing tractable:

‚
S
F · n dσ

∆V
= 3 ·

(
r0 + ∆r

2

)4 −
(
r0 − ∆r

2

)4(
r0 + ∆r

2

)3 −
(
r0 − ∆r

2

)3

Now it's only a matter of expanding the fractions and cancelling com-
mon factors to see that:

‚
S
F · n dσ

∆V
= 4r0 ·

(
∆r
2

)2
+ r2

0

r2
0 + 1

3

(
∆r
2

)2 .

Hence, taking the limit as the �parallellipiped� shrinks about p, i.e., ∆r,
∆θ, and ∆φ tend to zero, we get the divergence at p:

Div(F)(p) = 4r0.

Since this holds for any point p ∈ R3, we have found the divergence
scalar �eld,

Div(F) = 4r

What is the technology supporting this technique? First, the ��ux density�
de�nition justi�es the central argument that the divergence has indeed been
computed by the technique. Further, the surface integral manipulations
and volume limiting operation must be justi�ed. Hence, the technology
supporting this technique consist of θFluxDensity and technology on surface
integrals and the volume limit4.

If a vector �eld be given in Cartesian or cylindrical coordinates, similar
techniques can be employed. The techniques shall not be exempli�ed here,

4I shall not go into detail on particular theorems or statements that might justify
these algebraic manipulations, only stick to the main idea: the technique, to be explained
and not merely blindly mimiced, requires some manner of elaboration on how surface
integrals and the volume limit works. Rightly, more justi�cations as for more basic
algebraic operations, such as multiplication and division, should rightly be included.
However, I shall in this reference model consider such �basic� technology unnecessary to
mention, attempting a focus on the main �non-basic� operations required in a technique.
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but I invite the reader to revisit the above example, substituting spherical
for other coordinates and making the appropriate adjustments.

To summarise, a �rst reference praxeology has now been identi�ed. It is
summarised below. I denote it PFluxDensity

CalcDiv , the superscript referring to the
de�nition of divergence employed (θFluxDensity), and the subscript referring
to the task type, which it supplies a means for resolving.

PFluxDensity
CalcDiv

Praxeology for determining the divergence of a vector �eld given in
spherical, cylindrical, or Cartesian coordinates by the technique of
calculating the ��ux density�, θFluxDensity.

The technique relies on technology as for surface integration and vol-
ume limiting operations.

The technique in PFluxDensity
CalcDiv is rather involved and, arguably, relies on the

vector �eld not being too complicated (e.g., with component functions de-
pending on two or all three variables). There are ways much easier for
computing the divergence depending on di�erentiation rather than integra-
tion, which shall be considered below.

Description of reference praxeology PFluxDensity
CalcDiv

Other textbooks (see, e.g., Arfken & Weber, 2005) de�ne the divergence of
a vector �eld on R3 given in Cartesian coordinates, F = Fx̂i+Fy ĵ+Fzk̂, in
terms of a linear combinations of its component function partial derivatives:

Div(F) =
∂Fx
∂x

+
∂Fy
∂y

+
∂Fz
∂z

,

Note that the function arguments, (x, y, z), are suppressed to ease reading.
This expression is hereinafter denoted θPartDer(Cart). It establishes an im-
mediate connection between partial di�erentiation and divergence, and no
clear connection to the �ux of the �eld is seen. Note that de- or increasing
n, the dimension of the Euclidean space whereon the vector �eld is de�ned,
is but a matter of adding on, or removing, partial derivatives.

Note also, that it is coordinate dependent in that it requires the vector �eld
to be given in Cartesian coordinates. In this sense, it might be considered a
special case of the de�nition given in θFluxDensity. Yet, there is no indication
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in the textbooks examined, that its range is any di�erent. That is, any
vector �eld on R3 can be expressed in Cartesian coordinates, and so this
de�nition can be considered as �general� as the ��ux density� de�nition.

A technique for resolving tasks of type T1,CalcDiv(Cart) by means of this def-
inition of divergence is evident. That is, given a vector �eld in Cartesian
coordinate representation, one computes the partial derivatives of its com-
ponent functions and simply adds them up. The technique clearly relies on
technology on partial di�erentiation as well as the de�nition of divergence
given in θPartDer(Cart).

By transforming the coordinates of the partial derivatives, quite similar lin-
ear combinations of partial derivatives can be derived for vector �elds given
in spherical or cylindrical coordinates: θPartDer(cyl), and θPartDer(sph), which,
however, do not look as neat as the expression above:

Div(F) =
1

ρ

∂(ρFρ)

∂ρ
+

1

ρ

∂Fφ
∂φ

+
∂Fz
∂z

, cylindrical coordinates (ρ, φ, z)

Div(F) =
1

r2

∂(r2Fr)

∂r
+

1

r sin θ

∂(sin θFθ)

∂θ
+

1

r sin θ

∂Fφ
∂φ

, sph. coord. (r, θ, φ)

A straightforward technique for solving tasks of type T1,CalcDiv(sph) or
T1,CalcDiv(cyl), hereby, is to compute the partial derivatives of the coordinate
component functions, and then to apply the appropriate linear combination
to obtain the divergence of the vector �eld.
These techniques also rely on partial di�erentiation, and of a description of
the divergence of vector �elds given in spherical or cylindrical coordinates,
as stated above. Hereby, a second reference praxeology has been identi�ed:

PPartDer
CalcDiv

Praxeology for calculating the divergence of a vector �eld given in
spherical, cylindrical, or Cartesian coordinates by the technique of
computing partial derivatives.

The technique relies on technology as for partial di�erentiation, and
the �sum of partial derivatives� de�nition of divergence.

Note that this praxeology does not connect the notion of �ux to that of
divergence. Yet, it might be considered more easily applicable as it relies on
(partial) di�erentiation rather than (surface) integration, which PFluxDensity

CalcDiv

does.
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Hereby, it seemingly has a more immediately visible pragmatic potential in
that it is (much) more easily employed than the ��ux density� de�nition.
Yet, the latter de�nition has a more immediately visible epistemic potential
as for illuminating, that there is a connection between the notions of �ux
and divergence.

3.2.2 Task type T1,LocateDiv

Recall that this task type is given by:

T1,LocateDiv: Given a vector �eld, F on R2 or R3 in a �eld line diagram
representation, locate points, p, where Div(F)(p) < 0 or Div(F)(p) > 0,
i.e., points of positive or negative divergence.

The task type can be found, e.g., in Gri�ths (1999, pp. 17-18) and in Fleisch
(2008, pp. 32-33). I shall focus here on the technique and technology o�ered
by Fleisch.

Consider the situation of a vector �eld given in a �eld line diagram (see
�gure 3.3 below).

Figure 3.3: Field line diagram for a radially decreasing vector �eld.
Lines show the direction of the vector �eld, and their spacing and length
indicate the relative strength of the �eld.

This is an example of task type T1,LocateDiv. What are techniques and tech-
nology as for locating points of non-zero divergence in the �eld line diagram?

Description of reference praxeology PFluxInf
LocateDiv

To understand the technique, we depart from a more qualitative descrip-
tion of divergence as given by Fleisch (2008). He reformulates θFluxDensity
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slightly, envisioning the �volume limit� as being equivalent to considering
an in�nitesimal volume:

The key factor in determining the divergence of a vector �eld at
any point is (...) whether the �ux out of an in�nitesimally small
volume around the point is greater than, equal to, or less than the
�ux into that volume. (Fleisch, 2008, p. 37, original emphasis)

With this interpretation, it seems that divergence is equated with the �ux
out of an in�nitesimal volume. I shall denote this description of the diver-
gence of a vector �eld by:

θFluxInf : The divergence of a vector �eld at a point is its net �ux
out of an in�nitesimal volume around that point.

Fleisch (2008) further presents a technique that makes operationable this
description of divergence. That is, a technique which might resolve task
type T1,LocateDiv by invoking θFluxInf.

Given a �eld line diagram for a vector �eld (or sketching one by oneself)
(see �gure 3.3), the technique is:

[T]o �nd the locations of positive divergence (...), look for points
at which the (...) vectors either spread out or are larger pointing
away from the location and shorter pointing toward it. (Fleisch,
2008, p. 32)

Gri�ths (1999, p. 18) o�ers the following description:

Imagine standing at the edge of a pond. Sprinkle some sawdust
or pine needles on the surface. If the material spreads out, then
you dropped it at a point if positive divergence; it it collects
together, you dropped it at a point of negative divergence.

In �gure 3.4 are a few examples of applications of the technique presented
by Fleisch.

As Fleisch notes in the examples, the technique is somewhat problematic
in terms of accuracy. It is useful in simple cases where both �spreading
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out� and in- or decreasing lengths of vector arrows yield an unambiguous
picture of what happens to the �ux out of an in�nitesimal volume at a point.

Figure 3.4: Examples of applying the technique of locating points of
positive or negative divergence by inspecting a �eld line diagram for a
vector �eld (Fleisch, 2008, p. 33).

I shall here comment on two points, where the technique is somewhat prob-
lematic. First, imagining an in�nitesimal volume at a point in a 2D �eld
line diagram does not make much sense, unless it is understood how the
diagram should be interpreted as implicitly depicting three dimensions.
Yet, we can sketch three-dimensional �eld line diagrams (perhaps using
computer tools) to remedy this issue. We might also simply train our
ability to abstract from the 2-dimensional depiction, considering it to be
symmetrically or otherwise simply extended to three dimensions. Lastly,
we can also reformulate the technique into something like imagining an in-
�nitesimal area instead of a volume and considering the planar �ux out of
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it5.

The other point is that this diagram-inspection technique, as understood
by Fleisch and Gri�ths, yields the divergence of the �elds such as the one
sketched in (b) at origo. Yet, the diagram could rightly represent a radial
�eld6, which is not de�ned at origo.

On the one hand, this description of the divergence of a vector �eld can
be seen merely as a geometrical interpretation of algebraically formulated
de�nitions. Yet, it could also be viewed as a geometrical de�nition of the
divergence of a vector �eld in its own right, not subordinated any algebra.
In fact, as it seems to yield more information about the divergence of some
vector �elds (such as the radial �elds above, at origo) it is not certain,
whether it embodies a de�nition of divergence, which is, in fact, more gen-
eral than the ones described previously.
The textbooks do not o�er more precise elaboration of this curious point.
I shall look more into it in the course analysis.

Summarising, a third reference praxeology has now been identi�ed, which
distinguishes itself from the ones established before by employing a more
geometrical approach than algebraic, for determining the divergence of vec-
tor �elds. I shall denote it PFluxInf

LocateDiv, the subscript referring to the task type
of locating points of positive and negative divergence, and the superscript
referring to the �Flux out of an in�nitesimal area or volume�-description
given above.

PFluxInf
LocateDiv

Praxeology for locating points of positive or negative divergence of a
vector �eld given a representation of it in a �eld line diagram.

The technique relies on technology which may be described verbally
by θFluxInf.

5Planar �ux can be de�ned for vector �elds on R2 by, e.g.,

�Planar �ux of F across a path γ� =

ˆ
γ

F · r⊥ d l,

where γ is a (smooth) path, and r⊥ is a unit vector perpendicular to the direction vector,
r, of γ. If the path is closed, we have planar �ux out of the area enclosed by the path,
and r⊥ is chosen to point out of the area.

6That is, in plane polar or spherical coordinates, it is of type F(r) = Fr(r)r̂, where
r̂ is the radial unit basis vector, r is a position vector, and r is the radial coordinate.
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We have now identi�ed three reference praxeologies for determining the
divergence of a vector �eld (Q1). Before moving on to Q2 concerning de-
termining a vector �eld given its divergence, it is pertinent to make a brief
comment on notational practice.

A note on the ∇ notation for divergence

Many authors write ∇ · F interchangeably with Div(F). Here, ∇ is read
as �nabla;� it is also known as �del.� For example, Arfken & Weber (2005)
de�ne the divergence of a vector �eld in terms of the ∇ di�erential operator
(p. 33 and p. 39). Indeed, they de�ne the ∇ operator as one that operates
on scalar �elds on R3 (with existing partial derivatives) to produce a vector
�eld (its gradient). In Cartesian coordinates, it is de�ned as follows:

∇ := x̂
∂

∂x
+ ŷ

∂

∂y
+ ẑ

∂

∂z
,

such that for ψ a scalar �eld on R3 (with existing partial derivatives):

∇ψ =

(
x̂
∂

∂x
+ ŷ

∂

∂y
+ ẑ

∂

∂z

)
ψ = x̂

∂ψ

∂x
+ ŷ

∂ψ

∂y
+ ẑ

∂ψ

∂z
.

Note that the Cartesian basis vectors x̂, etc., are written to the left of the
partial derivatives to clarify, that the latter operate on the scalar �eld, not
the basis vectors.

From this de�nition, the authors state that the divergence can be de�ned as
the ∇ operator �dotted onto� a vector �eld, F on R3 (with existing partial
derivatives), as follows:

∇ · F =

(
x̂
∂

∂x
+ ŷ

∂

∂y
+ ẑ

∂

∂z

)
· F

=

(
x̂
∂

∂x
+ ŷ

∂

∂y
+ ẑ

∂

∂z

)
· (Fxx̂ + Fyŷ + Fzẑ) =

∂Fx
∂x

+
∂Fy
∂y

+
∂Fz
∂z

,

exploiting orthonormality of the Cartesian basis vectors. Note, however,
that the �dot product� employed is notationally similar to a standard inner
product, but it is not an actual inner product, as it takes as input an
operator and a vector �eld, which are not de�ned on the same vector space7.

I have employed the notation of Div(F) to signify the divergence of a vector

7See, e.g., Tai (1994; 1995) who conducts a study of historical and contemporary
textbooks to document the widespread �improper use of the ∇-operator.�
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�eld so far as the use of the notation above is often accompanied by some
rather peculiar arguments. Arfken & Weber (2005), for example, speak of
the �vector properties� (p. 39) of ∇, which warrants the above expression
of the divergence operator, ∇·. Hence, viewed as a vector, ∇ can be dotted
(and crossed) onto a vector �eld with the slightly abusive notation of dot
products (and cross products) as seen above.

Granted, this notational practice does o�er a uni�ed notational approach
to a number of di�erential operators, e.g., the gradient, divergence, curl,
and Laplacian operators, which might be deemed convenient.

Yet, however notationally convenient it is, one can question whether it
raises confusion in regard to the algebraic and geometrical properties usually
associated with the inner product (or even used to de�ne the operation
algebraically or geometrically).

Indeed, the arguments of the usual dot product commute, whereas they
do not with this �dot product�. Further, the following formula for vectors,
a, b, in Euclidean space does not make much sense with this type of �dot
product:�

a · b = ‖a‖ ‖b‖ cos θ,

where θ is the angle between the two vectors (understood as geometrical
objects - arrows - in Euclidean space).

On the one hand, the notational approach indicates that the di�erential
operators mentioned above are special cases of a more general form of dif-
ferential operator, which for example, could be the exterior derivative em-
ployed in di�erential geometry8.

On the other hand, it might be deemed rather problematic to introduce
�vector properties� of the ∇ operator (and hence the divergence operator)
without specifying a clear technological basis for, which vector properties
the operators can be said to satisfy, and which they do not.

For now, we continue with the description of praxeologies identi�ed in the
textbooks examined, departing from the analytical question, Q2.

8In di�erential geometry, the exterior derivative acts on di�erential forms. Brie�y
stated, for manifolds (e.g., surfaces, volumes, lines) in R3, the exterior derivative of a
2-form yields an expression involving the divergence of a vector �eld, that of a 1-form
yields an expression involving the curl, and that of a 0-form yields the gradient of a
vector �eld (see, e.g., Galbis & Maestre, 2012).
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3.3 Reference praxeologies derived from Q2

Recall that the analytical question Q2 which further guided the textbook
analysis was phrased as:

Q2 : Given the divergence of a vector �eld, how can the vector
�eld be determined?

The two task types considered here employ the �sum of partial derivatives�
description of the divergence of a vector �eld.

Hereby, Q2 leads to considering solutions to linear partial di�erential equa-
tions (LPDEs). For example, given the divergence of a vector �eld on R3

in Cartesian coordinates, its divergence is

Div(F) =
∂Fx
∂x

+
∂Fy
∂y

+
∂Fz
∂z

.

Hence, to determine F amounts to solving the above LPDE for F.

In contrast, the ��ux density� description of divergence does not immedi-
ately suggest any way of �nding the vector �eld in question, and, indeed,
none of the textbooks examined venture down this path.

With (the scalar �eld) Div(F) given, the above expression is a LPDE cou-
pling three functions - the three Cartesian coordinate component functions
of F. Such an LPDE cannot be solved without more information about the
�eld. Two approaches of providing such additional information are consid-
ered here.

3.3.1 Task type T2,Streamfunction

Gjevik & Fagerland (2012, p. 70) consider the special class of divergence
free vector �elds on two-dimensional Euclidean space9.

The authors de�ne the divergence of a vector �eld on R2 given in Cartesian
coordinates, F = Fx̂i + Fy ĵ, by:

Div(F) :=
∂Fx
∂x

+
∂Fy
∂y

,

which is the �sum of partial derivatives� de�nition revisited earlier, only
now for vector �elds on R2.

9Divergence free �elds are �elds for which Div(F) ≡ 0. They are also called diver-
genceless, incompressible, or solenoidal �elds.



3.3. REFERENCE PRAXEOLOGIES DERIVED FROM Q2 49

In the task type, we are given the additional information of an algebraic
expression for a so-called streamfunction, ψ : R2 → R, which satis�es:

Fx =
∂ψ

∂y
, Fy = −∂ψ

∂x

Technique and technology for resolving this task type is described below.

Description of reference praxeology PPartDer
Streamfct

Note that the superscript of the praxeology signi�es that the �sum of par-
tial derivatives� de�nition of divergence is employed. The subscript refers
to the point, that the technique employed involves the streamfunction.

The technique is straightforward: Compute the partial derivatives given
above to determine the Cartesian component functions of the vector �eld.
The technology relies on partial di�erentiation, but it is pertinent to con-
sider, why indeed such a streamfunction exists in the case of divergence free
�elds.

Gjevik & Fagerland o�er no explication, except that the streamfunction
exists due to the existence of a vector potential, A. That is, a vector �eld
on R3 such that

F = Curl(A) = ψk̂

In this view, F is rightly considered a planar vector �eld (on R2) embed-
ded in R3 in the sense that F = F(x, y, z) = Fx(x, y, z)̂i + Fy(x, y, z)̂j +

Fz(x, y, z)k̂, simply with no dependence on z and Fz ≡ 0. Hereby, ψ is also
considered a scalar �eld on R3, but with no dependence on z.

That such a vector potential exists is a consequence of the Fundamental
Theorem of Vector Calculus, also known as the Helmholtz Decomposition
Theorem. This theorem states (in some versions, see e.g., Gri�ths, 1999),
brie�y stated, that with little restriction10, any vector �eld can be decom-
posed into the sum of two vector �elds, one which is divergence free, and
one, which is curl free, i.e., having identically vanishing curl. In particular:

F = −∇φ+ Curl(A), where φ,A are vector �elds on R3 and,

φ(r) =
1

4π

˚
r′∈R3

Div(F)(r′)

|r− r′|
dτ, and

A(r) =
1

4π

˚
r′∈R3

Curl(F)(r′)

|r− r′|
dτ, for r ∈ R3

10That is, the vector �eld, F, on R3 must be twice continuously di�erentiable and
tend to zero faster than 1

r as r →∞.
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In the special case of such planar vector �elds embedded in R3, as described
above, there exists a scalar �eld, ψ (the streamfunction), such that A = ψk̂
and the partial derivatives of ψ, as stated above, yield F. Hence, knowing
that the divergence of a �eld vanishes identically, and having the stream-
function at hand, the �eld can be determined. This gives rise to a reference
praxeology, which can be described as follows:

PPartDer
Streamfct

Praxeology for �nding an expression of a vector �eld on R3 in Carte-
sian coordinates, given its (identically vanishing) divergence and a
streamfunction.

The technique is to compute the partial derivatives of the stream-
function,

Fx =
∂ψ

∂y
, Fy = −∂ψ

∂x
.

It relies on technology as for partial di�erentiation.

3.3.2 Task type T2,Poisson

An alternative task type can be found in, e.g., Gri�ths (1999, p. 83). The
additional information given for making the LPDE solvable is that the vec-
tor �eld in question admits a scalar potential, V (scalar �eld on R3) such
that in Cartesian coordinates11:

F = −∇V = −
(
∂V

∂x
î +

∂V

∂y
ĵ +

∂V

∂z
k̂

)
.

Hereby, from the �sum of partial derivatives� de�nition of divergence, we
obtain:

Div(F) = −
(
∂2V

∂x2
+
∂2V

∂y2
+
∂2V

∂z2

)
Hence, given Div(F) as a scalar �eld, the above expression is the LPDE
known as Poisson's equation, or if Div(F) ≡ 0, Laplace's equation.

11Note that the minus sign could rightly be included as part of V , but it is a standard
convention to formulate the scalar potential so. Further, the condition that a vector
�eld admits such a scalar potential is often warranted by the �eld being curl-free and
conservative.
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Description of reference praxeology PPartDer
SolvePoisson

For the sake of the extent of this thesis, I shall not go deeper into describing
techniques and technology for solving Poisson's equation. I shall only state,
that (Dirichlet or Neumann) boundary conditions on a region, V ⊂ R3

whereon the equation holds must be supplied for a solution, V , to exist.
Having solved for V , one takes its gradient to obtain an expression for the
�eld, F.

Although I have rightly not described this praxeology much in detail, I
shall include it in the reference model, as it embodies a central epistemic
potential. That is, it supplies an answer to the question of what the use
of the divergence of a vector �eld is: To generate a solvable LPDE for
determining F given its divergence.

To summarise, the reference praxeology described above is:

PPartDer
SolvePoisson

Praxeology for �nding an expression for a vector �eld on R3 in Carte-
sian coordinates (which admits a scalar potential) given its diver-
gence.

The technique is to solve Poisson's (or Laplace's) equation with
the technology that such a solution method might encompass (e.g.,
Green's functions and Dirichlet boundary conditions).

3.4 Summarising remarks

In this chapter, a number of reference praxeologies have been extracted from
the examined textbooks. In particular, three di�erent de�nitions of the
divergence of a vector �eld have been identi�ed. Each of these give rise to
di�erent techniques for resolving tasks of either determining the divergence
of a vector �eld, or determining the vector �eld given its divergence.

This analysis supplies an outlook on di�erent perspectives on divergence as
portrayed in the textbooks. This outlook shall serve as an analytical model
of �knowledge on divergence in the institution of undergraduate physics
education.� That is, a comparative basis for conducting the second part of
the analysis. We turn now to that part, focusing on a case of two courses
with the aim of disclosing challenges with teaching and learning divergence.





Chapter 4

Analysis part II: A case of two

courses

In this section, I shall present results from the analysis of a case study of
two university physics courses - Mat F and EM1. The outlook on di�erent
perspectives on the divergence of a vector �eld established in the previous
chapter shall be drawn on. In this chapter, episodes from lectures given in
the Mat F and the EM1 courses are �rst presented and analysed. Next, a
presentation of result from the exercise session observations shall be pre-
sented and analysed. Last, extracts from the student interviews conducted
both at the conclusion of the Mat F course and at that of the EM1 course
shall be analysed.

4.1 Analysis of lectures

Four episodes shall be shall be described and analysed, which shed light on
a three main challenges with teaching divergence, quali�ed as such relative
to the outlook in the reference model. The three challenges shall be taken
up again in the discussion section.

Recall, that there is no intention of characterising or categorising the lec-
turers' pedagogical or didactical ability, nor the quality of their teaching
or the �success� or �failure� of the courses. Rather, the aim of this part
of the analysis is to explore how challenges with the elaboration of praxe-
ologies involving divergence emerge in the selected episodes. Hereby, these
challenges shall serve as inspirations, or indications, of issues which deserve
attention in the teaching and learning of divergence.

Each episode shall be presented �rst with brief annotations indicating this
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author's reading of it. Then it shall be analysed, shedding light on the
challenges that the episode illlustrates. We commence with episode 1 from
a lecture in the Mat F course. This episode shall be employed in illustrating
two challenges.

4.1.1 Episode 1 (Mat F lectures)

Summary

Prior to episode 1, the notion of divergence has not been mentioned. In this
episode, it is described how the lecturer presents the notion of the divergence
of a vector �eld. First (part 1), he constructs a peculiar three-dimensional
geometrical object. Then (part 2), he calculates the �ux of a vector �eld on
R2 out of the geometrical object. Last (part 3), he introduces the notion of
divergence.

Part 1: A technical, small detail

After having brie�y introduced the concept of (volume) �ux of a vector
�eld on R3 through a surface1, the lecturer turns attention to planar vector
�elds. That is, v : R2 → R2, given in Cartesian coordinates by

v(x, y) = vx(x, y)̂i + vy(x, y)̂j.

Although considering planar �elds, he now introduces a three-dimensional
�pillbox� lying in the xy-plane and having a height of unit length (see �g-
ure 4.1):

...they [the textbook] talk about what happens in the planar case,
and here they draw a pillbox. (...) And they illustrate that there
is a kind of displacement (...). What they're thinking of is a
pillbox which has thickness 1. But it of course doesn't make
sense to have thickness 1, when we're talking about the planar
case - there is no thickness in that �eld. But what it's about is
a technical, small detail. And that is: how do you calculate the
volume �ux in a plane?

1The lecturer presents the de�nition

�(Volume) �ux of v through a surface S� :=

ˆ
S

v · n dσ,

where v is a vector �eld on R3, S ⊂ R3 a surface with (piecewise smooth) normal vector
�eld n.
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Figure 4.1: A pillbox of thickness 1 lying in the xy-plane.

The lecturer now states his intention to calculate the �ux of a generic planar
�eld out of a rectangular parallellipiped similar to the pillbox in the sense
that it has unit height (in the z-direction):

We want to look at the vector �eld and analyse it. And then they
[the textbook] do the small trick, which can be smart technically,
that we look at (...) a small square. (...) And: remember that
it is always 1 thick. (...) If you were to �nd out, how large
is the vector �ux in and out of this pillbox, (...) you just had
to integrate over the entire surface, or all parts of the surface
and then dot v with the normal vector to the surface. (...) The
surface is de�ned by the side lengths times 1 (...) so this integral
can be solved by splitting it up in four, one for each side.

In �gure 4.2 below, the lecturer's writing on the blackboard so far can be
seen.

Figure 4.2: Left: The pillbox drawn as a square with vertices a, b,
c, and d. Right: The net �ux out of the parallellipiped (or pillbox),
Q, computed by summing the contributions to the �ux out of each side
perpendicular to the xy-plane. The sides are denoted ab, bc, cd, and
de, respectively.

Note that the lecturer has drawn, and describes, the parallellipiped as a
square, neglecting somewhat its height dimension of unit length.
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Part 2: An approximation scheme to ease calculations

Then the lecturer constructs an approximation to the vector �eld:

...if my small square is small enough, then I know that my func-
tion does not vary completely pathologically, because it is a nice
function, it is C 2 [twice continuously di�erentiable] and all
that... And that means, you can Taylor expand it.
And we will only need to Taylor expand it to �rst order to get
something that is tolerably correct. Okay? That is our �rst ap-
proximation. (...) So we assume that our function is a straight
line in that little square, (...) it's much easier to do calculations
with.

Note that the lecturer speaks of the Taylor expansion as an approximation
scheme to get something �tolerably correct�. Note also that he refers to the
Taylor expansion of each of the two component functions of v: vx, vy when
speaking of �Taylor expanding the function.�

Part 3: Emergence of the divergence operator

The lecturer now assigns side lengths, ∆x and ∆y, to the square, or pillbox
and explains how the unit normal vector to the sides ab, bc, cd, and de are
î, ĵ, −̂i, and −ĵ, respectively.
He illustrates the calculation of the �rst of the four �ux integrals of �g-
ure 4.2, stating that �for the integral from a to b, where we integrate vx dy
[said in words], we get.... Hereafter, he inserts the Taylor expansion of vx
to �rst order as integrand.
Note that the surface integral here becomes a standard integral (see �g-
ure 4.3), the lecturer now omitting (or forgetting) entirely mention of the
unit height of the pillbox.

Referring to the textbook for calculations of the other three integrals, the
total �ux ∆Q (it was denoted Q before) through the boundary surface of
the pillbox is now computed to yield:

∆Q =

[
∂vx
∂x |0

+
∂vy
∂y |0

]
∆x∆y,
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Figure 4.3: The blackboard at the end of episode 1

whereby, dividing by ∆x∆y - the �area or the square� - we get the ��ow
per unit area�:

∆Q

∆x∆y
=
∂vx
∂x

+
∂vy
∂y

,

Note that the height of the pillbox is left unmentioned, area units being
employed. Note also that the partial derivatives are no longer evaluated at
origo. The lecturer now introduces the notion of divergence:

...and a sum of these [partial derivatives] show up, and it turns
out that this is much more general, and therefore, we introduce,
suddenly, now, the following function... Nabla dot v, also called
the divergence. The divergence of v [writes ∇ ·v = ∂vx

∂x
+ ∂vy

∂y
on

the blackboard]. It is a di�erential operator, (...) and what it
does is to take whatever and di�erentiate it with respect to x, and
whatever and di�erentiate it with respect to y, we can just put
something on, some function, and then it operates on it. We can
do that in 3D. Piece of cake. [writes ∇ ·A = ∂Ax

∂x
+ ∂Ay

∂y
+ ∂Az

∂z
].

It is noted that these expressions only hold for vector �elds given in Carte-
sian coordinates. Last, he brie�y o�ers a �nal description of the divergence
of a vector �eld:
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It then turns out that if you want to do something that is in-
dependent of coordinate system, then there is one big expres-
sion, and the textbook just postulates it, and I also simply want
to say that the general de�nition of the divergence is [writes
∇·v = 1

∆τ

´
∆σ

v ·n dσ on the blackboard] the integral of v dot n
over the surface [presumably, the lecturer means (the magnitude
of) the volume, ∆τ , with boundary surface ∆σ].

4.1.2 Analysis of episode 1

The episode above is rather long, so a brief analytic summary is in place,
which indicates the main points of note that shall be discussed further.

The lecturer calculates the �ux of a planar �eld out of a rectangular pillbox.
Yet, he reduces the pillbox to a square during the calculations, invoking a
curious �technical detail� or �trick� of setting the height to unit length.
By virtue of a Taylor expansion of the vector �eld component functions,
partial derivatives show up in the calculations, the sum of which is isolated.
Here, a de�nition of the divergence of a vector is introduced as the sum
of partial derivatives, which by the lecturer's calculations are seen to equal
the ratio of outward �ux (which at �rst seems to be volume �ux, but later
seems to be planar �ux) over the area of the square.
He then extends the de�nition of divergence to vector �elds on R3 by the
simple gesture of adding on one more partial derivative - the Cartesian com-
ponent function Az(x, y, z) partially di�erentiated with respect to z.
Last, he �postulates�, or �simply says� that a coordinate independent def-
inition of the divergence of a vector �eld on R3 also exists, and writes his
version of it on the blackboard.

This reading, or viewing, of the episode, is indicative of (at least) two central
challenges, which shall be commented on in the following.

Challenge 1: Disconnected descriptions of divergence

Recall that the comparative basis for identifying an elaboration of �knowl-
edge on divergence� in this analysis stems from the reference praxeologies
identi�ed in preceding chapter.
To make sense of the challenge that I shall hint at in this episodic anal-
ysis, it is pertinent to revisit two reference praxeologies identi�ed therein:
PPartDer
CalcDiv and PFluxDensity

CalcDiv .

In these reference praxeologies, the divergence of a vector �eld on R3 is
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calculated invoking two distinct descriptions of divergence - as a sum of
partial derivatives and as the �ux density:

Reference praxeologies' descriptions of the divergence of a vec-
tor �eld on R3

Div(v) = ∂vx
∂x

+ ∂vy
∂y

+ ∂vz
∂z

�Sum of partial
derivatives�

Div(v) = lim
∆V→0

about a point

(
1

∆V

‚
S
v · n dσ

)
�Flux density�,

where v is a vector �eld on R3 and V ⊂ R3 is a volume with boundary
surface S. The lecturer in turn describes the divergence of vector �elds on
R2 and R3, respectively by:

Lecturer's descriptions of the divergence of a vector �eld

Div(v) = ∂vx
∂x

+ ∂vy
∂y

Lecturer's de�nition
of the divergence of a
vector �eld on R2

Div(v) = ∆Q
∆x∆y

= �Flux out of pillbox (or square)�
�Area of small square�

Result of lecturer's
calculations of the
�ux out of a pillbox
(or square) with sides
∆x and ∆y

Div(A) = ∂Ax
∂x

+ ∂Ay
∂y

+ ∂Az
∂z

Lecturer's de�nition
of the divergence of
a vector �eld A on
R3 in Cartesian coor-
dinates

Div(v) = 1
∆τ

‚
∆σ

v · n dσ

Lecturer's coordinate
independent de�ni-
tion of the divergence
of a vector �eld on
R3,

where ∆τ is a volume with boundary surface ∆σ.
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Focusing on vector �elds on R2, the lecturer hence chooses to present stu-
dents with two quite distinct descriptions of the divergence of a vector �eld,
one relying on partial di�erentiation, and one relying on the �ux of the �eld.
The computations of the lecturer clearly show that the two expressions are
equivalent. Yet, the lecturer o�ers no elaboration on this (arguably remark-
able) result - that both expressions describe the same mathematical object
of the divergence of a vector �eld.

On the one hand, it is reasonable to suggest that the computational result
in itself establishes this connection, substantiating the point that the two
notions, partial di�erentiation and outward �ux, are justi�ably connected.
Yet, it shall in the following be argued, that the lecturer's approach on a
number of accounts does not suggest that the connection between the two
expressions is more than a �surprising� computational result.

One might object: Is there a deeper connection between the two results for
students to see? - The mathematical technique has done its �magic�, and
as a deus ex machina unveiled their connection by the result:

∂vx
∂x

+
∂vy
∂y

=
∆Q

∆x∆y
.

Yet, this attitude does not ring well with the anthropological (read: ATD)
thesis embodied in the notion of praxeology, that techniques and technology
are intimately connected. Indeed, the technique establishes how a result is
obtained, the technology establishes why it holds, and both are necessary
to establish some knowledge.

In this praxeological view on knowledge, one can say that the lecturer es-
tablishes that the two descriptions of the divergence of a vector �eld are
equivalent, but we might question the manner in which he justi�es why this
equivalence makes sense.

Indeed, the arguments (technology) which the lecturer uses to support his
computations consist mostly of introducing rather ad hoc �technical de-
tails� (allowing for ignoring the height of the pillbox) and �approximation
schemes� (allowing for introducing partial derivatives by way of Taylor ex-
panding the component functions of the vector �eld in question).

Thereby, the apparent reason that partial derivatives emerge in the �ux
computations is, simply, that a Taylor expansion approximation scheme
is employed. A quali�cation is due here. This critique of the lecturer's
approach is not absolute in the sense that I claim that he does anything
wrong. I am merely indicating a challenge in presenting two de�nitions
of the same mathematical object - the divergence of a vector �eld - and
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in justifying their equivalence. The potential risk is that students are not
aided in making sense of the meaningfulness of the equivalence of the two
descriptions - why the computational result makes sense.

The critical reader might ask: What is my comparative basis for criticis-
ing the lecturer's approach - how can I claim that he could use alternative
arguments, which might establish stronger the connection between the two
descriptions of divergence?

Answer: A comparison with the technique employed in the reference prax-
eology PFluxDensity

CalcDiv is suggestive of this point, as shall be elaborated in the
following. Consider the technique employed in that reference praxeology.

To compute the divergence of a vector �eld, the �ux out of a volume is �rst
computed, and then the limit is taken as the volume shrinks about a point.
This technique is reminiscent of a standard technique for di�erentiating
real-valued, single-variable functions. Indeed, for f : R → R being a func-
tion di�erentiable at x0 ∈ R, we have

f ′(x0) = lim
h→0

f(x0 + h)− f(x0)

h
= lim

h→0

∆f

h
, h ∈ R.

The technique hinted at is to compute the function di�erence over an inter-
val of length h and then to take the limit of the di�erence quotient above
as the line segment �shrinks to a point�.

In this view, the technique employed in the reference praxeology suggests
that the ��ux density� description of the divergence of a vector �eld is a
form of di�erentiation. Only, the line segment is now a volume, and the
function di�erence is the di�erence in outwards and inwards �ux, ∆Q, i.e.,
the net outwards �ux.

There is of course no guarantee that this technique would inform students
on the point that the expression

Div(v) = lim
∆V→0

about a point

(
1

∆V

‹
S

v · n dσ

)
signi�es a �type of di�erentiation�.

Yet, the technique in the reference praxeology can be said to describe a dif-
ferentiation process, and so, it can be said to have a rather clear epistemic
potential as for guiding teacher or students to connecting ��ux density� with
a form of di�erentiation. In other words, it has an epistemic potential as for
prompting a discourse, which, if engaged in by teachers or students, could
elicit the meaningfulness of why a sum of partial derivatives would emerge
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amidst �ux computations.

The challenge that I indicate is that the lecturer's approach seems to obscure
this insight. Indeed, the lecturer neither introduces a limiting operation,
nor an in�nitesimally small pillbox or square. He hereby somewhat misses
the opportunity as for establishing a discourse on the connection between
the two descriptions of divergence - and worse, potentially obstructs stu-
dents' sense-making of such a connection.

It might be objected that the lecturer needs the Taylor expansion to make
his computations feasible. Indeed, he can't very well compute the �ux of
the vector �eld �rst and then take the limit as the volume shrinks about
a point, as he is considering a generic vector �eld, not a speci�c one. For
now, I shall leave it as an open question whether other techniques could
lend themselves to better elicit why the ��ux density� can be considered a
type of di�erentiation, and why it is equivalent to the rather peculiar sum
of partial derivatives2. In the discussion section, I shall return to the work
of other educators - textbook authors - to explore that question further.

Here, the objective is to point to the challenge of aligning two seemingly
distinct descriptions of the divergence of a vector �eld. The central objec-
tion is that the lecturer neither mentions a limiting process, nor makes it
clear, that the volume should be in�nitesimally small - only small enough
that a Taylor expansion to �rst order is �tolerably correct�. His de�nition of
the divergence of a vector �eld thereby seems to express that it is the ratio
of �ux out of a volume of arbitrary magnitude to the volume's magnitude.

Challenge 2: Distinguishing between R2 and R3

The second challenge considered here concerns the lecturer's favouring of
supplying techniques and technology concerning the divergence of vector
�elds on R2 over R3.

First, note an oddity of the lecturer's approach: He commences with a
three-dimensional pillbox, although he is considering planar vector �elds
(on R2). Certainly, the planar vector �elds, which he considers, can be seen
as vector �elds on R3, v(x, y, z) = vx(x, y, z)̂i + vy(x, y, z)̂j + vz(x, y, z)k̂,
with vz ≡ 0, and vx and vy not varying with z. This seems to be the case
when he introduces a three-dimensional pillbox out of which to compute
the �ux of the �eld.

2Peculiar in the sense that a vector �eld on R3 admits nine partial derivatives, for
each component function and for each variable. Why are precisely those three partial
derivatives present in the de�nition of divergence?
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Yet, he immediately disregards the height dimension (in the z-direction)
as a �technical, small detail�, treating the pillbox as a square. This would
signify that he is indeed considering vector �elds on R2, not R3, and so one
might ponder: What is the purpose of introducing the three-dimensional
pillbox when computing the �ux of a planar �eld out of a square?

His comments bear some witness: �How do you calculate the volume �ux
in a plane? � That is, having priorly introduced a de�nition of the �ux
through a surface (and out of a volume), he seems compelled to employ this
technology, and not introduce new technology on planar �ux (i.e., through
a line and out of an area).

Yet, considering the �ux out of the sides (boundary surface) of the pillbox,
the problem is a three-dimensional one, and it would seem that what is
computed is in fact the volume �ux per unit volume, not the ��ux over the
area of the square,� as he verbally describes his result:

∆Q

∆x∆y
=
∂vx
∂x

+
∂vy
∂y

.

The �computational detail� of setting the height to unit size indeed allows
for neglecting it in the computations, it being a factor of 1. Yet, this �de-
tail� obscures somewhat the distinction between area and volume - and the
distinction between the divergence of a �eld on R2, and the divergence of a
�eld on R3.

One the one hand, the distinction is clear from his stating that �we can do
that in 3D. Piece of cake,� as he extends his de�nition of the divergence of
a �eld on R2 by simply adding on another partial derivative.

On the other hand, this argument hinges on cosmetic similarity only - the
powerful simplicity of algebraic notation, in a sense - where switching be-
tween two, three, or n dimensions is often but a matter of adding on, or
subtracting, summands.

Consider again the result of the lecturer, and a straightforward extension
to three dimensions:

Div(v) =
�Net planar �ux out of 2-dim. (in�nitesimal) object�

�Area of (in�nitesimal) object�
, v on R2

Div(v) =
�Net volume �ux out of 3-dim. (in�nitesimal) object�

�Volume of (in�nitesimal) object�
, v on R3

It might be argued that the similarity between these two expressions is just
as apparent as that between the sums of partial derivatives including two
or three partial derivatives. Yet, there is a signi�cant di�erence.
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The sums of partial derivatives - with two or three terms, respectively -
require the same technology: Rules for computing partial derivatives.
As a consequence, the techniques for employing such descriptions of the
divergence of �elds on R2 and R3 are easily comparable.

In contrast, the expressions above require, not only thinking of space instead
of a plane, but also di�erent technology on either planar or volume �ux. In
this view, the lecturer's �technical, small detail� of drawing a �square with
unit height� is a short-cut that liberates him of establishing a second tech-
nological environment (on planar �ux, the �rst being the priorly established
one on volume �ux).

However, the challenge is that the techniques for computing planar and
volume �ux are not the same as they rely on di�erent technology. In fact,
volume �ux involves surface integration, whereas planar �ux involves line
integration. Further, this type of line integration is easily confused with
standard path integration - in the former, the integrand is the vector �eld
component perpendicular to the path of integration, whereas in the latter,
the integrand is the vector �eld component along the path of integration:

˛
γ

v · r⊥ d l, (planar �ux out of a surface with closed boundary path γ)

˛
γ

v · r d l, (line integration along a closed path γ),

where r is the direction vector along γ, and r⊥ is its perpendicular (pointing
out of the surface).

The central problematique here is that, on the one hand, seemingly similar
expressions for the divergence of a vector �eld on R2 or R3, respectively,
are presented, referring to their cosmetic, or notational similarity.
On the other, no support is given as for explicating the di�erent technology
and techniques that di�erentiate the two.

The curious, hybrid praxeology that the lecturer elaborates - computing
the volume �ux out of a two-dimensional object - might save valuable time
and be su�cient for the needs of his course, but it might be problematic
on other accounts as described earlier. As shall be broached later, this
challenge seems somewhat inherent to conveying divergence in the physical
context of �uid mechanics.



4.1. ANALYSIS OF LECTURES 65

4.1.3 Episode 2 (Mat F Lectures)

Summary

In episode 2 elaborated here, the lecturer describes how the divergence of a
vector �eld can be interpreted graphically (part 1) and in speci�c physical
contexts (part 2) - namely water and air �ow.

Part 1: A graphical interpretation:

Directly after episode 1, the lecturer continues:

Right... what does this [the result ∆Q
∆x∆y

= ∂vx
∂x

+ ∂vy
∂y

] tell us? The
divergence, it actually tells us that, if we look at our square here,
then you can go through the calculations and consider that, if I
put in a velocity �eld here, for example a planar velocity �eld,
which is very simple, [draws two relatively long vector arrows
pointing horizontally into the square which was drawn in episode
1 and two shorter ones pointing horizontally out of the square
(see �gure 4.4)] then I know my velocity over here [where arrows
point into the square], it is horizontal, parallel to the x-axis. (...)
If I go over to this side [where arrows point out of the square],
the velocity is only half in magnitude.

Figure 4.4: Lecturer's drawing of vector arrows pointing into, and
out of, a square.

The lecturer then connects this drawing to the notion of divergence:

If you're to try and consider what happens in the square, then
you will quickly �nd out that, hey, more �ows in than �ows
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out. How does that show in my calculations of nabla dot v, the
divergence? It actually turns out that it will be negative.
So the concept of divergence of a vector �eld, nabla dot v, when
the vector �eld has the property that nabla dot v in a region
is negative, then it means that more �ows into the region than
comes out again.

Part 2: Physical analogies

The lecturer then describes how this result can be interpreted in the physical
context of �uid �ow, namely water and air �ow:

If we want to use the analogy to water, then that can only be
possible if somebody has pulled the plug out of the bath tub. If
we look at the analogy to meteorology, then, every time you have
a low-pressure, it looks like the wind simply blows into the low-
pressure area. It might go around [gestures a swirling motion],
but it gets closer and closer. Where does the air go? (...) All
of the wind arrows point towards the low-pressure in a spiral.
If you put a circle around, integrate, and �nd the divergence,
then it will be highly negative. Another thing is, of course, the
opposite, with high-pressure. There we have that the air �ows
away from the high-pressure, and out. Do we have spontaneous
genesis? Or what is going on? (...) In any case, the divergence
will be highly positive, because, it has something to do with...
The velocity �eld of the wind system expands outwards in my
wind �eld. That is what nabla dot v does.

4.1.4 Analysis of episode 2

Again, I present an analytical summary eliciting my reading of the goings-
on in episode 2.

The lecturer considers the case of two vector arrows pointing into a square,
which are longer than two vector arrows pointing out of it. He states that
going through the calculations, one would see that the divergence of the
planar �eld illustrated by the vector arrows becomes negative in this case.
He then concludes that negative divergence of a �eld (in the context of �uid
�ow) signi�es that �more �ows into the region than comes out again�.

The lecturer then considers the context of water �ow and argues that a
negative divergence signi�es that somebody has �pulled out the plug of a
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bath tub� (the bath tub presumably being the drawn square). Further, if the
square is a low-pressure area, then negative divergence means that more air
is �owing in than out of the region. Last, he imagines a high-pressure area
where more air is �owing out than in, and raises the problematic question:
�Do we have spontaneous genesis?� (inside the square).

In this reading of episode 2, there are a number of points to note which
shall be elaborated below.

Challenge 1 continued

Recall that challenge 1 is about the (dis-)connection between the ��ux den-
sity� description of the divergence of a vector �eld and the �sum of partial
derivatives� description.
In particular, a point has been made on the lecturer's omission of a limiting
procedure or lack of explication of the in�nitesimal smallness of the volume
that justi�es the expression,

∆Q

∆x∆y
=
∂vx
∂x

+
∂vy
∂y

,

which establishes the connection between the two descriptions of divergence.

In this episode, we see the lecturer sticking to the rhetoric of ignoring the
smallness of the volume in consideration. Indeed, he continually speaks of
the �ux out of regions, not points. In particular: Low- and high-pressure
areas, and regions wherein a bath tub plug being pulled out gives rise to
negative divergence.

The challenge hinted at here is that the �sum of partial derivates� expression
is a scalar �eld in that it assigns a scalar value to each point in space. Yet, by
the lecturer's elaboration, it seems that this scalar �eld can be equated with
the �ux out of an area of any size. That is, the �ux density description of
divergence established by the lecturer describes a �property� of vector �elds
over a spatially extended region, whereas the partial derivatives describes
a property at a point.

Challenge 3: Distinguishing net �ux and �ux density

In fact, what the lecturer seems to describe in episode 2 by his geometrical
considerations is that the divergence of a vector �eld can be equated simply
with the net �ux out of a region of space, omitting mention of its ratio to
an area or a volume. For vector �elds on R2, this notion could be expressed
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as:

∂vx
∂x

(p) +
∂vy
∂y

(p) = �Net planar �ux out of an area about p�,

where p is the point wherein the divergence of the �eld is evaluated.

Granted, the lecturer speaks only of �negative� or �positive� divergence as
connected to the net �ux out of the area region. Hence, dividing by the
(positive) area of the region is not signi�cant - the sign of the divergence
remains the same. Yet, one must ponder whether it is communicated that
the divergence measures the �ux out a point (or area region) per unit area,
not simply the �ux out of the point, or area.

Recall the reference praxeology PFluxInf
LocateDiv. The description of divergence

employed in this reference praxeology is that divergence measures the �ux
out of an in�nitesimal (volume) region. The lecturer's elaboration seems
to be in tune with this reference praxeology, except no mention of the
in�nitesimal smallness of the volume or area is o�ered.

In consequence, it would seem that the lecturer has now introduced three
distinct descriptions of the divergence of a vector �eld. One is the sum
of partial derivatives, which speci�es the divergence as a rate of change at
points. The second is the ratio of net �ux out of a region to the magnitude
of the region, which speci�es divergence as a property of vector �elds in a
spatially extended region. The last is the geometrical interpretation, which
speci�es divergence as the net �ux out of an area, not as a ratio.

The problematique might be better understood in view of a more familiar
example, which we have visited before: The derivative of a real-valued,
single-variable function, f(x).

At a point of evaluation, x0 ∈ R, the derivate can be written:

f ′(x0) =
df

dx
(x0)

This might be interpreted geometrically to mean the ratio of an in�nitesimal
change in the function value, df , across an in�nitesimal line segment, dx, to
the line segment's �length�. Omitting mention of in�nitesimals (or limiting
operations), the object described is not the derivative, but the di�erence
quotient, ∆f

∆x
. Further, omitting mention of the denominator, ∆x, the ob-

ject described is the function increment, ∆f , over a spatially extended line
segment.

Geometrically, the �rst notion describes the slope of the tangent line to the
function's graph at x0. The second notion describes the slope of a secant
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line intersecting the graph of the function at x0 and a point x1 > x0. The
last notion describes the �height� of such a secant line, ∆f .

To come back to the lecturer's approach, this seems to be the distinction,
which is not made clear. Had an explicit mention of the in�nitesimal mag-
nitude of the area, in and out of which the �ux varies, been supplied, then
the divergence of a vector �eld could be considered an in�nitesimal rate of
change, i.e., a form of di�erential quotient, dQ

dA
.

Yet, the lecturer seems to disregard mention of in�nitesimals or limits in
episode 1, and so describes a notion equivalent to a di�erence quotient, ∆Q

∆A
.

Then, in the geometrical considerations in episode 2, the divergence seems
to describe only the variation in �ux across the area, ∆Q, i.e., the equiva-
lent of the �height of a secant line�, ∆f .

This might come across as somewhat abstract when phrased entirely in
mathematical terms, but consider the import of such a distinction with a
physical context supplied. The former is �an in�nitesimal change in some-
thing per in�nitesimal change in something� as in �instantaneous change in
position of a Newtonian body per instant of time�. The other is not per
anything, nor is it of in�nitesimal magnitude; in this example, it is simply
a �change in position of a Newtonian body�.

A quali�cation is due here. As mentioned, the lecturer rightly only claims
that the sign of the divergence of a vector �eld can be determined by con-
sidering the net �ux out of a region. Hence, by the analogy to the standard
derivative given above, the lecturer seem to establish a theorem which could
be stated as:

Div(v)(p) < 0⇔ �Net �ux out of an area about p is negative� , and

Div(v)(p) > 0⇔ �Net �ux out of an area about p is positive� ,

which is reminiscent of the standard theorem from single-variable real cal-
culus:
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f ′(x0) < 0 ⇔ �Net change in function value over an in�nitesimal
line segment around x0 is negative�, and

f ′(x0) > 0 ⇔ �Net change in function value over an in�nitesimal
line segment around x0 is positive�

Hereby, the approach taken is meaningful3: A geometrical version of the
above theorem is being established. Yet, no arguments are o�ered to jus-
tify the theorem, except: �How does that show in my calculations of nabla
dot v, the divergence? It actually turns out that it will be negative.� Thus,
the lecturer, as in episode 1, relies mostly on technology (justi�cation) that
could be described as: The calculations show that it holds, and that is also
the reason why it holds; rather circularly indeed.

The issue is that a discourse is never established that questions why the re-
sults hold - why the mathematical computations make sense, and why it is
meaningful that �ux densities, partial derivatives, and geometrical �ux con-
siderations can be employed to describe the same mathematical notion or
physical phenomenon. The possibility of exploiting the epistemic potential
as for linking these geometric and algebraic descriptions of the divergence
of a vector �eld shall be considered in the discussion section.

Consider the question posed by the lecturer in the beginning of this episode:
What does this tell us (referring to the result ∆Q

∆x∆y
= ∂vx

∂x
+ ∂vy

∂y
? As was

described in the elaboration of challenge 1, the lecturer seems to focus at-
tention on the point that the divergence tells us about �regions where more
is �owing in than out�, or vice versa.

This perspective certainly gives rise to a meaningful answer to, what the
divergence tells us: About such regions. In that perspective, the lecturer's
�simply stating� and not elaborating on the �ux density de�nition is a mean-
ingful approach: He does not need it, really, to make his point. In fact,
neither a limiting procedure, nor the notion of density, or a volume ratio,
is needed to make divergence a meaningful measure of �regions where �uid
�ows in or out�. Only the sign of the divergence is signi�cant in this view,
and so divergence need only be related to the net �ux out of a region.

Yet, this �type of measure� resembles that which is written
‚
S
F · n dσ.

This is not the divergence, it is the net �ux out of a volume, but indeed, it

3The lecturer's approach is undoubtedly always meaningful and professional, this
rhetoric should merely be read as �meaningful to this author in the context of this study
and argumentation.�
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su�ces to measure whether �more �ows in than out.�

What does divergence tell us? In this perspective, not more than what the
net �ux does. What could divergence tell us, that we did not have another
word for, or tool for measuring? As has been argued: About rates of change
at individual points, which, as seen in the reference praxeology PPartDer

SolvePoisson,
gives rise to a solvable di�erential equation (which of course, in physics, we
appreciate). And, as we shall see in the next episode, it tells about sources
and sinks, at least if we agree on a serviceable de�nition of the divergence
of a vector �eld at points, where the vector �eld is not de�ned.

Before venturing on, however, a brief summary of the material portrayed in
the lectures after episode 2 and before episode 1 is needed.

Immediately after episode 2, the lecturer turns attention to divergence free,
irrotational planar �elds. That is, vector �elds from R2 (or some open set,
U ⊂ R2) into R2 for which Div(v) ≡ 0 and Curl(v) ≡ 0.

The lecturer introduces the theorem stating that divergence free planar
�elds admit a streamfunction, ψ (see reference praxeology, PPartDer

Streamfct). In
addition, as the vector �elds under consideration are also curl free (and
conservative) they admit a scalar potential, φ : R2 → R, such that v = ∇φ.
The lecturer further states that the level curves of the scalar potential are,
at each point in R2, perpendicular to the level curves of the streamfunction.

4.1.5 Episode 3 (Mat F lectures)

Summary

In episode 3, the notions of source and sink are presented. In particular,
the lecturer identi�es these notions with two special types of planar vector
�elds, which are given in plane polar coordinates by

v =
A

r
r̂, A > 0 (vector �eld described as a source �eld)

v =
A

r
r̂, A < 0 (vector �eld described as a sink �eld)

where r̂ is the radial basis vector (coordinates are (r, θ), θ signifying the
polar angle with corresponding basis vector θ̂).

Episode 3: The divergence of a vector �eld at singularities

It is �rst stated, that they shall now look at a special type of planar vector
�elds known as source or sink. He writes on the blackboard:
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Figure 4.5: Left: A planar coordinate system. Top right: Radial
component function of a planar vector �eld describing a source or a sink
(A being a positive or a negative real constant, respectively). Bottom
right: Scalar potential, φ, and streamfunction, ψ, of the �eld.

He then states:

The �eld is written as a radial velocity component which equals
A over r, and an angular component of the velocity �eld which
is equal to zero.
That is to say, hey, regardless of where I am here [gestures a
circular motion around origo of the coordinate system drawn],
then there is no angular vector. That is, all the vector arrows
point outward from, or directly inward toward origo.

The lecturer then states that each level curve of the scalar potential, φ =
φ0 ∈ R, is a circle centred at origo, since it implies that r is constant
on any level curve. Further, he comments that the level curves of the
streamfunction, φ = φ0, are rays emitting from origo, since it implies that
θ is constant on any level curve (see �gure 4.6 below). He continues:

We know that... Well, you can calculate it yourselves, that this
�eld is rotation free and divergence free. (...) We also know
that, as this is a velocity �eld, it is the �ow that we draw here
[gesturing at the streamlines].

He then states, that if A < 0, then the (radial component function of the)
�eld is negative everywhere, and if A > 0, then the (radial component
function of the) �eld is positive everywhere. Yet, in the latter case, the
lecturer argues that:
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Figure 4.6: Level curves of φ and ψ. Circles are those of φ, and
rays are those of ψ.

The velocity is enormously great as r goes to zero. That means
that, in here [pointing to origo], the velocity is actually in�nite.
We don't like that! Therefore, the clever student takes her sheet
of paper with her drawing [of the �eld lines or level curves], and
then she goes to �nd a hole punch, and then she cuts out origo
with the hole punch. There. Now it's missing, and we have no
problems with singularities, because we have simply cut out the
singular point and then we say: That's not a thing that we are
taking into consideration, we just look at the rest.

Hence, the lecturer describes how the vector �eld is actually de�ned on
R2 \ {0}. He continues:

And that is something that you remember. Because in Mat In-
tro [previous course], in regard to functions of several variables,
where you talked about C 1 and C 2 [continuously di�erentiable
functions of the �rst and second order], and whether they were
di�erentiable at a point, then you also talked about, whether they
were di�erentiable in the interior [of the set whereon the func-
tion is de�ned, presumably]. And then you had to remember to
check on the boundary. (...) The same here [points to origo].
That is no good, it's a singularity. It is there as a consequence
of the de�nition or the recipe that we are considering here. All
I want to say is that there de�nitely is a �ow that goes out of a
point. And if A is negative, then there is a �ow that goes into a
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point. So it's almost straightforward to say that when it is �ow
out of a point, then it is what we call a source. And when it
is �ow into a point, where everything vanishes, the black hole,
then it is a drain.

It is not quite clear what the lecturer means in the beginning of this quote. I
shall come back to it shortly, only state here that in my reading, he reminds
students of optimization of functions of several variables. Hence, one must
look at points in the interior of its set of de�nition to locate critical points.
Yet, one must also evaluate the function at (topological) boundary points
of the set of de�nition in order to be certain that a stationary point located
in the interior can be considered an optimal point for the function.
He hereby seems to point to the fact that v might be di�erentiable on
R2 \ {0}, but one cannot be certain about the �no good� singularity at the
boundary, 0 ∈ R2.

4.1.6 Analysis of episode 3

As before, an analytic summary of the episode shall be presented.

First, the lecturer presents a particular vector �eld, which gives rise to the
notions of source and sink �elds. He argues that the �eld (with A > 0)
tends to in�nity as r tends to zero. He then argues that we can ignore the
function value at origo by �cutting it out�.
Thereafter, he seems to refer to some issue with di�erentiation of functions
of several variables, which makes the point at origo �no good� in some sense,
which it not quite clear. Last, he seems to close the discussion somewhat
prematurely to focus attention on the reason that such �elds under consid-
eration are called sources and sinks.

Challenge 4: Computing the divergence at singularities

To appreciate the challenge that I am hinting at here, it is pertinent to
revisit an example given in the elaboration of the reference praxeology
PFluxInf
LocateDiv earlier. Recall that this praxeology employs a technique of in-

specting �eld line diagrams to identify points of non-zero divergence of a
vector �eld. Indeed, a particular example was taken from (Fleisch, 2008,
p. 33), where a �eld line diagram was considered, resembling the �source
�eld� that the lecturer describes:

In this example, it is stated that �Location 5 is obviously a point of positive
divergence� (Fleisch, 2008, p. 33).
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Figure 4.7: Figure 1.13 (c) in (Fleisch, 2008, p. 33): Field line
diagram of a planar vector �eld, which might be the source �eld, v =
A
r r̂, A > 0. Point 5 is the singularity of the �source �eld� at origo.

This conclusion is warranted by Fleisch's employment of the technique of
imagining the �ux out of an in�nitesimal area or volume (which is not quite
clear) around the point at location 5, or in origo.

This example closely resembles the lecturer's sketch of the �source �eld�.
The curious part is that he does not specify the divergence of the �eld at
origo. He does indeed state that it is a divergence free �eld, but afterwards
he makes a point of clarifying that the point at origo is problematic, and
so we simply �cut it out�, or disregard it.

He seems to attempt a discourse on di�erentiation, and we might attempt
to follow through with this thinking, to obtain more clarity of the matter.

The �source �eld�, v = Fr(r)r̂ = A
r
r̂, A > 0, has partial derivatives de�ned

at each point of its domain of de�nition R2 \ {0}. By virtue of the �sum
of partial derivatives� de�nition of the divergence of a vector �eld given in
plane polar coordinates, the divergence of the source �eld is given by

Div(v) =
1

r

∂(rFr)

∂r
=

1

r

∂A

∂r
= 0

on all of R2 \ {0}. What about its divergence at origo?

Fleisch would have us believe that it is positive. Yet, the �eld is not de�ned
at origo, and so there is no way to compute its partial derivatives, and hence
its divergence, there. We might de�ne it to be positive, in order to agree
with Fleisch, but then we introduce an extension of its de�nition as a linear
combination of partial derivatives.

The main point to note is that the praxeology of computing the divergence
of vector �elds by calculating partial derivatives, PPartDer

CalcDiv , apparently does
not allow for computing the divergence at a singularity such as with the
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value of the �source �eld� at origo. Yet, the reference praxeology PFluxInf
LocateDiv

witnessed in (Fleisch, 2008) does allow for computing the divergence at
such points. Is the geometrical interpretation scheme more general than
the algebraic computational technique?

This problematique, and its signi�cance for making sense of the divergence
of a vector �eld, shall be considered further in the next and last episode
extracted from the EM1 lectures.

4.1.7 Episode 4 (EM1 lectures)

Prior to this episode, the lecturer has commenced the elaboration of theory
on electrostatics. In particular, Coulomb's Law for a single charged particle
in space has been presented (as a phenomenological law):

E(r) =
1

4πε0

q

r2
r̂,

where r̂ is the radial basis vector in spherical coordinates, and q is the
charge of the particle situated at origo of the spherical coordinate system.
ε0 is the electric permittivity natural constant.

Considering the �ux out of, �rst a ball centred at origo, and then an arbi-
trary volume, V , containing the charged particle, the lecturer has argued
for the result: ‹

S

E · n da =
q

ε0

,

where S is the boundary surface of V . Further, by invoking the principle
of superposition, Gauss' Law in integral form for electrostatics has been
obtained: ‹

S

E · n da =
Qinc

ε0

,

Where Qinc is the amount of charge included (or enclosed) by the closed
surface S.

The lecturer now, in episode 4, derives Gauss' Law in di�erential form for
electrostatics. He begins by writing up on the blackboard the Divergence
Theorem (denoted Gauss' Theorem by the lecturer):

One of Gauss' many theorems. I now write a formula here. (...)
I simply write it for the electric �eld, but it is for any vector �eld.
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The quality of the video recording is infortunately too poor to show the
lecturer's writing, so I shall simply rewrite it here4:

˛
S

E · n da =

ˆ
V

∇ · E dτ.

The lecturer continues:

So if I now replace that one up here [points to the surface integral
in Gauss' Law in integral form] with what's here [points to

´
V
∇·

E dτ in the Divergence Theorem], then it says, here, that the
integral over the surface... All I did was to put that one [

´
V
∇ ·

E dτ ] in there by virtue of Gauss' Theorem, right?

He writes on the blackboard:˛
S

E · n da =

ˆ
V

∇ · E dτ =
Qinc

ε0

.

He then rewrites Qinc as a volume integral, continuing the above equation
by:

=
1

ε0

ˆ
V

ρ(r) dτ,

where ρ is the volume charge density at the position vector r. As he writes
this, he states:

That one [Qinc], it is the charges that are inside my volume. I
could write it in another way, as the integral over my volume of
the density, here, in this way. That is the charge density [points
to ρ(r)]. And the charge inside this small volume [points to dτ ],
it is ρ times dτ , and then it is summed up [points to the integral
sign].
Now, we have written it in a continuous formula, okay, that
holds for any region [volume, presumably], right? So, if this
holds for any region, then there is an integral here over any
region [points to the integral

´
V
∇ · E dτ ], and an integral here

over the same volume [points to
´
V
ρ(r) dτ ]. What does that

4Note that I have previously used the notation of two integral signs for surface
integrals, and three for volume integrals, but here, the lecturer employs only one. Note
also, that he writes da instead of my notation, dσ to signify in�nitesimal surface
elements.



78 CHAPTER 4. ANALYSIS PART II: A CASE OF TWO COURSES

mean? ...That no matter, what volume I choose, then this holds?
(...) It must mean that the integrands are equal. If not, I simply
cut out those regions, where they [the integrands] di�er, and take
that, and then I would de�nitely not have the same, right? So
that implies the following.

The lecturer then writes Gauss' Law in di�erential form on the blackboard:

∇ · E =
ρ

ε0

He then concludes:

This [Gauss' Law in di�erential form] is equivalent with that one
up there [Coulomb's Law for a point charge] and superposition.
(...) It [Gauss' Law] is in di�erential form, it is a single point. I
am standing at a single point, there I can calculate the divergence
of the electric �eld, and then I know what the charge density is
in my point.

4.1.8 Analysis of episode 4

First, an analytical summary:

In episode 4, by invoking the Divergence Theorem, the lecturer derives
Gauss' Law in di�erential form by integrating over an arbitrary volume and
noting that integrands must be equal if volume integrals are equal over any
volume. He further states that Gauss' Law in di�erential form is equivalent
to Coulomb's Law for a point charge and the superposition principle, and
by this law, he can: �calculate the divergence of the electric �eld, and then
I know what the charge density is in my point.�

Challenge 4 continued

Recall that challenge 4 is about, which de�nition of divergence is rightly
employed, when computing the divergence of a vector �eld at a singularity.
Although the lecturer has not commented on it, Coulomb's Law for a point
charge is only de�ned where there is no charge, i.e., away from the origin.
Yet, he invokes the Divergence Theorem, disregarding that the �eld is not
de�ned everywhere inside the volume region considered.

First, one must ponder, which version of the Divergence Theorem is em-
ployed. In most vector calculus texts (see, e.g., Galbis & Maestre, 2012),



4.1. ANALYSIS OF LECTURES 79

the Divergence Theorem only holds if the vector �eld is de�ned on all of
the volume over which one takes the integral (among other conditions).

The lack of subjection to particular norms of mathematical rigor is not the
point here. Rather, it is that the lecturer chooses an approach, which is
curious when compared to the reference praxeology PPartDer

CalcDiv .
Indeed, he states, that we might calculate the divergence of the electrostatic
�eld by invoking Gauss' Law in di�erential form to �nd the charge density
at a point. Yet, as mentioned, the above reference praxeology employs a
de�nition of divergence, as a sum of partial derivatives, which only holds
for points where the vector �eld is de�ned. That is, in spherical coordinates
the divergence, according to the reference praxeology, is de�ned by

Div(F) =
1

r2

∂(r2Fr)

∂r
+

1

r sin θ

∂(Fθ sin θ)

∂θ
+

1

r sin θ

∂Fφ
∂θ

,

where Fr, Fθ, and Fφ are the spherical coordinate component functions of
the vector �eld F on R3.

The curious point is that employing this praxeology to compute the diver-
gence of the the electric �eld as given by Coulomb's Law for a point charge,
we obtain only its divergence away from origo:

Div(E)(r) = Div(E)(r, θ, φ) =
q

4πε0

∂(r2r−2)

∂r
(r, θ, φ) = 0, r ∈ R3 \ {0}

How can Gauss' Law in di�erential form �know� that the divergence of the
�eld is equal to ρ(0)

ε0
at origo?

It would seem that the invoking of the Divergence Theorem to transform
Gauss' Law in integral form to Gauss' Law in di�erential form has intro-
duced a de�nition of the divergence of a �eld, which is an extension of the
one seen in the reference praxeology above.

As we have seen earlier in the analysis of the Mat F lectures, episode 3,
this problematique is not new. Indeed, there, we witnessed an inconsis-
tency between the �sum of partial derivatives� de�nition of divergence, and
that de�nition employed in the reference praxeology, P InfFlux

LocateDiv. In that
reference praxeology, it was argued that, by the technique of imagining an
in�nitesimal volume around origo of a radially decreasing vector �eld, the
divergence was seen to be positive at origo (the argument was taken from
Fleisch, 2008, p. 33). The �eld line diagram for such a radially decreasing
�eld5 resembles closely that for the electrostatic �eld given by Coulomb's

5That is, a �source �eld� decreasing inversely in R2 and square inversely in R3 away
from origo of a spherical coordinate system with the radial coordinate, r.
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Law for the case of a positive point charge.

In this episode, we witness, how the technique of invoking the Divergence
Theorem leads to an exact value for the divergence of the �eld at origo,
namely, ρ(0)

ε0
.

The technique of computing �sums of partial derivatives� hereby seems to
have limitations - at least in dealing with the singularity at origo of radially
decreasing vector �elds. This is apparently not a limitation in the de�nition
of the divergence of a vector �eld implicitly employed in the EM1 lecturer's
version of the Divergence Theorem, nor in Fleisch's ��ux out of an in�nites-
imal volume�-description of divergence.

Note that the problem hinted at here is a didactic one - it refers to how prax-
eologies involving divergence are elaborated in the undergraduate physics
textbooks examined, and courses observed. That is not to say that there is
a general scienti�c problem with de�ning divergence precisely. Divergence
can of course be de�ned to various degrees of generality, and described in
more or less intuitive or mathematically formal manners. Yet, we see here
how, when presented in a didactic context, subtle points are omitted, or
how lecturers seem to rely on strategies that do not problematise, or leave
unjusti�ed, such subtle points.

In the discussion section, it shall be investigated, whether, and how, others
- other textbook authors - deal with this challenge of aligning or specifying
the relation between di�erent de�nitions of the divergence of a vector �eld.

For now, we turn to the analysis of the exercise sessions of the Mat F and
EM1 courses.

4.2 Analysis of exercise sessions

In general, the exercise sessions observed did not yield much information as
for the teaching and learning of divergence.
Few exercises involved the divergence and little communication occurred
during the problem solving and subsequent blackboard presentation of (se-
lected) results by the instructor or students. Surely, a more explicit focus in
the observational method on students' problem solving processes might have
been more informative. Yet, most exercises focused on algebraic technical
work - computing partial derivatives or integrals - and the interpretation or
meaningfulness of results were not problematised notably.

In the EM1 course, exercises focused mostly on work with Coulomb and
Gauss' Laws for electrostatics in integral form. No exercises were given here
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involving Gauss' Laws in di�erential form, and only one exercise involved
divergence. This exercise was to check the validity of the Divergence Theo-
rem, given a vector �eld in Cartesian coordinate representation. Hence, the
activity consisted of computing the sum of partial derivatives of the vector
�eld component functions, integrating it over a volume, and checking that
it equated to the computed �ux of the �eld out of the volume.

In the Mat F exercises, however, two exercises (1 and 2 below) stood out, il-
luminating the perspective on divergence portrayed in the course, and so are
interesting to visit here. First, to substantiate what is meant by �exercises
focusing on technical work�, I present exercise 0.

4.2.1 Exercise 0: Computing partial derivatives

Summary

Students are set to work on the following exercise, where i, j, and k are the
Cartesian basis vectors:

Exercise 4.9.1 (Gjevik & Fagerland, 2012, p. 74)

Find the divergence and curl of the vector �elds:

a) v = xy2z3i + xy2z3j + xy2z3k

b) v = eyzi + exzj + exyk

c) v = ex
2

i + sin(xy)j− cos(z2)k

d) v = (z + y + z)2i +
xy

z
k

Students seemingly have little trouble identifying the task at hand: To
calculate partial derivatives of the Cartesian component functions of the
vector �elds, and to apply

Div(v) = ∇ · v =
∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z

,

for �nding the divergence of the �elds.
At the conclusion of the exercise session, two di�erent students go through
the calculations of the vector �elds in c) and d) at the blackboard. Beyond
the statement of the two results, and their being written on the blackboard,
no further comments are made on the computations or results obtained.
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Analysis

In view of the reference model, it is clear that exercise 4.9.1 is of type

T
PartDer(Cart)
1,CalcDiv : Given a vector �eld, v on R3, in Cartesian coor-

dinates, calculate its divergence.

Further, the praxeology PPartDer
CalcDiv is employed by the students to resolve the

task. The mathematical activity is exclusively focused on this praxeology
- there is no attempt at mixing with other praxeologies such as sketching
�eld line diagrams for the vector �elds or considering the �ux of the �elds.

This is not surprising (nor necessarily problematic), however, since the vec-
tor �elds do not lend themselves to be visualised easily. Indeed, it is not
clear which physical or geometrical situations the vector �elds could be con-
sidered as being models of6.

Therefore, the rationale seems to be that students be (re-)acquainted with
praxeologies on partial di�erentiation - not that they be familiarised with
the concept of divergence. This illustrates an approach to posing exercises,
which favours technical work (with partial di�erentiation) and elicits the
range and e�ciency of algebraic computations of the divergence of vector
�elds. What is not addressed is the epistemic potential as for question-
ing the meaning of the divergence of each �eld, its geometrical or physical
signi�cance or connection to �ux.

4.2.2 Exercise 1: Divergence and �ux out of a pillbox

Summary

Students are set to work on the following exercise:

Exercise 4.9.5 (Gjevik & Fagerland, 2012, p. 74)

A two-dimensional �ow �eld in the xy-plane is given by v = axi where
a is a constant and i is the unit vector directed along the x-axis.

a) Calculate the divergence ∇ · v of the vector �eld.

b) Show that the volume �ux through a rectangular slice with edges ∆x
and ∆y in the xy-plane and thickness 1 is ∆Q = a∆x∆y ·1. The centre

6For example, they do not in any simple manner describe rotating, uniform, or
spiralling �uid motion or �eld lines; nor sources or sinks.
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of the slice is in origo.

c) Find the relation between the volume �ux and the divergence of the
vector �eld.

Among the (two-person) student group followed more closely, the route to
a solution, seemingly, is as follows.

They have no trouble with part a) of the exercise, obtaining the result
∇ · v = a by partial di�erentiation. Part b) generates some discussion,
though. They recognise the geometrical object as the pillbox7 (See Mat F
lecture, episode 1), that is also drawn in the textbook, and they draw it
themselves.

One student points out that the textbook (as the lecturer was seen to do),
Taylor expands the vector �eld component function to �rst order around
origo. Expanding vx = ax, they obtain the result, that the Taylor expansion
of vx is also equal to ax, and they discuss why it is the same, or whether
they did it wrongly. A student notes that vx is already a linear function,
and that's why the Taylor expansion scheme �doesn't work�.

Instead, they now argue that there can only be �ux �coming out of� two
sides of the square, those with normal vectors î and −̂i (see �gure 4.8 below).

Figure 4.8: A copy of student's drawing (with some minor changes
- recti�cation of crooked lines, etc.).

One argues that the �ux is the �area times the �eld�. As the right side of
the pillbox has area ∆y ·1, and the �eld equals (vx evaluates to) a · ∆x2 there,
then the �ux out of that side is ∆y · 1 · a · ∆x

2
.

7or rectangular parallellipiped
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They state that the total �ux out of the pill box must then be the double
of this, since there are two sides. One of the students clari�es that

Yes, that is right. Because the exercise says it. And also because
the normal vector is outwards [points to the left side of the pill
box on the drawing], and on that side, the �ow is also outwards,
so they cancel out.

Presumably, by �cancel out�, it is meant that the dot product of i and
the normal vector of the pillbox's �left� side, −i, would evalute to −1, but
the minus sign would �cancel out� as x = −∆x

2
on that side. The student

concludingly writes down that:

∆Q = 2 ·∆y · a · ∆x

2
⇒ ∆Q

∆x∆y
= a = ∇ · v,

and move on to the next exercise, seemingly taking the latter expression to
be the result of part c).

At the end of the exercise session, another student proposes to present the
solution of the exercise on the blackboard. She leaves out the computations
of the Taylor expansion of the �eld, but presents the rest of the computa-
tions with almost the same argumentation. No further comment is made
on the exercise or the signi�cance of the result.

Analysis

The point of describing this exercise is to emphasise how the exercise for-
mulation does not give rise to problematise the concern raised in challenge
1 in the lecture analysis. That is, the divergence of the particular �eld is
constant - equal to a. This admits the result that:

∆Q

∆x∆y
= a = Div(v),

which was also the lecturer's result in episode 1 of the Mat F lectures.
Yet, the above result again does not problematise the point that the right
hand side is a scalar �eld, assigning scalar values to each point in the plane8,
whereas the left hand side is merely a scalar value. That is, considering a

8or in space, as the pillbox is a 3-dimensional geometrical object - a distinction which
is not made clear as in the lectures.
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vector �eld with constant divergence, volume limiting operations or men-
tion of �(in�nitesimal) smallness� of the pillbox, is unnecessary to obtain
this result. Further, the particular vector �eld inspected having a linear
x-component function renders the Taylor expansion approximation scheme
unnecessary, as the students seem to realise.

The result, in a sense, cements, or at least does not problematise, the state-
ment that the divergence of a planar �eld at a point can be equated with
the ratio of �ux out of an arbitrarily-sized square to the square's area.

Had the exercise presented a slightly more complex vector �eld, for exam-
ple, w = ax2i, we might imagine another problem solving scenario. Indeed,
the divergence of w would be 2ax, and so, would vary with x. The �ux out
of the pillbox would vanish as the �ux out of the left side would equal the
�ux out of the right side in magnitude, but with opposite signs. Hence, the
above result would be witnessed to not hold.

In this manner, the vector �eld is chosen cleverly so that a work-through of
the exercise reproduces a result neatly consistent with the textbook's and
the lecturer's. Yet, in view of challenge 1, the exercise signi�es a continua-
tion of the strategy of omitting a limiting procedure or a requirement that
the pillbox be of in�nitesimal magnitude, when associating the �ux out of it
to the divergence of a vector �eld. Further, the lack of distinction between
the divergence of vector �elds on R2 and R3 (challenge 2) is seen again here.

4.2.3 Exercise 2: Divergence in between R2 and R3

We turn now to an exercise, which is interesting in that it sheds light on
the particular perspective on divergence witnessed in the Mat F lectures.
That is, it somewhat explains the lecturer's introduction of the peculiar
pillbox/square motivating his description of the divergence of planar vec-
tor �elds rather unclearly embedded (or not) in R3. Unfortunately, cir-
cumstances would have it that the actual exercise session where students
worked on this exercise was not observed. Nevertheless, I shall present and
analyse the exercise supported by the textbook's substantial elaboration of
it (Gjevik & Fagerland, 2012, pp. 77-88).

Summary

The textbook presents actual meteorological data from a wind system cov-
ering England, Ireland, and Scotland (p. 77). The wind system at a partic-
ular range of atmospherical height (isobar 850 hPa, approx. 1000-1500 m.
above sea level) is considered. The data consists of 930 measurements of
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the horizontal wind velocity in this atmospherical section, it being treated
as a horizontal xy-plane. At each of the 930 data points, two scalar values
for the wind velocity are given representing the air's velocity in the x- and
y-direction, respectively. Hence, the wind velocity two-dimensional vector
�eld is given discretely by:

vij = (ui,j, vi,j) , i = 1, ..., 30, and j = 1, ..., 31.

The divergence of the �eld is computed discretely by the following algo-
rithms:(

∂u

∂x

)
ij

=
ui+1,j − ui−1,j

2∆x
,

(
∂v

∂y

)
ij

=
vi,j+1 − vi,j−1

2∆y
, and

(Div(v))ij =

(
∂u

∂x

)
ij

+

(
∂u

∂x

)
ij

,

where ∆x and ∆y are �xed lengths between the points of two adjacent
measurements. Figure 4.9 illustrates the situation.

(a) Wind system over Eng-
land, Ireland, and Scotland.
The black square indicates
the extract from which data
has been collected.

(b) Vector arrow diagram
for the velocity �eld rep-
resenting the wind system.
Units on axes are kilome-
ters.

(c) Contour line diagram
for the (scaled) divergence
of the wind �eld.

Figure 4.9: Illustrations for exercise 2. Sub�gures are (a): Figure
5.2 in (Gjevik & Fagerland, 2012, p. 78), (b): Figure 5.6 in (Gjevik &
Fagerland, 2012, p. 83), (c): Figure 5.7 in (Gjevik & Fagerland, 2012,
p. 85).

Finally follows an interpretation of the divergence of the wind �eld, quoted
from the textbook (Gjevik & Fagerland, 2012, p. 87):

Let us �rst look at the divergence of the wind �eld (�gure 5.7)
[�gure 4.9c here]. It is clear that the region with negative diver-
gence correlates closely with the extended cloud system that we
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see on the satellite picture (�gure 5.2) [�gure 4.9a here]. The
explanation is simple. Negative divergence means that there is
contraction (convergence) in the �eld. Since the air cannot be
compressed signi�cantly, it must rise. Rising moist air means
that the vapor will condense, when the air is cooled during its
ascent to higher levels. Clouds and precipitation is the result.

Note that the textbook refers to the (hypothesis of) approximate incom-
pressibility of air, which is then taken to mean that non-zero divergence
signi�es rising air. It is not clari�ed, why the air would not sink to lower
heights, but that point is not relevant to explore here.

Analysis

Firstly, note that exercise 2 provides an answer to a question rhetorically
posed by the lecturer earlier (in the lecture analysis, episode 2). Namely,
if a planar �uid velocity �eld has non-zero divergence in a region (or at a
point), does it mean that we have �spontaneous genesis� (or �spontaneous
destruction�) of �uid mass there? The answer, as seen in this exercise, is:
No, the �uid escapes, or is led in, through the third spatial dimension - the
height.

Yet, such an interpretation of divergence con�icts with the interpretation
that divergence measures the volume density of the net �ux out of an in-
�nitesimal volume around a point. In particular, this very interpretation
is central to identifying incompressibly of �uids with divergence free �uid
velocity �elds.

Hence, the lectures and this exercise present the divergence of vector �elds
on R2 as a concept distinct from that of vector �elds on R3: It is coordinate-
dependently expressed as the sum of only two partial derivatives, but it is
apparantly geometrically interpretable as the �ux out of a volume, or phys-
ically as �uid �ow in three dimensions.

In this exercise we get a clearer picture of why this peculiar approach to
making sense of the divergence of a vector �elds �in between R2 and R3�
is seemingly taken. Indeed, for all intents and purposes, there is no such
concept as the divergence of �elds on R2 under consideration. Rather, three-
dimensional �ow phenomena are mathematised as three-dimensional vector
�elds with no dependence on one Cartesian coordinate and the correspond-
ing basis vector. This mathematisation is what reduces its divergence to be
expressible as the sum of only two partial derivatives. The notion of a 2D
divergence is an idea which the Mat F lecturer and textbook nourish. Yet,
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it obscures that the sum of two partial derivatives and the geometrical con-
siderations of �ux into and out of a square are in fact merely consequences
of the restricted attention to a particular type of vector �elds useful in a
�uid mechanics, or at least meteorology, context.

To stress the point: The peculiar pillbox/square geometrical construct and
the idea of a 2D divergence seemingly emerge as specialised didactic strate-
gies to �t a restricted �eld of physical application. Considering that the
Mat F course aims at preparing students for a study of electromagnetism
and other physical theories where three-dimensional perspectives are cen-
tral, this strategy seems rather shortsighted.

This indicates that the challenge of distinguishing clearly between the di-
vergence of vector �elds on R2 and R3, respectively, is in fact rooted in
a more profound challenge. That is, one of abstracting from the use and
meaning of divergence in a particular physical context - here, meteorology
- to making it meaningful, clearly conceptualised, and geometrically inter-
pretable in a more general perspective.

I return to this point in the discussion chapter. For now, we turn to the
�nal part of the analysis of the Mat F course - the student interviews - to
obtain insight into students' challenges with making sense of divergence.

4.3 Analysis of student interviews

In this section, extracts from student interviews are presented and analysed.
The aim is to investigate, how students explicate their perspectives on di-
vergence. In particular, it shall be described how some of the challenges
identi�ed in the lecture analysis are seen in the students' explications as
well.

Two sets of (semi-structured) interviews of �ve students, Students A, B, C,
D, and E9, shall be taken into consideration. The �rst set are the interviews
conducted at the conclusion of the Mat F course. The second set is those
conducted at the conclusion of the EM1 course. The former turned out to
be more informative for the purposes of this thesis, and so it is considered
mainly in this section.

Instead of presenting each interview separately, extracts of the interviews
shall be described to shed light on a number of themes which elaborate the
challenges identi�ed earlier in the analysis.

9Each of these shall be denoted by feminine pronouns to veil their identities (and in
lack of an English generic singular pronoun).
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4.3.1 Interviews succeeding the Mat F course

The central point that shall be made herein resembles that made in chal-
lenge 1 and 3 of the Mat F lectures. That is, in the sense, that students
seem to describe divergence as a measure of change in �ux (or simply in
the �eld), rather than a measure of �ux density or an in�nitesimal ratio
of �ux to volume magnitude. In particular, they seem to have di�culty
with justifying the division by the volume magnitude in the �ux density
description of divergence.

Theme 1: Divergence as the �ux or �ow out of a region or point

Students are �rst asked how they would describe to someone �unfamiliar
with the mathematical concept� what the notion of divergence means.

All �ve students refer to the �ow of water or air, as they describe diver-
gence10. In particular, the descriptions indicate that divergence measures
whether �something �ows in or out of a region or a point� - some students
clarifying the latter distinction more than others. Take, e.g, Student B:

If we imagine some kind of �ow in something, for example, in
air or water and so on, then you can describe it by arrows.
Like you see on weathercasts. There are a lot of arrows that
circle around, that show where the wind or water is going. Then
you have a concept called divergence. It tells something about,
whether, that there is a place where something is �owing out
from, or into. For example, as with the bottom of a bathtub,
where the plug has been pulled out, or a water tap.

It is quite clear, that the student is describing, �rst, vector �elds represent-
ing �uid �ow. She apparently describes that divergence (of a velocity �eld)
tells about places where something �ows in or out. She does not explcitly
mention the notion of �ux, but it would seem that the student relates di-
vergence to regions out of which there is non-zero �ux.

The same holds for student C who replies to the question by stating that:

10This may not seem a great surprise, as the Mat F lectures have described divergence
in this context. Yet, there is no reason to assume that students do not have their own
noteworthy ways of making sense (and non-sense) of the notion, as shall be elaborated
duly.
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It's actually a good question, because with rotation, it was kind
of selfevident. It was somewhat in the word, I think, where
divergence, it was kind of a more abstract thing, so to speak. But
then again, it is something that you use in connection with some
�ux. So it... Okay... I would probably say that, divergence, it is
about investigating an outward or inward �ow across a surface
or a volume.

Here, a connection between �ux and divergence is indicated, but it is not
speci�ed just how divergence is connected so to �ux.

The last student (whose comments are presented here), student A, does
specify somewhat that the divergence of a �eld is a property of vector �elds
at each point in space:

Then there is something called �ux, which is a measure for, how
much �ows through a surface. And then, when you take the
divergence, then you take, what to say... Like, you say... The
�ux around an area, I think I would say, so, the net �ux inwards
relative to the net �ux outwards, and then you look at whether
there in total [Danish: netto] �ows stu� in, or in total vanishes
[Danish: forsvinder] stu� from it... Relative to a point.

Although the student mentions a point in the ending, it is still an �area�,
or a region, out of which �stu�� �ows that divergence is said to measure,
according to her.

It is of course reasonable, that the students do not speak of something �ow-
ing out of, or into, a point, rather than a region. Indeed, they are asked to
describe the notion of divergence to someone unfamiliar with mathematics,
and so a point might be considered a notion too mathematically abstract
to mention in a more intuitive explanation.

Yet, divergence seems to be considered a �measure� of the �ux out of region,
S (either an area in R2 or a volume in R3, which is not quite clear):

Div(v)
?
=

‹
S

v · n dσ,

S being the boundary of a (-n in�nitesimally small?) volume (or area?)
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Divergence as the total change of a �eld

Students are now presented with the following expression,

∇ · v =
∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z

,

and asked to describe it to someone, who might not be familiar with the
mathematical symbolism employed.

In most of the students' descriptions, it would seem that the partial deriva-
tives signify a �change� of the �eld in either direction, and so the expression
above signi�es the �total change� (Danish: totale ændring) of the �eld. Fur-
ther, some students specify, that it is the total change at points in space,
whereas some only describe it as a total change in the �eld. Take for ex-
ample the response of Student C:

Well, it is something about... investigating a change in the veloc-
ity [the vector �eld considered seemingly being identi�ed with a
velocity �eld], at the place, and because the place is... The space
consists of three dimensions, then you investigate the change in
either direction... And so, by adding them up, you get the total
change.

Or student D:

I think of it as if we have some �eld that is moving, and if we
are to describe... The change of that �eld, if there for example
is more coming in, then we can look at it. Because it is a �eld
in space, then there kind of have to be three dimensions in which
it can change, (...) whether there is a change from x, y, or z,
and then say, that the total change is... will show, whether we
get more �ow, or less �ow, or if it is zero, then it is divergence
free.

Note how Student D seems to identify �more coming in, or going out� with
the �change of the �eld�. Judging from the above more intuitive descriptions
of the divergence of a vector �eld as well, it seems that �more coming in or
going out� is a metaphor, or analogy, which is meaningful to the students.
Yet, however meaningful a metaphor, it is also problematic in a particular
sense as shall be elaborated below.
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There is no mention by either of the students (both the two exempli�ed
above, and the three others) of the partial derivatives as signifying rates of
change, or of the divergence signifying a �total rate of change�. Neither do
they speak of instantenous or in�nitesimal change (or rate of change).

Instead, students speak of partial derivatives as signifying �change�, and the
divergence as signifying �total change�. To be sure, a �measure of change�
is a somewhat reasonable description of a partial derivative. Yet, as men-
tioned earlier, there is a subtle, but profound di�erence between an in�nites-
imal rate of change (as in a di�erential quotient, df

dx
), and an �in�nitesimal

change� (as in a di�erential, df). One point is, that the change is in�nites-
imal or a limiting value, not a �nite one. Another point is that the former
is a ratio, and the other... Is not.

Indeed, the intuitive descriptions of divergence as the ��ux out of a region�,
as both the lecturer and the students seem to describe, are somewhat dis-
connected from the notion of (partial) di�erentiation in these two manners.
First, it does not capture the in�nitesimal smallness of the region inspected,
which makes it identi�able with a point, or a vanishingly small neighbor-
hood of a point. Second, it does not capture that a ratio is considered
between �ux and volume magnitude.

To be sure, it is perfectly understandable, that students would omit such a
detail, or not know of it, in their explanations (which, do recall, are sponta-
neous answers to open-ended questions with no de�nite answers. Yet, it is
pertinent to question: Why is it problematic to conceptualise the divergence
of a vector �eld as a change rather than a rate of change? Or, somewhat
conversely, how can it be considered (didactically) opportune to describe it
in this way?

Consider the students' more intuitive descriptions of divergence as a mea-
sure of the net �ux out of a region (or point). This view on divergence might
be su�cient to answer questions about, which points in space have positive
or negative divergence (cf. the reference praxeology PFluxInf

LocateDiv). Yet, this
perspective does not allow for making sense of either the physical units of
the divergence of a vector �eld (it being per unit volume), nor of the point,
that it describes a scalar �eld, i.e., that it assigns a scalar value to each
point in space rather than to an extended region of space.

On the one hand, it is illuminating to witnes how students seemingly �nd
it meaningful that divergence, when expressed in terms of partial deriva-
tives, signi�es some sort of �total change� - it rings well with the notion
of divergence as the �net change in �ux�. In this sense, it would seem a
reasonable didactic approach to explain and depict the notion of divergence
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so - students seemingly �nd it meaningful.

On the other hand, this apparent consistency between the intuitive and al-
gebraic descriptions obstructs somewhat the realisation that divergence is
a di�erential operator. That is, that it measures the limiting ratio of some
quantity (�ux) to another quantity (volume magnitude) - not simply a �to-
tal change� of the �eld. In fact, none of the students interviewed indicate
how to understand such a �total change� more precisely. When prompted
to justify why only three partial derivatives out of nine possible ones are
present in the expression for divergence, they seem at a loss.

It is indeed challenging to justify why these particular partial derivatives
are present in the sum of partial derivatives expressing the divergence of a
vector �eld. Students do not (as the Mat F lecturer did not) problematise
this point, which indicates a general challenge as for making sense of this
particularity about divergence. That is, one might ponder how to make
clearer what particular form of (rate of) change in a �eld that its diver-
gence signi�es, rather than simply some unspeci�ed �total change�. I shall
return to this point in the discussion chapter.

Theme 2: Divergence as the �ux density or the net �ux

Students are now asked how they would explain to someone unfamiliar with
the mathematical notation what the following description of the divergence
of a vector �eld signi�es:

Div(v) =
1

∆τ

‹
∆σ

v · n dσ, when ∆τ and ∆σ tend to 0

Some students have di�culty with recalling this de�nition, or what each
symbol signi�es11. To wit, ∆τ is the magnitude of a volume region of
space, and ∆σ is its boundary surface. Students were informed of this
when uncertain in order to clarify the notational use.

First, Student A:

Okay, but then I would probably say that it is the same, that we
are talking about here [as the sum of partial derivatives]. (...)
You have a �ow �eld with every element in the surface, and
when you integrate, then you get [it] for the entire surface, and

11Note that the lecturer's notation has been employed. He rightly only present the
left part (without the limiting procedure) in the lectures, but the textbook states the
de�nition as written here.
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then you divide by some... Volume units. And then you say,
when the volume units tend to zero, then you kind of collect it
in a point.

Student A seems to make sense of the limiting operation as a means of
expressing a property of the vector �eld at a point, rather than at the
entire region of integration. Other students as well seem to interpret this
limiting procedure as signifying a mathematical operation that makes the
volume a point in space. This is to some extent a reasonable, albeit intuitive,
explanation of the limiting operation, but what about the fraction 1

∆τ
?

Student A does not elaborate further on why we would divide by the volume
magnitude, ∆τ . However, Student B explicates the point so:

What you �nd, it is... If you do this surface integral, then I
imagine that you will also �nd the �ux. If you then multiply it,
the �ux, then it is per unit volume. (...) Then it must be some
kind of �ux. (...) But I see that this [the entire expression] might
describe, like, how the sign of the divergence tells something
about whether it is being drained... Whether there is a source,
or whether there is a drain. Because, it should signify, that if
you have this surface integral, which gives you some �ux, and
you then multiply it with some volume... You did not even need
any volume, because, simply the sign, it would tell you something
about whether there would be a drain or a source.

In the beginning, the student mentions, that we get something like the
�ux per unit volume, which is a quite reasonable reading of the expression.
Yet, she later seems to disregard somewhat the volume divisor, ∆τ , on the
grounds that the surface integral (yielding the �ux) is su�cient to tell about
the sign of the divergence.

The redundancy of the volume divisor is a quite profound observation in
the case, where one is considering only the sign of the divergence, and how
it signi�es locations of sources or drains in a �uid velocity �eld.
Hereby, student B' explanation is reminiscent of the perspective on diver-
gence witnessed in the reference praxeology, PFluxInf

CalcDiv, where we only consider
the signi�cance of the sign of the divergence of a vector �eld.

Indeed, in this perspective on divergence, we disregard, as student B seems
to do, the point that divergence measures a ratio - �ux per unit volume - as
the volume magnitude divisor does not in�uence the sign of the divergence.
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This perspective on divergence seems to be prevalent in most of the stu-
dents' explanations. Consider, for example, a last explanation o�ered by
Student C, wherein the volume divisor is also seen as somewhat problematic
or redundant in order to describe her version of the divergence of a vector
�eld:

It is indeed an integral over a surface, an entire surface, where
we, when tau goes to zero... I believe that tau is the volume...
And when we have that the volume tends to zero, then it tends to
a surface. And then you integrate over all of this surface [points
to the surface integral] to �nd the �ux, that is, the divergence,
right? (...) Well, this thing about, that you have some sort of...
You have some... Volume. And then you let it tend to zero, so
that we only consider the surface. But, like, we have not been
explained that thing about, why there is a 1 over the volume
outside [of the integral].

It is not clear what the student means by the volume tending to a surface,
when its magnitude tends to zero. Perhaps she is thinking of one of its
dimensions tending to zero. Nevertheless, the point is that she indicates,
that the surface integral in itself yields the divergence of the �eld regardless
of the volume divisor.

Indeed, Student C claims that they (the students) have not been taught,
what the volume divisor is there for. Her opinion on what they have been
told or not is not relevant here. Rather, the point is that she cannot quite
explain why we need to divide by a volume, if we are describing (her version
of) the divergence of a vector �eld.

Considering the student answers o�ered above, there seems to be a common-
ality in their explanations of the notion of divergence. It is the assertion,
that the divergence of a vector �eld measures the �ux of the �eld out of a
volume (or area, or point). Further, only some students describe the limit-
ing procedure as a mathematical means of expressing the ��ux at a point�,
whereas, for example, Student C interprets it di�erently.

In general, there seems to be four coexisting descriptions of the divergence
of a vector �eld: the ��ux out of a region�, the ��ux at a point�, the �total
change of a �eld�, and the �total change of a �eld at a point�.

One challenge in uniting these perspectives seems to be to clarify, whether
the divergence of a vector �eld describes a property of the �eld at a point,
or in a region, or the entire �eld in general. Another seems to be to clarify,
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whether it measures a ratio, or not.

I shall return to these considerations in the discussion section.

4.3.2 Interviews succeeding the EM1 course

In this section, I shall present extracts from the student interviews con-
ducted at the conclusion of the EM1 course. These interviews rightly de-
serve more attention, but for the sake of the extent of this thesis, only one
theme shall be described.

All students now seem to have a rather clear understanding of how to de-
termine the sign of the divergence of a vector �eld from geometrical consid-
erations of a �eld line diagram. I focus here on two students, the answers
of whom illustrate an interesting point reminiscent of challenge 4 of the
lecture analysis. These students are presented with a drawing of a �eld line
diagram for the electrostatic �eld generated by a positive point charge (see
�gure 4.10)

Figure 4.10: A drawing of the �eld line diagram for the electrostatic
�eld generated by a positive point charge

They are then asked to describe the divergence of this �eld. Student C
answers:

Well, that is what is equal to ρ over epsilon 0. (...) And if
you then... Consider some area, and look at divergence in that
area... And then I think, that you somehow look at, that you
look at some kind of divergence of the E �eld, which will then
give the amount of charge, that you get through, over epsilon
0. Well, I don't know if that makes sense. Because, well, that
ρ there, it is something, that you normally consider, when you
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have something, that is, some kind of surface which has charge,
right? Then you have some sort of charge density.

Student C seems to explicate the divergence of a vector �eld as a property
in a region, rather than at a point. Further, she states, that it will yield the
�amount of charge, that you get through�. This notion resembles that of
an amount of �something �owing through a region�, which seems to cause
confusion about why the charge density is considered (in Gauss' Law Div =
ρ
ε0
, which she describes), rather than just an amount of charge.

This attitude seems to remain, when she is later asked to describe Gauss'
Law in di�erential form for the magnetostatic �eld, Div(B) ≡ 0:

That is exactly that thing about, that if you have some magnetic
�eld lines like that [draws some �eld lines, that circle back on
themselves, see �gure 4.11 below]. Well, then you will always
have an equal number, equally great in�ow and out�ow, because
they [points to the �eld lines] will always be closed [Danish: af-
sluttet] somewhere. Then it does not matter, whether you con-
sider it here [points to a place in the drawing] or here [points to
another place], then there will not be any in- or out�ow, because
they will be closed.

Figure 4.11: Student C's drawing of a magnetic bar with magnetic
�eld lines circling back on themselves

The connection between the divergence of a vector �eld and the �net �ow
out of a region or a point� hereby seems to be prevalent, whereas the student
cannot entirely make sense of the fact that Gauss' Law in di�erential form
for electrostatics equates the divergence of E with a charge density. Student
B, as well, is not quite precise on, what �quantity�, the divergence measures,
except that it is related to �ux:
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Well, the divergence tells about how much, or, the relation [Dan-
ish: forholdet] between what �ows into something, and what
�ows out of it. (...) And then you can say something about,
how much is �owing into this point, relative to how much �ows
out. (...) Because, every time I think about divergence, I think
of it in relation to �ux. And that makes good sense, because
when the �ux is the kind of thing that actually �ows in or out,
then the divergence is more of a number for... I think, that you
can write up some sort of proportionality factor between diver-
gence and �ux. We did that in Mat F back then. So, if you make
a curve describing the �ux, then it might be that you can, that
the divergence will then be some sort of constant, or maybe even
a variable, which is leading in that formula, I kind of think.

Further, she later comments on Gauss' Law in di�erential form for electro-
statics, saying:

If I were to look at this [Gauss' Law], I would probably have to
think on it, that is, why it is the charge density which is... What
that has to do with the divergence... But I might �gure it out in
a couple of minutes.

The student does not return to these considerations later in the interview.
What is noteworthy is that she cannot make proper sense of the relation
between the charge density and her perspective on divergence.

In total, it seems, that students are quite consistent in relating divergence
to �ux, but the exact connection evades them. In particular, in relation to
Gauss' Law in di�erential form for electrostatics, students seem to struggle
with the point that the divergence can be equated with a density.

In this line of thinking, it is curious to consider whether the connection
would be more sensible, were their perspectives on divergence associated
with a volume density as well as with the �ux.
In fact, in this view, Gauss' Law embodies an epistemic potential as for
addressing the nature of the divergence of a vector �eld as a volume density.
Consider for example, employing the ��ux density� de�nition of divergence
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to rewrite Gauss' Law:

Div(E)(r) =
ρ(r)

ε0

⇔ lim
∆V→0
about r

(
�Flux out of V �

∆V

)
=

1

ε0

lim
∆V→0
about r

(
�Amount of charge in V �

∆V

)
In this view, the de�nition of divergence employed in the reference prax-
eology PFluxDensity

CalcDiv lends itself to expressing the connection between the
divergence of a vector �eld and a charge density.
It is of course not straightforward to make sense of the above expression,
but it does illustrate the similarity between the left and right hand sides of
Gauss' Law.

Recalling how (most) students in the Mat F interviews seemed to �nd the
limiting procedure meaningful as a mathematical operation of shrinking the
volume V to a point, one could argue, that what remains is to appreciate
the connection between ��ux out of a volume� and the �amount of charge
inside it�. But this is exactly, what Gauss' Law in integral form yields:

Div(E)(r) =
ρ(r)

ε0

⇔ lim
∆V→0
about r

(
�Flux out of V �

∆V

)
=

1

ε0

lim
∆V→0
about r

(
�Amount of charge in V �

∆V

)
⇔ lim

∆V→0
about r

(‚
S
E · n dσ

∆V

)
=

1

ε0

lim
∆V→0
about r

(
Qinc

∆V

)
,

where S is the boundary surface of V .

In contrast, we saw in the EM1 lectures, episode 4, how the lecturer de-
rived Gauss' Law in di�erential form from its integral form by invoking the
Divergence Theorem as follows, with V signifying a volume in R3:

˚
V

Div(E) dτ =

‹
S

E · n dσ =
Qinc

ε0

=
1

ε0

˚
V

ρ dτ, ∀V ⊂ R3

⇔ Div(E) =
ρ

ε0

The latter approach, the lecturer's, invokes the mathematical theorem, that
could be brie�y stated as �if equality holds for integration over any volume,
then integrands are equal�. No explicit mention of ρ or the divergence as
volume densities is witnessed here.
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The former derivation, on the other hand, explicitly formulates the diver-
gence and ρ as volume densities, making more apparent the �naturality� of
having the divergence of the electrostatic �eld equal a volume charge den-
sity12.

To summarise the line of argument in the above, one could say the fol-
lowing. Students seemingly have di�culties with connecting the notion of
divergence to that of a charge density. Why? - They seem �xed on a per-
spective on divergence as a measure of net �ux out of a volume or point.
How could such a connection be clari�ed? - By employing the ��ux density�
description of divergence.

It is hereby pertinent to consider, whether the �ux density description of
the divergence of a vector �eld could have a more prominent position in
courses involving divergence - in portrayed derivation techniques, for exam-
ple - and whether this approach could o�er a more precise description of
the divergence of vector �elds. That is, one that goes beyond what its sign
signi�es (e.g., sources and sinks, or positive and negative charges), or what
its numerical value signi�es (e.g., the �strength of a source or sink13,� or the
amount of charge at a point), and also adresses its meaning as ��ux at a
point per unit volume�, i.e., as a �ux volume density.

4.4 Summary of results of the case study

In this chapter, four main challenges with teaching divegence were disclosed
in the lecture analysis. These pertained to:

Chal. 1 : Connecting the sum of partial derivatives description of the di-
vergence of a vector �eld to its �ux density description. As a
sum of partial derivatives, the divergence is a type of vector �eld
di�erentiation, but this is not easily seen to be the case when
considering the �ux density description. The latter, however, re-
lates divergence to �ux, which is not easily seen from the sum of
partial derivatives description.

12Note, however, that whereas the lecturer's derivation establishes a biimplication
between the two forms of Gauss' Law, the former derivation does not establish that the
di�erential form implies the integral form. Yet, the volume limiting operation seems to
lack a formal mathematical de�nition (at least in the textbooks and courses examined
in this thesis), and it is not clear, whether we would be able to obtain a biimplication if
such a precise de�nition were supplied.

13See e.g. (Batchelor, 2000), who introduces the notion of strength of a source.



4.4. SUMMARY OF RESULTS OF THE CASE STUDY 101

Chal. 2 : Distinguishing clearly between the divergence of vector �elds on
R2 and R3, respectively. Whereas their algebraic descriptions as
sums of partial derivatives (in Cartesian coordinates) are appeal-
ingly similar, it is challenging to detail that the divergence of
vector �elds on R2 is connected to planar �ux, and that on R3 is
connected to volume �ux. Not least because these descriptions in
terms of �ux requires subtly di�erent integration techniques.

Chal. 3 : Avoiding the caveat of depicting divergence as the net �ux out
of a volume, focusing exclusively on the signi�cance of its sign.
This challenge emerges especially when geometrical or physical
interpretations of the notion are o�ered.

Chal. 4 : Making sense of the divergence of vector �elds at singularities,
such as at origo of the source �eld or the electrostatic �eld gen-
erated by a point charge. In particular, di�erent approaches to
de�ning the divergence of a vector �eld seem to o�er unclearly
speci�ed or even discrepant values.

The somewhat short analysis of exercises posed in the courses of the case
o�ered some elaboration to challenges 1 and 2 in particular. This analysis
indicated that these challenges can be somewhat circumvented by restrict-
ing attention to particular classes of vector �elds: Either with constant
divergence or with no dependence on one Cartesian coordinate and its cor-
responding basis vector. Further, focus on the latter class seemed to be
consequential to, or a�orded by, embedding the teaching of divergence in
the physical context of meteorology as such �elds are particularly meaning-
ful to investigate therein.

Last, the student interviews o�ered some elaboration on all four challenges.
Students o�ered several, problematically distinct descriptions of the diver-
gence of vector �elds. First, as �the net �ux out of a spatial region,� prompt-
ing them to disregard the division by volume magnitude in the �ux density
description of divergence, and to fail in recognising why Gauss' Law in dif-
ferential form for electrostatics would equate Div(E) to the charge density.
Second, as a �total change in the �eld�, when explaining the sum of par-
tial derivatives - failing to elaborate on what this particular �total change�
signi�es, and how it is connected to their descriptions in terms of �ux. Fur-
ther, students described divergence interchangeably as the net �ux out of an
area, a volume, and a point, seemingly unclear as for the exact distinction
between these perspectives.

The outlook in the reference model served well to identify the challenges
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in the lecture analysis. In particular, the praxeological model of knowledge
a�orded (and favoured) a focus on the connection techniques and technol-
ogy. That is, the relation between justi�cations as for why the divergence of
a vector �eld could be de�ned and described in various manners, and how
the techniques for establishing and connecting these representations under-
emphasised or elicited various aspects of the notion - embodied di�erent
epistemic potentials.

The student interviews were not so clearly related to the reference model,
but served to elaborate on the identi�ed challenges. This part of the analy-
sis hardly documented general challenges with learning divergence, as was
not rightly intended, but still o�ered indications as for students' challenges
with making proper sense of divergence and its many subtle facets.



Chapter 5

Discussion, conclusion, and

perspectives

5.1 Discussion

In this section, the challenges identi�ed in the case studied shall be elabo-
rated on. In particular, the analysis has given rise to four main challenges
with making clear subtle, but important aspects of the notion of divergence
of a vector �eld (relative to the outlook obtained in the reference model).

The aim herein is to substantiate and discuss how these challenges might
be tackled by alternative teaching strategies. Hereby, the extent to which
the challenges are in fact challenging to address is sought illuminated.

5.1.1 Challenge 1 revisited

Recall, that this challenge revolved around making sense of the point that
the divergence of a vector �eld can be described both as a form of �ux
density, and as a particular sum of partial derivatives.

In the Mat F lectures, we saw, how the lecturer de�ned the divergence
of a vector �eld (represented in Cartesian coordinates) as a sum of par-
tial derivatives of the component functions. As a result of approximation
schemes, it was justi�ed, that one might equate this notion with the planar
�ux out of a square over the area of the square, or the volume �ux out of a
volume over the magnitude of the volume.

As an alternative, consider in the following, the approach of Schey (1997).
Herein, Schey departs from Gauss' Law in integral form for the electrostatic
�eld. He argues that a main concern in electrostatics is to �nd the elec-
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trostatic �eld, but alas, this integral form law depends on expressing the
electrostatic �eld on an entire region of space - the surface over which the
integral is taken (p. 34). Yet:

If, somehow, we could deal with the ��ux at a single point� (what-
ever that may mean!) rather than the �ux through a surface,
perhaps then Gauss' law might yield something tractable. How
might we arrange this? (Schey, 1997, p. 34, original emphasis)

He then goes on to argue that it might be sensible to simply take the volume
limit as the volume shrinks about a point, but:

Unfortunately, this does not work because (assuming the charge
density is �nite everywhere) the sequence of �uxes, (...) ap-
proaches zero for any point P . (Schey, 1997, p. 34, original
emphasis)

However, there is hope, because he can isolate a quantity which does not
vanish as S → 0 (the boundary surface of a volume shrinks about a point),
which, to be sure, is the ratio of �ux to the volume's magnitude (p. 36).

Schey then considers the �ux of a vector �eld on R3 given in Cartesian
coordinates out of a rectangular parallellipiped (see �gure 5.1).

Figure 5.1: Figure II-23 in (Schey, 1997, p. 37) illustrating a rect-
angular parallellipiped with sides aligned parallel to the Cartesian co-
ordinate planes.

The following elaboration is extracted from (Schey, 1997, pp. 37-40). As the
Mat F lecturer does, Schey invokes an approximation scheme, which is rem-
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iniscent of the Mean Value Theorem for surface integrals, as he computes
the �ux out of sides S1 and S2 parallel to the yz-plane (see �gure 5.1):

¨
S1

F · nS1 dσ =

¨
S1

Fx(x, y, z) dσ ≈ Fx

(
x+

∆x

2
, y, z

)
∆y∆z, and

¨
S2

F · nS2 dσ =

¨
S2

−Fx(x, y, z) dσ ≈ −Fx
(
x− ∆x

2
, y, z

)
∆y∆z.

Note that the normals to the two surfaces S1 and S2 are nS1 = i and
nS2 = −i, respectively1. Schey then sums up the two contributions to the
total �ux, and extends by the unit fraction ∆x

∆x
to obtain:

¨
S1+S2

F · n dσ =
Fx
(
x+ ∆x

2
, y, z

)
− Fx

(
x− ∆x

2
, y, z

)
∆x

∆x∆y∆z

Now, dividing through by the volume magnitude ∆V = ∆x∆y∆z and
taking the limit as ∆V → 0 about the point (x, y, z), he obtains:

lim
∆V→0

about (x,y,z)

(
1

∆V

¨
S1+S2

F · n dσ

)

= lim
∆V→0

about (x,y,z)

(
Fx
(
x+ ∆x

2
, y, z

)
− Fx

(
x− ∆x

2
, y, z

)
∆x

)

= lim
∆x→0

(
Fx
(
x+ ∆x

2
, y, z

)
− Fx

(
x− ∆x

2
, y, z

)
∆x

)
=
∂Fx
∂x |(x,y,z)

Note again, that to the mathematical rigorist, this approach might be lack-
ful; for example, how exactly does the volume limiting operation work?
Yet, disregarding this normative attitude, we see that the derivation tech-
nique employed justi�es precisely how the particular partial derivative ∂Fx

∂x

emerges �naturally� from �ux computations.

Indeed, the �dotting� of the vector �eld onto the surface normals ±i justi-
�es that only the component function Fx requires attention. Further, the
evanescent limit of the ratio of the function increment across a line seg-
ment to the segment's length (∂Fx

∂x
) justi�es that a partial derivative would

emerge.

1Also note, that several approximations have been made here. Namely, in regard to
the points of evaluation,

(
x± ∆x

2 , y, z
)
. The Mean Value Theorem would warrant, that

indeed, there exists some points on S1 and S2, respectively, so that the integral of a
function equals the function evaluation there multiplied with the measure of the surface.
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By virtue of pairing (summing) the two remaining sets of parallel sides of
the parallellipiped, the partial derivatives ∂Fy

∂y
and ∂Fz

∂z
emerge, and the total

computation yields:

Div(F)(x, y, z) = lim
∆V→0

about (x,y,z)

(
1

∆V

¨
S

F · n dσ

)
=
∂Fx
∂x |(x,y,z)

+
∂Fy
∂y |(x,y,z)

+
∂Fz
∂z |(x,y,z)

,

Let's compare this derivation technique with the one employed by the Mat
F lecturer. Surely, Schey employs approximation schemes and somewhat
disregards mathematically rigorous argumentation as the lecturer does.
Yet, Schey's technique emphasises the particular computations which jus-
tify and �naturalise� the emergence of partial derivatives (by invoking their
de�ning properties). In contrast, the Mat F lecturer's technique introduces
them by employing a Taylor expansion at the very beginning of his computa-
tions, shedding somewhat less light on the reasonability of their emergence
amidst �ux computations - the connection between the particular sum of
partial derivatives and the �ux density.

Both techniques rely heavily on the choice of considering a rectangular par-
allellipiped conveniently aligned along the Cartesian coordinate planes.
Yet, Schey o�ers an exercise (Problem II-17, Schey, 1997, p. 57), which
employs a di�erent geometrical object, extending the validity of the tech-
nique. Further, to obtain expressions for the divergence of vector �elds
given in spherical or cylindrical coordinates, Schey considers spherical and
cylindrical �parallellipipeds� (see previous chapter on the reference model)
instead of just transforming coordinates in the �sum of partial derivatives�
expression (Schey, 1997, pp. 41-43).

Hereby, the particular sum of partial derivatives, which describes the di-
vergence of a vector �eld in each coordinate representation, becomes sub-
ordinate to, or consequential of, the general coordinate independent �ux
density description. In contrast, the lecturer takes the quite opposite route
of de�ning the divergence in Cartesian coordinates �rst, and then justify-
ing that it has some interesting connection to �ux (density) as well as other
expressions in other coordinate representations.

Whether students will make note of such a characteric of the derivation is of
course a question, which further empirical study must illuminate. Yet, the
challenge of connecting the two descriptions is but a hypothesis quali�ed by
the analyses of both the lecturer's and the students' explications. Schey's
approach, in this view, can be seen as a suggestion as for bridging this gap,
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or addressing this challenge, answering: How can partial derivatives express
the idea of ��ux at a point�, or vice versa?

It would perhaps be logical to jump to the second challenge indicated by
the course analysis now, but since challenge 3 is more related to challenge
1, I shall continue now with elaborating a bit on that.

5.1.2 Challenge 3 revisited

Recall that this challenge revolved around the distinction between the di-
vergence of a vector �eld interpreted as the net �ux out of a region rather
than the �ux density at a point.

In particular, the geometrical or physical interpretation of divergence indi-
cated by the Mat F lecturer seemingly projects divergence as a measure of
the net �ux or �ow out of a region, focusing attention to what the sign of
the divergence of a vector �eld signi�es. That is, considering only, whether
the divergence of a vector �eld at points (or in regions) is negative, posi-
tive, or zero, the subtleties of viewing the divergence as a limiting ratio or
volume density are at risk of being downplayed or underemphasised.

As was seen in the student interviews, students seemed quite consistent in
describing divergence in this perspective - focusing only on what its sign
signi�es and failing somewhat to make sense of the �volume magnitude divi-
sor� ( 1

∆V
) in the �ux density description of the divergence of a vector �eld.

In particular, divergence was described by students as a scalar measure of
change rather than rate of change per unit volume.

This distinction can of course be regarded as a minor detail. Yet, the po-
tential of emphasising it is bountiful. Firstly, as a quantity of ��ux per
volume,� it is emphasised that multiplying the divergence of a vector �eld
by a volume quantity would yield the �ux out of the volume. As an example,
consider how this idea is emphasised by Feynman (2013):

So we can say that for an in�nitesimal cube [of volume ∆V ]

ˆ

surface

C · n da = (∇ ·C) ∆V.

We have shown that the outward �ux from the surface of an
in�nitesimal cube is equal to the divergence of the vector [∇·C]
multiplied by the volume of the cube. We now see the �meaning�
of the divergence of a vector. The divergence of a vector at the
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point P is the �ux - the outgoing ��ow� of C - per unit volume,
in the neighborhood of P . (Feynman et al., 2013, Section 3-3
bottom, original emphasis)

The Mat F lecturer surely obtains a rather similar result. Yet, the point
is that he (besides omitting mention of the in�nitesimality of the cube
or square with height 1) describes a geometrical interpretation of the di-
vergence in which the factor of ∆V is disregarded. As mentioned, this is
reasonable if only the signi�cance of the sign of Div(F) is attempted commu-
nicated. Yet, to put it somewhat poetically, such mathematical or physical
subtleties as emphasising the role of the magnitude or unit of volume are
central �sources� and �sinks� in the communication of knowledge - they are
epistemic potentials (�sources�) or epistemological obstacles (�sinks�) where
the exact meaning of an abstract notion can be explicated or lost in com-
munication, teaching, and learning.

Recall that already in establishing the reference model, the interpretation
of divergence as a primitive2 measure of �uid �ow or vector �ux at a point
was found. This suggests, that the challenge of extending this interpreta-
tion to a more full-�edged intuitive understanding of the divergence of a
vector �eld, beyond the meaning of its sign, is not merely a challenge in
the courses analysed. Rather, it is a problematique originating in textbook
materials, at least the ones examined in this study.

5.1.3 Challenge 2 revisited

Recall that challenge 2 concerned the unclear distinction between the diver-
gence of vector �elds on R2 and R3, respectively. In particular, it has been
argued that the pillbox or square of unit height constructed by the lecturer
could be in�uential in obscuring the di�erence (or similarity) between di-
vergence as a notion based in two- or three-dimensional Euclidean space.

A main point of note is how the �uid mechanics context prevalent in the
Mat F course seems to guide a focus on planar vector �elds rather than
spatial vector �elds. Indeed, as exercise 2 (on the application of divergence
in meteorology) indicates, there is pertinence in considering planar vector
�elds representing air �ow - non-zero divergence can be associated to low-
or high-pressure areas (or points).

Yet, if divergence is to be associated to volume �ux density, surely the pla-

2Primitive in the sense that only the signi�cance of the sign of the divergence of a
vector �eld is rightly accounted for.
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nar vector �elds under consideration must be considered as embedded in R3

- a point rather unclearly addressed in the analysed case. Batchelor (2000),
for example, adresses this point more clearly, when introducing planar �uid
velocity �elds, u, with associated streamfunctions, ψ:

Figure 5.2: Extract from (Batchelor, 2000, p. 76), wherein the
streamfunction, ψ(x, y, t), for a planar, incompressible �ow �eld,
u(x, y, z), is introduced. The �mass-conservation equation� has pre-
viously (p. 75) been established as ∇ · u = ∂u

∂x + ∂v
∂y + ∂w

∂z = 0 for a

vector �eld u = ûi + v̂j + wk̂ on R3 given in Cartesian coordinates.

Note that the �planar vector �eld� is clearly considered a special case of
vector �elds on R3, and its divergence (∇ · u) is de�ned for such spatial
�elds. In the caption of Figure 2.2.1, Batchelor speaks of �the �ux of �uid
volume across a curve�, and so it is not clear here, either, how volume �ux
can be considered across a curve, which rightly would make it planar �ux.
Yet, he clari�es afterwards:

The �ux of �uid volume across a curve joining the two points
O and P in the (x, y)-plane (by which is meant the �ux across
the open surface swept out by translating this curve through unit
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distance in the z-direction), (...) is given exactly by the right-
hand side of (2.2.8) [see �gure 5.2]. (Batchelor, 2000, p. 76)

Here, he seems to make a construction similar to the lecturer's �square of
unit height�. Only, �ux and divergence are in Batchelor's account always
considered notions reserved for three-dimensions, whereas the lecturer con-
structs a divergence notion for vector �elds on R2. Indeed, for Batchelor,
�ux passes through a surface (as he paranthetically justi�es), although it is
mathematically convenient to express the streamfunction by a curve inte-
gral. Also, the divergence is given by the sum of three partial derivatives,
although one (∂w

∂z
) conveniently vanishes by virtue of the component func-

tion w ≡ 0 in his version of �planar, incompressible �ow �elds�.

Batchelor seems intent on combining the interpretation of ' 'volume �ux
of �uid� (notion requiring a spatial perspective) concurrently with �curve
integration in the (x, y)-plane� (notion which reduces perspective to the
plane). It is interesting to consider why Batchelor (and the Mat F lecturer)
do not stick to R3, de�ning the streamfunction on three spatial dimensions,
if indeed its connection to volume �ux is intended.

In this view, the construction of the notion of �planar, incompressible �ow�
is challenging as �ux and divergence are notions reserved for spatial �uid
�ow phenomena, whereas the streamfunction apparently is reserved for pla-
nar �uid �ow phenomena.

This serves as a partial explanation as for why the Mat F lecturer un-
noticedly reduces his pillbox to a square amidst computations. Perhaps,
the challenge of distinguishing planar and spatial perspectives on �uid �ow
�elds is not his alone, as literature (at least Batchelor) would have him
construct �ux and divergence on R3, but the streamfunction on R2.

It is noteworthy to consider this unclear distinction in regard of theory on
electromagnetism. Herein, it is central to identify magneto- and electro-
static phenomena in a three-dimensional perspective. Indeed, the electro-
static �eld (for a point charge) is a radial inverse square �eld, a feature which
makes it a divergence free �eld (with divergence de�ned on R3), whereas in
two two dimensions, such �source and sink �elds� are inversely proportional
to the radial coordinate (not squared), which makes them divergence free
�elds (with divergence de�ned on R2).

The consistency in students' explanations of divergence as viewed in the
context of �uid �ow is certainly an observation to be reckoned with. In
fact, it indicates that the teaching and learning of vector calculus within
the context of �uid mechanics is a pertinent strategy. However, with the
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objective of preparing students for electromagnetism, as the Mat F course is
partly intended for, there seems to be an inherent challenge in distinguish-
ing mathematical notions and their physical or geometrical interpretations
in either a planar or a spatial perspective. Conversely, this indicates an
epistemic potential as for addressing the question of: Exactly what di�er-
entiates vector calculus notions such as �ux or divergence when viewing
the (mathematically abstract) world as a two-dimensional �atland3 and the
(mathematically abstract) world in 3D, respectively?

This thesis has focused mainly on the perspective on divergence a�orded
by educational literature targeting the study of electromagnetism rather
than �uid mechanics. Hereby, a scope on the profound didactic potentials
and challenges of teaching and learning vector calculus in the context of
�uid mechanics has not been quite visible, whether it be for the purposes
of preparing students for electromagnetism or not. This points forward to
further studies of the prospects of taking up such didactic strategies, which
the scope of this thesis unfortunately does not illuminate su�ciently.

5.1.4 Challenge 4 revisited

When considering vector �elds with sigularities, such as the �source or sink
�elds� on R2 or the electrostatic �eld generated by a single point charge, a
challenge seems to arise as for how to de�ne or compute their divergence.
I shall focus attention here on the electrostatic �eld generated by a single
positively charged particle. By Coulomb's Law, it is given in spherical
coordinates by:

E(r) =
q

4πε0

r̂

r2
, r ∈ R3 \ {0} ,

where r is the radial coordinate, r̂ the radial basis vector, and q > 0 the
electric charge of the particle. Note that this vector �eld is not de�ned in
origo, and so computing its divergence by the reference praxeology PPartDer

CalcDiv ,
one only �nds that Div(E) = 0 away from the origin.

Yet, employing the reference praxeology PFluxInf
LocateDiv, Fleisch (2008, p. 33)

assigns a positive divergence to the origin. In fact, reading on in Fleisch's
elaboration, he argues that the exact value of Div(E) at origo can be found
by employing the �ux density description of divergence:

3As a baroque addendum, the reader is invited to read Flatland: A romance of Many
Dimensions, a 1884 satirical novel by Edwin Abbott Abbott (1884), which humorously
elaborates how profoundly di�erently an existence in a �at, 2D world would be from our
intuitive three-dimensional perspective.
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To evaluate the divergence at the origin, use the formal de�ni-
tion of divergence:

∇ · E ≡ lim
∆V→0

˛
S

E · n da.

Considering a special Gaussian surface surrounding the point
charge q [a sphere of radius r centred at origo], this is

∇ · E ≡ lim
∆V→0

(
1

∆V

q

4πε0r2

˛
S

da

)
= lim

∆V→0

(
1

∆V

q

4πε0r2
(4πr2)

)
= lim

∆V→0

(
1

∆V

q

ε0

)
But q

∆V
is just the average charge density over the volume ∆V ,

and as ∆V shrinks to zero, this becomes equal to ρ, the charge
density at the origin. Thus, at the origin the divergence is

∇ · E =
ρ

ε0

,

in accordance with Gauss' law. (Fleisch, 2008, pp. 36-37)

This derivation suggests that the range of the �ux density description (as
well as the informal �de�nition� employed in PFluxInf

LocateDiv) extends beyond the
�sum of partial derivatives� de�nition of the divergence of a vector �eld.

Although no formal de�nition, or conditions ensuring existence, of the vol-
ume limiting operation are supplied, we see, that it is meant (at least in
Fleisch's view) to be valid also for singularities of a vector �eld. It is cu-
rious how it is not elaborated, either in the course or by Fleisch, that the
�ux density de�nition has such a range exceeding that of the sum of partial
derivatives. Hence, students are o�ered calculatory means as for computing
the divergence of vector �elds by way of partial di�erentiation, but when
investigating the electrostatic �eld for a point charge, this praxeology is
seemingly insu�cient. One must ponder, why this point is left, also by the
Mat F and EM1 lecturers, unjusti�ed, or at least unelaborated.

Surely, the EM1 lecturer circumvents this �subtlety� by invoking the Diver-
gence Theorem, which in his apparent usage is valid for such �elds as the
electrostatic �eld with singularities within the volume region of integration.

These strategies as for assigning a value of the divergence of the electrostatic
�eld at points of charge are somewhat reasonable. Indeed, introducing point
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charges in electrostatics, we run into the challenge of how to understand
the charge density, ρ. Treating it as a scalar �eld, it evaluates to zero every-
where, except at points of charge, where it has jump discontinuities. Hence,
integrating it over a volume, using e.g. the Lebesgue integral, a countable
set of points where particles reside would be a null-set, resulting in˚

V

Div(E) dτ =

˚
V

ρ

ε0

dτ = 0,

for any volume V ⊂ R3. But this does not ring well with the Divergence
Theorem (and Gauss' Law in integral form), which would have us believe,
that: ˚

V

Div(E) dτ =

‹
S

E · n dσ = Qinc = q 6= 0,

where S is the boundary surface of a volume V containing the point charge.

In a mathematically rigorous perspective, there are several manners in
which this inconsistency can be resolved. First, we might treat ρ as a
generalised function (distribution), which in turn, by Gauss' Law in di�er-
ential form, would make Div(E a distribution, not a scalar �eld, as is usual
in vector calculus4. Yet, in this case, any consideration of the divergence
of the electrostatic �eld would require an extended view, justifying how it
can produce a distribution when acting on the electrostatic vector �eld.

Such mathematically rigorous perspectives are, arguably, not feasible to
elaborate in an undergraduate physics course. Hereby, it becomes a cen-
tral didactic challenge: How can the divergence of the electrostatic �eld
at points (or entire uncountable sets) endowed with charge be computed?
In this line of thinking, it might be pertinent to simply leave the matter
unproblematised, as the EM1 lecturer seems to do. Yet, other solutions are
also pertinent to investigate, as for example the approach taken by Gri�ths
(1999), as shall be elaborated in the following.

First of all, Gri�ths problematises the situation so:

Consider the vector function

v =
1

r2
r̂.

At every location, v is directed radially outward (Fig 1.44); if
ever there was a function that ought to have a large positive di-
vergence, this is it. And yet, when you actually calculate the

4Alternatively, we might treat ρ as the (three-dimensional) Dirac delta measure, but
I shall not elaborate further on this perspective here.
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divergence (using Eq. 1.71 [the sum of partial derivatives de�ni-
tion in spherical coordinates]), you get precisely zero. (...) The
plot thickens if you apply the divergence theorem to this func-
tion. Suppose we integrate over a sphere of radius R, centered
at the origin (Prob. 1.38b); the surface integral is

˛
v · da = (...) = 4π.

But the volume integral,
´
∇ · v dτ , is zero, (...). Does this

mean that the divergence theorem is false? What's going on
here? (...) [I]f the divergence theorem is right (and it is), we
should get

´
(∇ · v) dτ = 4π for any sphere centered at the

origin, no matter how small. Evidently the entire contribution
must be coming from the point r = 0! Thus, ∇·v has the bizarre
property that it vanishes everywhere except at one point, and yet
its integral (over any volume containing that point) is 4π. No
ordinary function behaves like that. (Gri�ths, 1999, pp. 45-46,
original emphasis)

This problematisation of the divergence of the radial inverse square �eld,
v = 1

r2 r̂, can be seen as a strategy that anticipates students' potential
encounter with such challenges with choosing a proper perspective on the
divergence of the electrostatic �eld.

Yet, the problematisation comes at a cost - new technology must be supplied
to explicate this problematic inconsistency. Instead of venturing into an
elaborate discussion of the advanced mathematics that would be needed to
consider the divergence of such problematic �elds in general, Gri�ths takes
a more localised approach. Indeed, he focuses on the inverse radial vector
�eld exclusively, and supplies a praxeology for computing its divergence.

Introducing the Dirac delta function5 on R3, he argues that:

We are now in a position to resolve the paradox introduced in
Section 1.5.1 [see quote above]. As you will recall, we found that
the divergence of r̂

r2 is zero everywhere except at the origin, and
yet its integral over any volume containing the origin is a con-
stant (to wit: 4π). These are precisely the de�ning conditions

5Rightly this is a distribution, not a function.
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for the Dirac delta function; evidently

∇ ·
(

r̂

r2

)
= 4πδ3(r)

(Gri�ths, 1999, p. 50, original emphasis)

Note that here, δ3(r) signi�es the three-dimensional Dirac delta function
�evaluated� at a position vector, r ∈ R3.

One might say, that the cost in terms of time and e�ort of introducing this
solution to determining the divergence of the radial inverse square �eld is
rather high. Indeed, as the EM1 lecturer does, we might take an approach
that does not raise the problem and still allows for venturing deeper into
the theory of electromagnetism. After all, having �rst derived Gauss' Law
in di�erential form, we can stick to that and need only steer students free
of attempting the problematic computation of the divergence of the electro-
static �eld as given by Coulomb's Law - steer them free of error and subtle
�devils in the detail.�

Yet, reading on in Gri�ths' textbook, we witness how this praxeology spe-
ci�c to the radial inverse square �eld becomes a central argument in a
number of derivations integral for the progression into electromagnetism
theory. As an example, consider how it is employed in the derivation of the
divergence of the general electrostatic �eld for a continuous volume charge
distribution, ρ, as given by Coulomb's Law (Figure 5.3):

Hereby, invoking the �theorem� described above detailing the divergence of
the radial inverse square �eld, as well as linearity of the divergence oper-
ator,6, the divergence of more complex �elds than the one generated by a
point charge can be computed. Note that Gri�ths speaks of ρ as a func-
tion, not a distribution, and so obtains a uni�ed notational approach to
representing discrete and continuous distributions of charge by means of ρ.

Two curious observations can be made from the elaboration in this section.

6And the so-called �sifting� property of the three-dimensional Dirac delta function.
In a notation similar to that of Gri�ths, as is common in physics, where the Dirac delta
function is written in a function-like notation rather than as a distribution acting on test
functions, it can be stated as:

˚
r∈R3

f(r)δ3(±(r− a)) dτ = f(a),

where a is any �xed vector in R3, and f is any scalar �eld on R3 (omitting rigorous
conditions as for its validity).
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Figure 5.3: Extract from (Gri�ths, 1999, pp. 69-70) showing a
derivation of the divergence of the electrostatic �eld for a continuous
volume charge distribution, ρ.

Firstly, the challenge of making sense of the divergence of the electrostatic
�eld can be either circumvented (as the lecturer seems to do in the extract
of episode 4) or problematised and resolved. In particular, Gri�ths' elab-
oration of a praxeology for computing the divergence of the speci�c radial
inverse square �eld provides a basis for clarifying a central point. That is,
that the notion of divergence in the context of electromagnetism must be
extended beyond its sum of partial derivatives description.

In fact, in this view, partial derivative descriptions of divergence are some-
what misguiding when considering electromagnetic �elds. That is, they do
not tell us about the divergence of the �eld at the (arguably quite interest-
ing) points of space where charge resides. Further, they might (mis-)lead
students to the understanding that the electrostatic �eld is a divergence
free �eld - a perspective con�icting with Gauss' Law in di�erential form.

The critical reader might object here: Aren't partial derivatives needed in
order to make Gauss' Law in di�erential form a partial di�erential equation
(Poisson's or Laplace's equations as was seen in the reference praxeology
PPartDer
SolvePoisson), which is a central point in electrostatics?

This is of course a reasonable objection, and one must surely, at some point,
make clear, that Gauss' Law in di�erential form can be seen as an LPDE.
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Nevertheless, this subtle point suggests an excellent epistemic potential as
for clarifying that in the context of electromagnetism, the divergence is de-
signed and designated to more than what the mathematical technology of
partial di�erentiation can capture7. Indeed, if we are looking for a mathe-
matical operation that captures �the �ux (density) at a point�, then partial
di�erentiation might be appropriate for the special case of well-behaved vec-
tor �elds rigorously de�ned on all of our spatial region of interest. However,
the inquirer into electrostatics (perhaps physics in general) is not con�ned
hereby - she uses, when needed, conveniently construed special �functions�
(Dirac delta) and correspondingly speci�cally designed praxeologies (the
divergence of radial inverse square �elds) to operate on and with them.

Secondly, note how Gri�ths and the EM1 lecturer posits the Divergence
Theorem as a justi�cation of how Div(E) is sensibly extended to be evalu-
able also at singularities of the vector �eld - at points of charge. Hereby, di-
vergence becomes, not merely a particular sum of partial derivatives; rather,
it becomes: Whatever makes the Divergence Theorem act as we would ex-
pect it to do.

By virtue of this argument, it is not the �ux density description that war-
rants a speci�cation of the divergence at points where the electrostatic �eld
is not rightly de�ned by Coulomb's Law. Rather, it is the Divergence Theo-
rem that provides the basis for this speci�cation, although it is quite unclear
in a mathematically rigorous perspective, which version of the theorem is
indeed considered. Does it work for distributions as well as vector �elds?
Does it work for vector �elds with singularities8?

It is somewhat clear, that to present a treatment of the divergence of even
the simplest electrostatic �eld which is didactically feasible in undergrad-
uate physics education, some questions of rigour must be left partly unan-
swered. However, the curious part is how di�erently educators go about
this didacti�cation scheme. In particular, which points are left unprob-
lematised and unspeci�ed, and which are brought to students' attention in
the endeavour of informing them su�ciently for their avoiding erroneous
computations and problematic interpretations.

As such, Gri�ths' and the EM1 lecturer's are distinct approaches which
both take as �x-point the validity of the (seemingly unquestionable) Di-

7Note that one might consider the distributional derivative rather than standard
function derivatives in order to extent this idea.

8See for example Nonnenmacher (1995) for a perspective on how deep one must seem-
ingly venture into mathematical theory to make the Divergence Theorem valid for such
�elds as the electrostatic �eld generated by a point charge, regardless of how intuitive
its validity seems given a geometrical or physical perspective on divergence.
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vergence Theorem. Yet, we see how they supply, to di�erent degrees of
speci�city, praxeologies which o�er students calculatory means for actually
operating with notions such as divergence - maneuvering in this didacti�ed
technological environment or milieu.

5.2 Conclusion and perspectives

The research question posed in the introduction was:

How, and to what extent, can challenges be identi�ed for
the teaching and learning of divergence in the context of
undergraduate physics education?

Departing from an examination of selected undergraduate physics text-
books, an analytical model - the reference model - was constructed, obtain-
ing an empirically based outlook on the multi-faceted notion of divergence.
Relative to this model, an analysis of lectures, exercise sessions, and student
interviews from a case study of two university courses was conducted. This
analysis shed light on some challenges with explicating a number of subtle
points of note concerning divergence. The main �ndings were:

Three distinct perspectives on the divergence of a vector �eld were described
in the textbooks examined and in the lectures. First, as a particular (co-
ordinate dependent) sum of partial derivatives. Second, as a (coordinate
independent) �ux volume density at each point in space. Third, as the net
�ux out of a spatially extended region. The lecture observations indicated
how challenging it is to explicate exactly how these three �representations�
relate to each other, and all pertain to the same concept - the divergence
of a vector �eld.

In particular, the third representation focuses mainly on the signi�cance of
the sign of the divergence of a vector �eld, and so downplays its nature as
both a particular form of vector �eld di�erentiation (�rst desription above)
and as a limiting ratio of �ux to the volume magnitude as the volume
shrinks about a point (second description above).

Justifying that partial derivatives can be employed for describing the �ux
volume density at a point seems a central challenge. In particular, approx-
imation schemes seem inescapable in the derivation of such a result, and
the particular manner in which this derivation is done seems in�uential in
obscuring (or, conversely, clarifying) the meaningfulness of having these two
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representations describing the same mathematical concept. Whereas some
connection between the divergence of a vector �eld and its �ux out of a
volume seems relatively easy to convey and appreciate, what is at risk of
being lost in translation is a more precise perspective. To wit: That the
divergence signi�es the �ux volume density at each point, or the limiting
rate of net �ux out of a volume to the volume's magnitude. This seems, not
least, due to the employment of the geometrical or physical interpretations
of divergence mentioned above, which are at risk of e�ectively equating
divergence with the �ux out of a volume or point. Whereas these subtle
points seem di�cult to convey, they are pertinent to emphasise for a num-
ber of good reasons, as witnessed in the student interviews.

Indeed, all students explained the divergence of a vector �eld as a measure
of net outwards �ux or net outwards �uid �ow in a spatial region (some
specifying that it describes such properties at points). Yet, when presented
with the �ux density description of divergence, they struggled with making
sense of the point that the mathematical expression involves a divisor of the
volume magnitude out of which �ux is computed. This observation suggests
that it is a prominent challenge for students and teachers alike to avoid the
caveat of identifying the divergence of a �eld with the �ux out of a volume
or a point.

Further, as students described the sum of partial derivatives description
of divergence, they seemed to lose sight of its connection to �ux, merely
characterising it as signifying a sort of �total change� in the �eld. This
observation suggests the prominence of a challenge with recognising what
exact type of �(rate of) change in a �eld�, that its divergence in fact signi�es.
Indeed, making sense of the peculiarity of the sum of partial derivatives is
contingent on an appreciation of the point that with divergence, one mea-
sures a change in �ux (per unit volume) rather than just any old, or �total�,
change of the �eld.

As mentioned, these challenges resounded in both the lecturers' and the
students' elaborations, and so this thesis emphasises the pertinent didactic
challenges of clarifying: How can the sum of partial derivatives sensibly be
portrayed, and recognised, as describing �ux density? And, how can the
caveat of viewing divergence merely as a measure of �ux out of a point or a
region be addressed and avoided? In the discussion section, I have already
commenced a search in educational literature for possible answers to these
questions, illustrating the extent to which they are indeed challenges for
teaching and learning divergence.

Other challenges, as well, with teaching and learning what the divergence
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of a vector �eld signi�es have been uncovered in this study.

Firstly, making sense of the divergence of the electrostatic �eld, and per-
haps other physically important vector �elds containing singularities, was
disclosed as a central challenge. This study suggests that a central point
to address is how partial derivatives cannot be computed at singularities
(points of charge), and so the de�nition of divergence must be extended
beyond such expressions relying on partial di�erentiation. Here, the Diver-
gence Theorem lends itself well to justifying rationally such an extension,
at least a version of the theorem which does not venture too deep into con-
cerns of mathematical rigour. As has been shown, one can choose to leave
this extension of de�nition unmentioned and unproblematised and instead
introduce the Dirac delta function to justify such an approach. This ap-
proach certainly has merit as it is pertinent to question whether students
are mislead towards erroneous computations or problematic conceptualisa-
tions if such subtleties are not addressed.

Secondly, the study of this thesis suggests both challenges and potentialities
with teaching (and learning) about divergence in the context of �uid me-
chanics. Indeed, all interviewed students emphasised in their explanations
of divergence that �uid �ow is a meaningful context for explicating what
the mathematical term signi�es. This observation suggests that the phys-
ical context of �uid �ow lends tangible and readily interpretable analogies
for making sense of the abstract notion of divergence.

Yet, the arguably common focus on planar vector �elds in �uid mechan-
ics theory seems to introduce challenges with distinguishing exactly what
the divergence signi�es in 2D and 3D perspectives. Granted, algebraically,
it is convenient that the di�erence between the two perspectives on diver-
gence is but a matter of computing two or three partial derivatives. Yet,
this conveniency potentially downplays or even veils the distinction between
geometrical or physical interpretations of these di�erent-dimensional per-
spectives on divergence. That is: Divergence of a vector �eld in 3D is
connected to planar �ux out of an in�nitesimal area, and in 3D to vol-
ume �ux out of an in�nitesimal volume. If not su�ciently emphasised in
teaching, this distinction might render students incompetent in appreciat-
ing fully the three-dimensional perspective on divergence central to other
physical theories such as electromagnetism.

The research question posed in this thesis aimed at identifying challenges
with teaching and learning about divergence, and the extent to which they
could be considered challenging. The above elaboration substantiates how
such challenges have been identi�ed and discussed. Let this serve as a con-
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clusion for the thesis.

To close the loop, it is pertinent to reconsider brie�y the two articles on
educational research involving divergence, which were presented in the in-
troducing chapter. These mentioned some general challenges for students
and teachers with making sense of the concept. The challenge of eliciting
(by teachers), or recognising (by students), geometrical interpretations of
divergence, in particular, was emphasised. In this thesis, these challenges
have surely been observed and elaborated on. In addition, detailed sub-
tleties with these challenges have been brought to the fore, as described in
the above.

Expanding the scope of the reference model to other textbooks, perhaps fo-
cusing on other physical or mathematical theoretical contexts, would serve
to extend this research path. Further, many of the perspectives illuminated
in this thesis could be pertinently employed in studies of other �objects of
knowledge,� for example other di�erential operators. The curl operator for
instance also has both coordinate dependent representations in terms of
particular combinations of partial derivatives and representations in terms
of volume limits of particular integrals. Indeed, common physical or ge-
ometrical interpretations of this operator could, as with the divergence,
prove to veil its exact signi�cance. Hereby, there is reason to believe that
teachers and students could bene�t from a more elaborate analysis of how
these representations are connected, and how they each explicate di�erent
aspects of the operator.

A last perspective broached, which deserves much more attention than re-
alised in this thesis, is the prominence of, and challenges involved with,
teaching vector calculus concepts such as divergence in the context of �uid
mechanics.

The search in educational (and academic) literature and practices for a
clearer view of challenges with teaching and learning particular concepts
such as divergence is on-going, and this thesis has barely scratched the sur-
face. Yet, let this thesis be a contribution to this didactic enterprise - and
let other researchers or practitioners take up the baton from here.
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Appendix A

A.1 A few de�nitions and theorems

Vector and scalar �elds

De�nition 1:
A vector �eld on Rn is a mapping

F : U ⊂ Rn → Rn,

where U is an open set.

De�nition 2:
A scalar �eld on Rn is a mapping

φ : U ⊂ Rn → R,

where U is an open set.

When used in this thesis, vector and scalar �elds are generally assumed
to be continuous, or even di�erentiable, although such speci�cations are
usually omitted.

The Divergence Theorem

The Divergence Theorem (or Gauss' Theorem, or the Gauss-Ostrogradsky
Theorem) can be stated to many degrees of generality. For the purposes of
this thesis, it su�ces to state the theorem in intuitive terms, and then add
comments on mathematically rigorous conditions for its validity.
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Divergence Theorem:
Let V be a volume in R3. Further, let S ⊂ R3 be the closed boundary
surface of V , having outwards surface normal n.
If F is a vector �eld on R3 de�ned on V and S, then the Divergence
Theorem states that:¨

S

F · n dσ =

˚
V

Div(F) dτ,

where Div(F) = ∂Fx
∂x

+ ∂Fy
∂y

+ ∂Fz
∂z

if F is given in Cartesian coordinates.

To add more rigour, it should be commented that the volume, V , is compact
and regular with boundary S of class C2 in R3. Also, F is often assumed
to be of class C1 on a neighborhood of V to ensure continuity, and hence
(Lebesgue) integrability of Div(F). As the boundary surface is of class C2,
this also ensures continuity, hence integrability of F · n.

Elaboration on the volume limit operation

The divergence of a vector �eld, F, at a point p ∈ R3, is sometimes de�ned
by:

Div(F)(p) := lim
∆V→0
about p

(
1

∆V

‹
S

F · n dσ

)
,

where V is a volume with boundary S and measure ∆V :=
˝

V
dτ .

I have not come across a precise de�nition of the volume limiting opera-
tion, but we might attempt one anyway. Assuming all conditions of the
Divergence Theorem to hold, we see that:

1

∆V

‹
S

F · n dσ =
1˝
V

dτ
·
˚

V

Div(F) dτ,

for any volume, V , satisfying the conditions of the Divergence Theorem.
Hereby, also the Mean Value Theorem for volume integrals holds, and so
there exists for each V a point pV ∈ V such that:

1

∆V

‹
S

F · n dσ =

˝
V

dτ˝
V

dτ
·Div(F)(pV ) = Div(F)(pV ).

Consider now a decreasing sequence of such volumes all containing a �xed
point p. That is, a sequence of compact, regular volumes with boundary of
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class C1 in R3, {Vi}∞i=1 ⊂ R3, such that:

1) Vi+1 ⊂ Vi for all i ≥ 1, and

2)
∞⋂
i=1

Vi = {p}.

Then, by continuity of Div(F), and since lim
i→∞

(pVi) = p by the above as-

sumptions, we have that:

lim
i→∞

[Div(F)(pVi)] = Div(F)(p).

Hence, if Si is the boundary surface of each Vi, we might infer that the
�volume limiting operation� introduced above signi�es:

lim
∆V→0
about p

(
1

∆V

‹
S

F · n dσ

)
:= lim

i→∞

(
1

∆Vi

‹
Si

F · n dσ

)
= lim

i→∞
[Div(F)(pVi)] = Div(F)(p).

This elaboration o�ers one approach to de�ning the volume limit operation,
which implies that the above equation holds, motivating its use for de�ning
the divergence of a vector �eld, at least given that the Divergence Theorem
is assumed to hold.





Appendix B

B.1 Guiding interview protocols

B.1.1 Guiding protocol for student interviews after
Mat F

Prior knowledge

During the �rst part of the Mat F course you worked with vector analysis.
I would like to talk to you about some aspects of that.

Q1
0: Prior to this course were you familiar with the concept of vector �eld?

And how so?

Q2
0: Were you familiar with the concept of divergence of a vector �eld? And

how so?

General conceptualization of divergence

Q1
1: Imagine you were to explain the meaning of divergence of a vector �eld

to someone unfamiliar with mathematical theory. How would you go about
it?

Q2
1: How would you explain the physical signi�cance of the concept of

divergence?
- What physical phenomena can it help describe?,
- And how so?

De�nitions of divergence

Q1
2: The textbook and the lecturer presented two de�nitions of divergence

of a vector �eld. Do you recall these?
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Q2
2: Consider the de�nition

∇ · v =
∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z

,

where v = vx(x, y, z)i + vy(x, y, z)j + vz(x, y, z)k is a vector �eld.

How would you explain the meaning of this de�nition to someone unfamiliar
with mathematical theory?

Q3
2: Consider the de�nition

∇ · v = lim
∆τ→0

(
1

∆τ

ˆ
σ

v · n dσ

)
,

where v = vx(x, y, z)i + vy(x, y, z)j + vz(x, y, z)k is a vector �eld, and ∆τ
is a volume bounded by the surface σ having surface normal n.

How would you explain the meaning of this de�nition to someone unfamiliar
with mathematical theory?

Relations between de�nitions

Q1
3: How would you explain the claim that these two de�nitions are equiv-

alent?

B.1.2 Guiding protocol for student interviews after
EM1

Prior knowledge

During the E&M course you have seen the concept of divergence used. I
would like to talk to you about some aspects of that.

Q1
0: Do you recall being acquianted with the concept of divergence in the

Mat F course? How so?

General conceptualisation of divergence

Q1
1: Imagine you were to explain the meaning of divergence of a vector �eld

to someone unfamiliar with mathematical or physical theory. How would
you go about it?

Q2
1: How would you describe the physical signi�cance of the concept of

divergence to someone unfamiliar with physics?
- What physical phenomena can it help describe?,
- And how so?
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Gauss' laws

Q1
2: The textbook and the lecturer have presented some expressions de-

scribing the divergence of the magneto- and electrostatic �elds. Do you
recall any of these?

Q2
2: Consider Gauss' Law in di�erential form for electrostatics:

∇ · E =
ρ

ε0

.

If you were to describe the signi�cance of this law to someone unfamiliar
with electromagnetism, how would you go about it? How, would you say,
is the law useful in electromagnetism?

Q3
2: Consider Gauss' Law in di�erential form for magnetostatics:

∇ ·B = 0.

How would you explain the signi�cance of this law to someone unfamiliar
with electromagnetism? How, would you say, is the law useful in electro-
magnetism?

Comparison of divergence in Mat F and in E&M

Q1
3: In the Mat F course, you were acquainted with an application of the

divergence to �uid velocity �elds. What do you recall of that?

Q2
3: How would you compare the use or meaning of divergence when talking

about �uids, and when talking about electromagnetic phenomena - in what
regards are they similar, and in what regards do they d�er?
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B.2 Interview transcripts

B.2.1 Student interviews after Mat F course

Student A

Int. I would like to talk about vector analysis as you had
in the beginning of Mat F, and in particular, divergence.
Did you have anything about vector �elds and divergence
before this course?

Stud. No.

Int. So, the concept of divergence. If you were to describe
it now, to someone who is not a mathematician or has
a mathematical background understanding, what would
you say?

Stud. Then I would probably say that it is. . . Can be used
to describe a �ow �eld, if it wasn't mathematical, then
I would say, a �eld where you to each point are given a
velocity. And then you look at. . . Then there is some-
thing called �ux, which is a measure for, how much �ows
through a surface, and then, when you take the diver-
gence, then you take, what to say... Like, you say... The
�ux around an area, I think I would say, so, the net �ux
inward relative to the net �ux outward, and then you
look at whether there in total [Danish: netto] �ows stu�
in, or in total vanishes [Danish: forsvinder] stu� from it...
Relative to a point.

Int. And which physical phenomena, are you thinking, can
this describe?

Stud. I'm thinking. . . Everything where there is something
about �ow. And generally, vector �elds. Then there
�elds such as gravitational �eld, where �ux must be zero,
no divergence must be zero. And there are �eld such
as electric �elds, where the divergence. . . Or magnetic
�elds, where the divergence is zero, or something, I do not
really remember. There are plenty of �elds, each time
there is a �ow, as soon as there is a velocity speci�ed,
like, in space, then I think you can use divergence.
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Int. So now you said magnetic �elds for example?

Stud. Yes, oh, now I can't remember, but I think the divergence
must be zero for a magnetic �eld.

Int. Yes, okay, one of Maxwell's equations. . . What are you
thinking, that that means?

Stud. What am I thinking it means? I don't know. I think
that somehow, the magnetic �eld must be constant. It
is, like. . . Yes, I think that is the best description. If the
�ux. . . If the divergence weren't zero, then I would see
as the magnetic �elds would vanish out somewhere. . .

Int. What do they do elsewise, are you thinking?

Stud. I'm thinking they are simply constant.

Int. Yes, you will see about it come electromagnetism [the
later course]. I would like you to look at this de�nition
of divergence, that you have been presented to [writes
sum of partial derivatives de�nition of the divergence of
a vector �eld in Cartesian coordinates]. Can you read
my notation?

Stud. Yes.

Int. So, again, departing from this mathematical description,
how would you explain to someone without mathematical
insight, what is going on here?

Stud. Okay, if they did not have mathematical knowledge, I
would say that you look at how the �ow �eld develops
[Danish: udviklingen] in relation to a coordinate system.
That is, you look at the development relative to the co-
ordinates that you have. If I were to explain this, then I
would say, and there you have a notation where you dif-
ferentiate. Then you have, you di�erentiate the function,
but not, like, not all of the function, you di�erentiate
the velocity along one axis with respect to, like, the axis,
and you do that with all the axes in relation to all the
axes. And you can then write that collectedly as being,
lambda, is that the name?
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Int. Nabla.

Stud. Yes, Nabla dotted with, like, the �eld.

Int. And then you add it together. . . You said before that
there is something that is called divergence free. What
does that mean in relation to this equation here, would
you say?

Stud. In relation to this, well, that you add it together, I think
you ascribe that to the fact that you normally, when you
di�erentiate, di�erentiate term-wisely, so then you add it
together here, then you look at the sum, that is, in the
di�erent directions. Like, you could indeed have some-
thing that ran in one direction, and out in another, but
if it just unitedly gave zero, then you would not accumu-
late or diminish what was there, that is, what the �ow
�eld described. . . That is what I'm thinking.

Int. And if it is zero, if the sum is zero?

Stud. Then I would understand it as. . . The �ow �eld, what
to say, the �ow �eld was constant, maybe. Yes, it is not
the exact term, but in any case, that it. . . Okay, there is
no time here, so you can say, if the sum is zero, then the
�ow �eld will be constant. . . Then the �ow �eld at least
does not lead more in than it leads out. . .

Int. Okay. You were also given this de�nition at a point
[writes the �ux density description of the divergence of a
vector �eld]. Do you remember it?

Stud. Yes.

Int. Likewise, if you were to explain, what is going on here
to someone who is not a mathematician, what would you
do? What would you say?

Stud. Okay, but then I would probably say, that it is the same
that we are talking about here [the sum of partial deriva-
tives]. But this time, then you look at it, like, you have
a �ow �eld relative to a surface, and then you look at,
how the �ow �eld lies in relation to the surface. And
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then, when you integrate with respect to the entire sur-
face, then you say, like. . . You have a �ow �eld with
every element in the surface, and when you integrate,
then you get [it] for the entire surface, and then you di-
vide by some... Volume units. And then you say, when
the volume units tend to zero, then you kind of collect it
in a point. That is how I think, I would understand it.

Int. How do you regard the symbols, what they each describe?

Stud. n is the normal vector to a surface. So when you dot
that with the �ow vector, then you see, rightly, how well,
like, how similar they are. If it yielded zero, then they
would be entirely perpendicular. It would mean that the
�ow �eld did not lead anything through the surface, but
run parallel to. Tau, as I recall, it is some volume, and
when, so you do it. . . You take the surface. . . Well, as I
recall, it is simply that when that volume quantity which
you do it over tends to zero, then it means that it goes
toward a point. . . I don't know. . .

Int. So what is sigma?

Stud. Sigma is the surface. Sigma is a surface. And I am
thinking that, as tau tends to zero, then that surface
must also tend to zero.

Int. So, these two, two de�nitions of the same concept, that
look di�erent. How, would you say, that they relate to
each other, or are connected?

Stud. Well, I am thinking. . . Like, this one [sum of partial
derivatives] was, like, a change [Danish: ændring] in a
point, if you like. And this also kind of becomes that,
when �rst you have taken it over all of the surface. You
can say, they also relate in the sense, that this equation
[�ux density description] implicitly looks in the three di-
rections, that are in one's coordinate system, if it is 3D.
So in that way they are kind of the same. There is of
course a di�erence as for whether you have volumes or
surfaces, when you do the top one [sum of partial deriva-
tives], but with both of them, it is, like, something spa-
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tial, the spatial development, that you look at relative to
a point.

Int. In this one up here [sum of partial derivatives], I see that
there are three vector component functions, and there
are three coordinates. And then I think, whether there
are nine possibilities for partial derivatives. There is d vx
over dy for example, d vx over dz. . .

Stud. Why you don't use those?

Int. Yes, where are they? Do you wonder about that?

Stud. I have not really thought about that. I am thinking that
you are just used to, when you make gradients and such,
that you always have vx,dx, vy,dy and so on. . . So, where
the others are. . . I think it is kind of like saying, like,
the direction, the component function in y should not
change in relation to if one di�erentiated with respect to
x. Of course, it can depend on x anyway, but maybe,
like, spatially, it would not. . . If you look at a point,
and were to say, how the development was around that
point, then I think that perhaps it would be an odd thing
to say, that now we look at the development along one
axis, but with respect to going in along another, Or, like,
I hope that makes sense.

Student B

Int. If you were to explain this concept, divergence, to some-
one without mathematical background, what would you
say?

Stud. Well, entirely without mathematical background. Then
I would say. . . If we imagine some kind of �ow in some-
thing, for example, in air or water and so on, then you
can describe it by arrows. Like you see on weather casts.
There are lot of arrows that circle around, that show
where the wind or water is going. Then you have a con-
cept called divergence. It tells something about, whether,
that there is a place where something is �owing out from,
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or into. For example, as with the bottom of a bathtub,
where the plug has been pulled out, or a water tap.

Int. Now you say water and air. Are there other physical
applications that you could use it for?

Stud. Yes. It is also very much used in electromagnetism and
so on. And, now we are talked about arrows, but it is
generally used in �elds where you want to describe some
�elds. . .

Int. So what is it that those arrows show in electromagnetism,
are you thinking?

Stud. Well, they show magnetic �elds, they show electric �elds,
and yes, that is kind of all I know in that connection.

Int. So divergence, how are you thinking about it in that con-
nection?

Stud. So divergence, how are you thinking about it in that con-
nection?

Int. You were given this de�nition of divergence [sum of par-
tial derivatives de�nition]. If you were to describe to
someone, what this describes, this kind of de�nition, what
would you say?

Stud. Well, �rst and foremost, I would say what it is. What is
the divergence of a vector �eld, well, it is if you take the
component functions of the vector �eld and di�erentiate
with respect to x, and so on with y and z, and the put
them together, then it becomes a scalar and not a vector.
But what it describes... If it [points to the vector �eld
symbol, F] were a scalar, then it could describe a gradi-
ent, right? And then you could say, that... Well, it is a
bit odd, because in the speci�c point, then it describes
the gradient of the vector �eld. . . . I think you could say.

Int. By divergence, or by the partial derivatives, what are you
thinking?

Stud. Well, that is what I am not sure about. Again, with a
scalar, this would be a gradient. And then again not,
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because the gradient is a vector, and this, this is just a
scalar. No, I don't think I would. . . I think that was
also something that we found hard, making mathemat-
ical sense of it. Because, what we then found out was,
well, you can use it, and if it is positive on one side and
negative on the other side, then something is �owing out,
and if it is kind of the opposite, then something is �owing
in. . . I would not be able to make sense of it, I would
not be able to explain it.

Int. But, like, if you connect it to your idea from before, what
you said about the divergence, it was. . . You said, there
is something that is being created, or something that
vanishes in a drain somewhere in space, how can that one
[sum of partial derivatives] describe that, do you think,
that same phenomenon?

Stud. If we, now again, assume that in a certain point, then we
can consider the scalar of the vector �eld, or the vector
�eld's. . . No, we cannot even do that. Okay. . . The
slope of the vector �eld in the x direction, and the slope
of the vector �eld in the y direction, and the slope of the
vector �eld in the z direction. . . Then you could argue for
some sort of gradient, but when you then just put them
together to some sort of number, that I cannot [explain].

Int. So, the gradient, that makes sense to you?

Stud. Well, when you just put the components of the gradient
together to a number, that I cannot explain.

Int. He [the lecturer] also, at a point, gave you this de�nition
of divergence [�ux density]. First, do you remember it?

Stud. I think it was the one that holds in general, or. . . I do
recall having seen something, because maybe that was
the one which should hold in general for all coordinate
systems, I think.

Int. Do you remember what the symbols signify?

Stud. Tau, it was some sort of proportionality factor.
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Int. Well, that is in other contexts, it is a volume here. You
know, notation varies, but it is a volume, sigma is a sur-
face.

Stud. I remember this as a surface integral, and. . . Then, you
say, tau is a volume. . .

Int. Yes, and sigma is its boundary surface.

Stud. What you �nd, it is... If you do this surface integral,
then I imagine, that you also will �nd the �ux. If you
then multiply it... The �ux, then it is per unit volume,
or per. . . Either per volume unit or per area volume, I
do not know if something happens to the area here that
integrate over. That is actually something that I do not
know, what happens to the units with integration and
di�erentiation. . . Then it must be some kind of �ux. You
get �ux, and then the unit vanishes, or does it? But I
see that this [the entire expression] might describe, like,
how the sign of the divergence tells something about,
whether it is being drained... Whether there is a source,
or whether there is a drain. Because, it should signify,
that if you have this surface integral, which gives you
some �ux, and you then multiply it with some volume...
You did not even need any volume, because, simply the
sign, it would tell you something about, whether there
would be a drain or a source.

Int. What about this part, that there is a limiting procedure.
The de�nition is all of this [the ratio of �ux to volume
magnitude] when the volume tends to zero.

Stud. No, that [part] is not clear.

Int. So these two. Two de�nitions of divergence, which look
di�erently, and apparently should be the similar, de�ne
the same concept. How do you explain their relation?

Stud. I can't. . . Because, I can't.

Int. Is there anything about them, that makes you think,
okay, there might be some similar ideas here?
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Stud. Well, I kind of quickly considered the dot product in my
head. It does not yield anything like the same. If you
then. . . But, if you try to do the dot product and then
integrate three terms... But. . . I still do not see, how it
could be the same.

Student C

Int. If you were to explain the concept of divergence to some-
one, who does not know mathematics, what would you
then say?

Stud. It's actually a good question, because with rotation, it
was kind of selfevident. It was somewhat in the word, I
think, where divergence, it was kind of a more abstract
thing, so to speak. But then again, it is something that
you use in connection with some �ux. So it... Okay... I
would probably say that, divergence, it is about investi-
gating an outward or inward �ow across a surface or a
volume. . . To someone who does not know it.

Int. Okay. Out- and in�ow. . . Of what?

Stud. Of what you are investigating, it can be anything, it can
be both a physical material, but it can also be energy or
pressure, or. . .

Int. Or, are there other things that you are thinking of?

Stud. Well, it could also be something like velocity or acceler-
ation and such.

Int. I now write a de�nition of divergence [sum of partial
derivatives]. Can you read my scribblings?

Stud. Yes.

Int. Again, if you were to describe, departing from this mathe-
matical expression, what kind of concept does it describe?

Stud. Well, it is something about... investigating a change in
the velocity [the vector �eld considered seemingly being
identi�ed with a velocity �eld], at the place, and because
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the place is... The space consists of three dimensions,
then you investigate the change in either direction... And
so, by adding them up, you get the total change.

Int. Well, we have three components here vx, vy, vz, we have
three coordinates x,y,z, that gives me nine combinations
of partial derivatives, d vx over dy, for example. Do you
wonder that they are not there?

Stud. But that is something else, that is the gradient. . . Like,
I am thinking, that if you consider the change, like if
you take the vector and split it in three component func-
tions, and then consider the change of each coordinate. It
is clear, then, that there will be no. . . If you have a com-
ponent function in the x direction, then you will not have
any change in the y or z direction, because the compo-
nent function only goes in the x direction, and therefore
it is only that, which is interesting to investigate.

Int. But normally, when you have a scalar �eld, and you take
its gradient, then you say, okay, I would like to describe
how much it changes in a point, it changes this much in
the x direction, this much in y, and this much in z. So
there, if you take each scalar �eld [points to component
functions of the vector �eld], then can indeed change in
any direction. . . So, they are not here [in this expression].
Does that make sense to you?

Stud. I should probably think about it, because it is correct
that, in principle, you could have some component func-
tion in the x direction, which then was changed by going
in some y or z direction. . . So, no, I do not immediately
see the reason, except that I know that one is a gradient
and the other is a divergence, then I do not see the phys-
ical meaning of, why we disregard that in the divergence.

Int. Then I would like to give you this alternative de�nition.
How would you explain it?

Stud. It is indeed an integral over a surface, an entire surface,
where we, when tau goes to zero. I believe that tau is the
volume. . . And when we have, that the volume tends to
zero, then it tends to a surface. And then you integrate
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over all of this surface [points to the surface integral] to
�nd the �ux, that is, the divergence, right? And what
you do is then, when you dot the normal vector with
the velocity vector, then you �nd. . . well, that is the
question. If you dot those two, then I guess you �nd,
what is perpendicular on, don't you, and then you �nd
the velocity which goes exactly through the surface. . .
I think. . . Or is it when you cross that you �nd the
perpendicular. . .

Int. You can say that it is, how much the vector �eld goes in
the direction of n.

Stud. Oh yes, of course, then you rightly �nd the �ux. That
makes sense.

Int. Sigma, in this equation is the boundary surface of tau.
I have not speci�ed that well enough. But, again, with
non-mathematical terms, how would you describe what
is going on in this equation of de�nition?

Stud. Well, this thing about, that you have some sort of... You
have some... Volume. And then you let it tend to zero, so
that we only consider the surface. But, like, we have not
been explained that thing about, why there is a 1 over
the volume outside [of the integral]. Well. . . it somehow
comes from some kind of sum, right? Where you then let
the volume tend to zero.

Int. So this [points to the surface integral] in itself, only this
integral, what are you thinking that it describes?

Stud. It is, that you investigate every little surface element,
like, how much. . . velocity goes out of, and into it, of
every little surface element, and then you just sum it up,
and then you get the total divergence of the surface.

Int. And, why are these two [de�nitions] similar. How do they
describe the same thing?

Stud. That is a good question. . . I do not remember. . . It
is something about, that up here [sum of partial deriva-
tives], you consider all the changes in the velocity, and
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down here [�ux density], you want to. . . Well, it is like,
it is something about, like, that you have vx, vy, vz, and
then you dot it with every unit vector. So in that way,
you still get. . . You still get something in every direc-
tion, that is, all of space. And then, well, I don't know.
Then you get a change in either direction in space, and
here you also get some change over every surface, or �ow
through every surface, or in a sense, also the change in
every surface element. And sum it up, then you get the
change in the entire surface, so it kind of equates with
saying, well, then we have, every change in in the x, y,
and z direction. . . I guess.

Student D

Int. If you were to describe this concept, divergence, to some-
one who is not knowing of mathematical theory, what
would you then say?

Stud. I think. . . Because, in the beginning, I think, that I
misunderstood it myself. I thought that if it were diver-
gence free, for example, then it meant that there was no
�ow at all. That there was nothing coming out. . . But
I think, that I would describe it by, if something is di-
vergence free, then, I think also the Mat F lecturer says,
what comes in must come out. Then there is that thing
about. . . And that has stuck with me. If it has to be
divergence free, then there is neither anything that accu-
mulates, and there is nothing new emerging. That is the
immediate understanding that I have of it.

Int. In relation to physical theory, you just talked about, what
comes in must come out. In the context of which physical
phenomena or theories are you thinking that this is useful
or meaningful.

Stud. Well, in most of the examples, that we have had, it had
been like, �ow or a river, quite tangible examples. But
also, I am not quite sure, but also with magnetic �eld,
and there I cannot really imagine it, because we have not
learned about it yet, but I can see that. . . Well, some
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of the tangible examples, like, with water, I am think-
ing, and we have learned about sources and sinks, where
you can almost see those vector arrows and how it �ows.
There is very clear, where, with the other [magnetic �eld]
I do not have any image yet.

Int. You have been given this [sum of partial derivatives]. De-
parting from this one, that this signi�es divergence, how
would you explain it to someone could not immediately
read this mathematical symbolism?

Stud. I think of it, as if we have some �eld that is moving, and
if we are to describe... The change of that �eld, if there
for example is more coming in, then we can look at it.
Because it is a �eld in space, then there kind of have to be
three dimensions in which it can change. And that means
that we have to split it up into, whether our change in
divergence, or, like. . . whether more or less. . . whether
there is a change from x, y, or z, and then say, that the
total change is... will show, whether we get more �ow, or
less �ow, or if it is zero, then it is divergence free.

Int. Well, the vector �eld, it has vx, vy, and vz. And when we
take partial derivatives, as there are three coordinates, x,
y, and z, so you could say vx di�erentiated with respect
x, vx di�erentiated with respect y, vx di�erentiated with
respect z, vy di�erentiated with respect x. . . And so on,
can you imagine that?

Stud. Yes.

Int. Do you wonder, why those partial derivatives are not
there?

Stud. Not before you mention it now. But. . .

Int. You say, that it is the total change, but there are of course
many ways to di�erentiate. . .

Stud. Yes, but what you are saying is, that the change in vx,
dy, for example, why they are not there. . . And all the
others. . . Is it because it is contained somehow. . . It
becomes, here you look at the vector �eld in the x direc-
tion, so there in no change in y or z, so it must be zero,
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or. . . It must be because that one. . . We have split it
up in three, and that is why. . .

Int. You were also given this description of divergence [�ux
density]. How would you explain that?

Stud. That is a volume, right? And then you say that it is. . .
Yes, is it not something about saying that. . . Then you
use the surface normal to describe the entire surface, and
then kind of look at the divergence through. . . In and
out of the surface. . . Yes.

Int. So now we have two de�nitions of the same concept.
They are similar in a sense. That is, they describe the
same. Do you see how they relate to each other in any
way?

Stud. What I am thinking is that we have, in some way, a sur-
face that we divide by a volume. And then I am thinking
that we are back to our dx, dy, dz. Because, then you
kind of get down in dimensions, or. . . I am just thinking
that intuitively. But. . . And then we have our surface
normal and our. . . Which is also just. . . I really do not
know how to explain why it. . .

Int. And what are you thinking about these limiting opera-
tions, what is the signi�cance of those?

Stud. I do not really know. I can't make sense of it.

Student E

Int. If you were to describe this, divergence, to someone with-
out mathematical beckground, how would you that?

Stud. Well, I think, the way I understand it is, that there is
either an accumulation somewhere in the �eld, there is
kind of something that emerges somewhere in a �eld, that
was not there before. Something is. . . You can say that it
is more di�cult to get a physical understanding of it than
a mathematical one. The mathematical understanding is
rather simple if you have learned about �eld theory and
vector analysis. The physical understanding is a bit more
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di�cult, because it relates to. . . Most physical �elds are
indeed divergence free, or like, at least many of the ones
that you know.

Int. What could they be for example?

Stud. For example water. That is, something with a basin of
water, it will almost always be divergence free, because
water does not emerge, and water does not vanish. It
will always be. . . Well, but you can say, it will always
be the same amount of water which comes into a point,
as comes out of the same point. That is, anyway, how
I understand divergence in general. Maybe I think of it
as a kind of �lter. If the divergence is negative, then it
is because some water comes in and hits this �lter, and
then a smaller amount will come out. But where does
the water go. . . ?

Int. That is a good question.

Stud. Yes, and therefore, I must admit, that I am not quite
satis�ed with that understanding. But it works to some
extent, at least to understand when �elds are divergence
free.

Int. Yes, in the divergence free case, but what could you imag-
ine in the case, where it is not divergence free?

Stud. That is a good question. Well, if you look at, if you look
at a �eld where there is something, where some water
disappears out of, well, some hole in a basin, then you
could perhaps like to think that there is not a zero diver-
gence in that �eld. Because the water kind of disappears
somewhere, so when it gets there... Then there is not as
much water as on that side of that point as there were
before. But I think that the concept got confusing when
we got to the point. Well, it made sense in relation to
stationary �elds, where it does not change in time, but
when it starts changing with time, then it is suddenly
something else.

Int. Then there is this one [writes the sum of partial deriva-
tives]. A de�nition of divergence. Do you remember it?
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Stud. Yes, clearly.

Int. Again, this is a description in mathematical notation. If
you were to explain it to someone who did not understand
this notation, what would you say?

Stud. It is what you call a gradient, or, actually it is not really
that, but you can look at it as a quantity, which describes
the gradient, that is perhaps how I understand it. It is
like. . . If we go in some direction, then there will be
a change in the �eld, and then. . . It kind of describes
all directions at once, but if we imagine now that vi are
just going out of the x axis, then you can see, what the
change in the x axis, or, what the change in the �eld's
x component. . . And the part of the �eld, that depends
on. . . No, that is maybe, that is again very mathemat-
ical, but like. . . But when you move in one direction,
what happens to the �eld then, and when you move in
another direction, what happens to the �eld then, and
when you move in the third direction, what happens to
the �eld then, right? And like that, it is kind of, it is
both to see how the �eld changes relative to where you
are in it. That would be my immediate understanding of
it.

Int. But I am thinking, this is a vector and it has three com-
ponent functions, then we have three coordinates, x, y,
and z, in space. But you could for example di�erentiate
d vxd y, for example, and the other nine combinations in
total, right?

Stud. Yes, that is right.

Int. Where, are you thinking, have they gone? Why are they
not in this expression? You speak of change in the vector
�eld in a point.

Stud. But it is a scalar quantity that we get as output, it is not
a vector, so it is some kind of absolute value that you get,
or, it is some kind of scalar value, I think it is di�cult
to relate to. . . Exactly what it represents. Also because
I do not think that you are given a clear answer at any
point, it is like, that it is not considered the purpose
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of divergence, you have just given some term in some
di�erential some name, and then you can say a lot from
that, and that is damn clever. But when you think about
it. . . A �eld, it has those three vectorial components in
this case. And it is precisely those, which describe how
the �eld changes. . . In which direction. Maybe it says
something about a tendency in the point or in the �eld,
actually. Because, if you look at how. . . It is in fact
the total di�erential that you are looking at here, where
you have just taken it component by component. . . You
are somewhere in space, and there you have kind of, it is
like. . . No, because, it is all of space that you are looking
at here. . .

Int. Well, it is a scalar �eld, right? To every point it gives a
value. You say the total di�erential?

Stud. Yes, but that is dangerous. . . That is when you have the
hard d's.

Int. Yes, the total change. . .

Stud. But it is kind of that, which you �nd here, right? When
you take it for all of the components and then sum up,
right?

Int. You were also given this de�nition [�ux density]. Do you
recall it?

Stud. Yes, but it is more funky, right? You can say, it looks
like something that you have seen in Fourier transforma-
tions or some kind of coordinate transformation. Where
you have an inner product and then some normalisation
factor outside [the integral]. We haven't had it derived,
so it is not quite understandable to me, I must admit.

Int. What are you thinking about each part of it? What they
signify?

Stud. The �rst part here, 1 over delta tau must be some kind
of normalisation factor, they introduce.

Int. It is a good guess, but I must say now, that in this con-
nection, it is a volume, tau is a volume, and delta sigma
is the boundary surface.
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Stud. Yes, that makes sense. And here [points to the integral]
you integrate over. . . So you have the dot product be-
tween a normal vector �eld, so you actually do it along. . .
No, you. . . It is how much that goes through it. Yes. So
it is the �ux through it. Then you sum up. It is a sur-
face, so you kind of have a ball which is bounded, and it
contains some volume. . . It is a good question.

Int. What are you saying that this [the �ux integral] de-
scribes?

Stud. That must be the �ux through some volume, or, some
surface that bounds a volume. And then you normalise,
or. . . The relation between �ux and the change of the
volume. . . That is kind of what you are getting at here.
It kind of makes sense with the thing that nothing emerges,
and nothing disappears in the �eld. That you have. . . If
this one. . . No, then it should be equal to zero. And it
only is if the volume either expands very much, or that
there does not occur. . . If you di�erentiate this expres-
sion, that would perhaps be easier to understand it. . .

Int. Well, this [points to limiting operations] is a part of the
de�nition.

Stud. Oh, that is part of the de�nition, so when tau goes to
zero.

Int. It could also have been written as limes.

Stud. Ahh, okay, then it makes a little more sense. So it is
when you let the volume change go to zero.

Int. Well, I think I could change it to, just to make the nota-
tion consistent, I see that the deltas can be a bit confus-
ing. That [delta tau] is a volume and that [delta sigma]
is the surface that bounds it. So, it is a de�nition of
divergence.

Stud. Okay, and then you sum up over all the small amounts of
�ow that is through the volume when the volume goes to
zero, and the surface with it. . . So, if there is any kind
of �ow, then it goes something else than zero. . . It is
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like, you look at a point in space, so it is just a limiting
case, where the volume equals zero, then it becomes a
point, right? And then we look at what the �ow, or what
the cross product between a �eld and the normal vector,
but that is kind of like, if you have a point, what is its
normal vector then? It can go in all directions. . . And
that is perhaps why you use nabla, because it describes
all directions, or, the change in all directions. So it is just,
that. . . It is perhaps a bit back to my original de�nition,
it says something about the �ow through a point. . . But
that is not the same as saying that there cannot be a �ow
through a point if it is not equal to zero. . . Or, if it is
equal to zero. You could be tempted to think that there
is no �ow through a point because the divergence equals
zero. But it is not that, which. . . That is in not the case,
I am pretty sure.

Int. What is zero then, are you thinking? What is it that is
not happening?

Stud. There is no accumulation, nor the opposite of accumula-
tion, a creation if you will, or something. An outlet, or
a increase of mass, or whatever it is you are looking at,
running through a point. . . So it is, and I think that was
my �rst point, how much. . . Whether the amount that
passes through a point, or what can we say, the �ow in a
point is the same on both sides of the point.

Int. This de�nition and that de�nition are two mathematical
descriptions of the same concept, divergence. Do you see
how they relate? How can they describe the same?

Stud. This is just. . . What it relates to, well, the reason is
that. . . Well, that one [�ux density] is more general be-
cause it does not depend on which coordinate system, or
which. . . It holds also for both polar and spherical and
cylindrical coordinates. So, in that way, it is a generali-
sation, this one. And that makes good sense in relation
to what I said, or what you helped me see, that it is the
volume that goes to zero, and therefore it is in a point.
And like that, you cannot speak of x, y, and z in. . . The
only thing that you can wonder about is. . . Because you
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look at the change in relation to the magnitude of the
volume. And the magnitude of the volume goes to zero,
and the change must then go to something. But okay,
this [the integral] also becomes a very small number, so
it is, it ought not divergence a lot here. Okay, that is a
dangerous word to use here. . .

Int. Good point.

Stud. It should not, so this [�ux density] is just a generalisation
out of the Cartesian coordinates into whatever you want
to express it with, if there are other sorts of symmetries.

B.2.2 Student interviews after EM1 course

Student A

Int. You have seen the concept of divergence in Mat F, and
now also in electromagnetism. And, now, I would like
to ask you, after all that, what, what... If you were to
describe the concept of divergence to, that is, the diver-
gence of a vector �eld, to someone unfamiliar with it,
what would you then say?

Stud. Then I would say, that the divergence of a vector �eld,
it was... If, if, what the vector �eld. . . Okay, I think,
if I should. . . Somebody who did not know about it,
then I think, I would say, that it was, what the vector
�eld described, how that changed in regard to, whether it
�ows away or �ows toward a point. So it is. . . So it has
to do with, whether the vector �eld, relative to points,
leads away or leads to... Or is simply constant.

Int. And if you were to describe its signi�cance in an electro-
magnetism context?

Stud. Well, then you can say. . . You can say, that the diver-
gence of an electric �eld. . . Which, which then has some-
thing to do with the charges... No, I might be mixing
them up now. Okay, I am pretty sure, that the diver-
gence of an electric �eld, it is the charge density over
epsilon 0... That is, if there is a charge somewhere, then
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the �eld lines will point away from the charge, I think.
So therefore, is, when you take the divergence, then it,
then you can maybe understand it so, that the quantity
for, how much points away from a point, that depends
on, what there is in the point, what is the charge, as it
is the charge, that generates the forces and the �eld.

Int. And what about the rest of the �eld. That is, a charge
generates a �eld, and then its divergence tells, you say
how much...?

Stud. How great the charge is in that point. Well, it is because,
you can also have a charge distribution, but then the
divergence tells something about the charge density in
that point. Or, not in that point, necessarily, just like,
the charge density... So, the greater the divergence, the
greater the charge density will be, because the more the
electric... Or, well, the more the �eld will point away,
I'm thinking.

Int. Then there is a version [of Gauss' Law in di�erential form]
for the magnetic �eld. How would you describe, what the
physical signi�cance is of that?

Stud. Well, you usually say, that it means, that there are no
magnetic monopoles. That is to say, the physical signif-
icance is, that after all, then magnetic �eld lines never
vanish out into in�nity, where, you might say, [for] elec-
tric �eld, there will always... The �eld lines will al-
ways point away from point charges, whereas magnetic
�elds, they bend around and meets themselves, because
you cannot have a magnetic monopole. Which, maybe,
resembles [the point], that you can also have electric
dipoles, and there you will also have, that all �eld lines,
perhaps except those on the line, that is the connecting
line between the two [monopoles], if there were two oppo-
site particles, they [the �eld lines] will meet each other,
but besides from that, then all other �eld lines, they will
move from the one to the other.

Int. But what does that tell you in relation to divergence,
this equation [Gauss' Law in di�erential form for magne-
tostatics], it says something with the divergence, right?
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Stud. That is, that the magnetic �eld in some way er. . . I said,
that the divergence, it was about, whether there was a
net amount of something, that is being lead in or away.
That means, that the magnetic �eld is somehow constant,
I mean. . . It... What to say, it does not lead anything
away from a point, or to, it can move something around
in the space around, like, but it is not like. . . That it...
I think...

Int. So it is somewhat natural to you, or is it not, whether
the divergence being zero and [there are] no magnetic
monopoles?

Stud. Whether the two things are the same?

Int. Yes.

Stud. It seems the opposite. It seems natural, that if there
are no magnetic monopoles, that is, if you can only �nd
magnetic dipoles, then the �eld lines should never, like,
vanish, and when the �eld lines cannot vanish, then it
says something about... Then they will not lead any-
thing away, because they will be lead around... If you
had something, that a�ected these �eld lines... So like,
whether the divergence is zero means, that there are no
magnetic monopoles, that I do not think so much on. It
is de�nitely the other way around.

Student B

Int. Now, you've had more to do with divergence, seen it in
other contexts, at least. So, again, if you were to describe
how, some physical contexts, wherein the divergence is
useful, or can describe something, has meaning, what
would you say?

Stud. We have had a bunch of notions wherein divergence plays
a part... And, well, for example with these electric �elds
and magnetic �elds, and how you use the divergence and
the rotation to say something about them. Then you can,
like, move on and calculate some quantities for di�erent
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types of charge and so on. From. . . But here in electro-
magnetism, then it has become, like, you no longer think
about what the divergence and the rotation is. You have
a feeling [Danish: fornemmelse] for it, it has become kind
of like calculation rules, like, I use calculation rules for
logarithms without thinking on, where they come from.
For example, that the logarithm of a over b, it is the
same as the logarithm of a minus the logarithm of b, I
don't remember at all where that comes from. I remem-
ber from high-school that it was something about, that
the logarithm function looked like this [gestures a motion
with the hand], and if you have the point a here and b
here, then you can say something, and then you obtain it
[the result indicated above]. But I don't remember what
connection there was. And that is... It is of course not
as distant with the divergence and the rotation, but it is
becoming so. Now it is just something that you recog-
nise. Okay, here I can use it, here it makes sense, and
then I can use it for computing on.

Int. Would you still be able to write up the mathematical
de�nition, a mathematical de�nition for example, of di-
vergence?

Stud. Yes, I think so, I remember that one about, maybe not
exactly, I must think a bit on it. . . I remember that one
with d tau, that is, the volume element, like, when it is,
that the volume tends to zero, then you get it reduced
to some expression, which is very simple. And then I
of course also remember the thing that divergence, it is
the change in, I must think a bit. . . No, well, I don't
remember. I remember an expression for the divergence
where it looked like some gradient in all directions.

Int. You talk about a volume tending to zero. It is then a
mathematical approach to writing it [writes down the
�ux density de�nition of the divergence of a vector �eld].
Does that tell you anything about what. . . How diver-
gence is meaningful. Like, the way you have used in elec-
tromagnetism, does it relate to what you just said with
a volume that shrinks?
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Stud. Yes, Well, the divergence tells about, how much, or the
relation [Danish: forholdet] between, what �ows into some-
thing, and what �ows out of it. So if you reduce the vol-
ume element to zero, then it is like you have a point. And
then you can say something about, how much is �owing
into this point, relative to how much �ows out. You can
use that, for example, for electric �elds, because electric
�elds tend to fall over distance. So it is as is you have
something that is very compact in the point charge, and
then it simply falls. That is, you have a negative diver-
gence, I think, that there is more that �ows in than �ows
out.

Int. Where do you have that, are you thinking?

Stud. Everywhere away from the point charge.

Int. Do these interpretations make sense to you compared to
the way you looked at it in Mat F?

Stud. Yes, because, every time, I think about divergence, I
think of it in relation to �ux. And that makes good
sense, because when the �ux is the kind of thing that
actually �ows in or out, then the divergence is more of a
number for... I think, that you can write up some sort of
proportionality factor between divergence and �ux. We
did that in Mat F back then. So, if you make a curve de-
scribing the �ux, then it might be that you can, that the
divergence will then be some sort of constant, or maybe
even a variable, which is leading in that formula, I kind
of think.

Int. Speci�cally, in this course, you have met this equation
[writes Gauss Law in di�erential for electrostatics]. Does
it make sense to you?

Stud. Speci�cally, in this course, you have met this equation
[writes Gauss Law in di�erential for electrostatics]. Does
it make sense to you?

Int. So there is an integral form also?

Stud. Yes, I think this is the integral form [writes up Gauss'
Law in integral form]. Yes, it is, if you integrate rho over a
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surface area you get the total charge. . . No, over volume,
of course, then you get the total charge therein. And,
that is the same as making a line integral. . . Yes, that is
like, Stokes' law or something, which relates these two.
Anyway, it is the last form, here, [integral form] which
we have used most, because this [Gauss' in di�erential
form] does not say much, or like, it says a lot, but it
is not so practically useful. . . But if I were to look at
this [Gauss' Law in di�erential form], I would probably
have to think on it, that is, why it is the charge density,
which is... What that has to do with the divergence, but
I might �gure it out in a couple of minutes. The other
one, though, [integral form law] is much more intuitive,
but it might be simply because we have used it a lot.

Int. And then there is the other, right? Or, at least another
[writes Gauss' Law in di�erential form for magnetostat-
ics]. What do you get out of that?

Stud. Well, it is something that has been repeated over and
over, right, that there are no magnetic monopoles. But,
does that make sense? . . . In relation to what I am think-
ing. . . Because, if you have this �eld, for example, [draws
a number of straight parallel �eld lines], which is con-
stant. . . Then there is no divergence. So in my view,
you could de�nitely have a B �eld, which was simply con-
stant, and then it would not have any divergence either,
and that would not be an argument for there being no
monopoles. But then you might imagine that this �eld
[that has been drawn], it should originate from some-
where. Yes, it must come from somewhere, some point.
And in that point, there would be a divergence.

Student C

Int. I would like to talk to you about the concept of diver-
gence. You had about it in Mat F, and then you also had
something about it here in electromagnetism. If I ask you
now, after all that: If you were to explain the concept of
divergence to someone who did not know about it, how
would you do that?
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Stud. Then I would explain something with, that it is about,
how much �ows in and �ows out of. . .

Int. Of what, what �ows in and out?

Stud. Well, it depends on, what you take the divergence of. . . .
But it is some out�ow or in�ow in a point or in an area
or a surface.

Int. So if it is in electromagnetism, what is it then, would you
say?

Stud. Then it is. . . Then you take the divergence of some E
and some B, and such. And there I believe, that it is
some �eld lines. That's what I would understand, and
that is the reason, why you get the divergence of B will
be zero, because you will always have an equal amount
of out�ow as in�ow, because there are no monopoles. . .
magnetic.

Int. So the �eld lines. . . ?

Stud. They will always be completed.

Int. In contrast to an electric �eld?

Stud. In contrast to an electric �eld, where, if you have a point
charge, then there will be some out�ow of the �eld lines. . .
If it is a positive charge.

Int. Here we have a point charge, positive [draws a point and
a plus on a sheet of paper]. And that generates an electric
�eld. And that has some divergence. . . Or not?

Stud. Well, that is, what is equal to rho over epsilon 0, is it
not? But immediately, I think, that I would write some
�eld lines like this [draws �eld lines, rays emitting from
the point charge]. Which go away from it. And if you
then. . . Consider some area, and look at divergence in
that area. . . And then I think, that you somehow look
at, that you look at some kind of divergence of the E �eld,
which will then give the amount of charge, that you get
through, over epsilon 0. Well, I don't know if that makes
sense. Because, well, that rho there, it is something, that
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you normally consider, when you have something, that
is, some kind of surface which has a charge, right? Then
you have some sort of charge density. But the charge
density. . . It's di�cult to consider that. . . Well, here
[points to a place away from the point charge] I guess,
there is no charge density, as there is no charge in that
point, or in that area. Then there will be some kind of. . .
If you somehow consider something. . . Here, around [the
point charge], there must be some kind of charge density,
or some charge.

Int. But not out here? [points to a place outside away from
the point charge]

Stud. Well, that is of course also because, you can say, there
is one �eld line, that �ows out, and then it �ows in and
out again. And therefore, the total divergence will be
0. Because, what �ows out also equals what �ows in, I
think.

Int. There is also. . . You can also consider the magnetic �eld.
What do you associate with divergence and the magnetic
�eld?

Stud. That it is 0.

Int. Why?

Stud. As I understand it, it is simply because you cannot have
any non-closed magnetic �eld lines.

Int. And how does that relate to the explanation of diver-
gence, that you gave earlier?

Stud. Well, it is, that is exactly that thing about, if you have
some magnetic �eld lines like that [draws magnetic �eld
lines]. Well, then you will always have an equal number,
equally great in�ow and out�ow, because they [points to
the �eld lines] will always be closed somewhere. Then it
does not matter whether you consider it here [points to
a place in the drawing], or here [points to another place],
then there will not be any in- of out�ow, because they
will be closed.
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Int. I would like to ask you last. With Mat F and the �uid
�elds you had there compared to, now, electric and mag-
netic �elds, how would you explain, that the divergence
is the same concept employed to describe �uid �elds and
then electromagnetic �elds?

Stud. I think, that it is. . . It can be in- and out�ow of all sorts
of things. And when you speak of electric or magnetic
�elds, then you are dealing with �eld lines, but it could
equally well, as it is in Mat F, be a tub full of water, and
then it is just about, how much water �ows in, and how
much water �ows out.

Student D

Int. You have met divergence in Mat F 1, and then also
worked with it here in electromagnetism. If you were
to describe divergence to someone who does not immedi-
ately know of it, how would you go about it?

Stud. You have met divergence in Mat F 1, and then also
worked with it here in electromagnetism. If you were
to describe divergence to someone who does not immedi-
ately know of it, how would you go about it?

Int. If I, now, draw a single point charge. Let's just say, it is
positive. What, then, would you say, does this equation
[Gauss' Law] describes about this situation?

Stud. It describes, how the �eld looks. Then I would say, that
it would have a �eld like this [draws �eld lines emitting
from the point charge] What can you say. . . Well, if we
now had all of these [points to the �eld lines], whether I
stand here, or I stand here [draws two circles on at two
locations in the �eld line diagram, away from the point
of charge], then the divergence is di�erent. . . Or. . . I
think more in terms of the number of �eld lines, that go
through. And if it were. . . If I could draw a quadrilateral
here [draws a square], and it were the same number of. . .
then it would be divergence free, as I understand it.

Int. But it is not, according to this equation, you say?
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Stud. No, because we have some charge, right. That creates
our �eld. . . Yes. . .

Int. There is also a corresponding equation for the electric �ux
[writes up Gauss' Law in integral form for electrostatics].
Do you recall that?

Stud. Yes, isn't that the one, where you say, where you make
a Gaussian surface, and then. . . I think, that makes
more sense to me. That you can integrate around, along
a surface, and then say, like, as long as the E �eld is
constant over the surface, then you can take it out, and
then just integrate over the surface. What we get is then
the charges, we have inside the surface, that we have
placed.

Int. Now, this is Gauss' equation [means law]. And so does
this [points to Gauss' Law in di�erential form]. Di�eren-
tial form and integral form. How, would you say, is there
connection between them, or is it just verbally?

Stud. I think, I see the �rst on di�erential form. It is good if you
know the E �eld. If I know the E �eld, and I want to �nd
the charge, then it is that one. But if I would like to �nd
the E �eld, and, like, can say, that it is constant inside
[on, presumably] some surface, and know the charges,
well, then I would use that one [integral form]. Because,
I think, like, I would use them for two di�erent purposes,
depending on what was the easiest.

Int. Okay. . . [writes up Gauss' Law in di�erential form for
magnetostatics]

Stud. Aha, that is what means, that the magnetic �eld does
not have any monopoles, or, you cannot have magnetic
monopoles. And. . . That the divergence is always zero,
I understand like, that the �eld lines kind of get closed.
Or, like, the do not vanish out and away, they must meet
somewhere [draws a magnetic bar with �eld lines circling
back on themselves]. That is how I think of it, like, if
you had a magnetic bar, you cannot just have a �eld,
that just goes out, it kind of have an ending.
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Int. And what does that have to do with the divergence, you
mean?

Stud. That there will not be accumulated anything, or, that
what enters. . . No, I don't quite know. . . Well, then my
argument from before may not quite hold. . . I am not
sure.

Student E

Int. I would like to talk to you about that concept, divergence.
In Mat F you were introduced to it, and then you have
also used it here in electromagnetism. So if you were
to explain to someone, who did not know it, what is
divergence? What does divergence signify? What would
you say?

Stud. Then I would probably start by giving a physical exam-
ple, that would be most meaningful. It makes so damn
much sense, that it was a climate physicist, who had Mat
F, because it is easiest to understand with air or water.
So if you say, that the divergence, it is about, whether
stu� �ows. . . So if more air is coming. . . If it blows in-
ward towards a point, then all the air goes in toward a
point, so. . . And that creates a high-pressure [Seems to
be describing a low-pressure, in fact] So I would probably
describe it like that.

Int. And if you were to explain it in electromagnetism?

Stud. Well, then I would try and describe it by analogy to that.
So, what is interesting, that is the electric �eld, which is
generated. A divergence, that is then. . . That an electric
charge generates a �eld, that �eld, you must. . . That
either attracts or rejects. . . I would still. . . It would
then work as either a high-pressure or a low-pressure. It
would create a high-pressure or a low-pressure in some
electric �eld. So, like, if I had some wind �eld, where
it blow outwards, that is then the high-pressure, that is,
positive divergence rightly. . . That, if I then take some
particle and put it into the wind �eld, well, that is then,
but then it blows inward towards the high-pressure, or
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away from the low-pressure. And that is the same, if I
take an electric �eld, that comes from these things, that
then it will, like, either go towards origo. . . Follow the
divergence. . . Or escape from there.

Int. Follow the divergence, you say?

Stud. Yes, if there is a positive divergence, then it �ows in to-
ward, so if we take a positive electrically charged particle
and put it into some �eld, then, like, the divergence, if I
take it in all of these places, that gives some �eld lines,
so I would also include that [in her explanation, presum-
ably], so there, I would probably have started with the
wind, and then say, well. . . Where they [the �eld lines,
presumably], like, get closer and closer to each other, that
is where you have positive divergence. And the same in
electromagnetism, and then I can put charges in, and
then it works kind of in the same way.

Int. So if I draw, here, a [positive] point charge. . . How would
you say, is the �eld, and how would you explain its di-
vergence?

Stud. Well, the charge generates an electric �eld, that looks
like this [draws �eld lines as rays emitting from the point
charge], even though it is quite ugly drawing, and the
divergence is then, whether they, whether the lines get
closer to each other, or further from each other. They
have to. . . All our �eld lines, they start from some point.
That is like in a storm, there we must have some. . .
They must also start from somewhere. . . There must
be a drain, or, well. . . And then it is about, the diver-
gence, whether they get closer to each other or further
away from each other. So, here there is negative diver-
gence, because they get further and further from each
other [points to the drawing of the �eld line diagram, at
a point away from the origin. After the interview, he cor-
rects himself and comments, that the divergence would
be zero there, indeed].

Int. Well, the charge generates an electric �eld, that looks
like this [draws �eld lines as rays emitting from the point
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charge], even though it is quite ugly drawing, and the
divergence is then, whether they, whether the lines get
closer to each other, or further from each other. They
have to. . . All our �eld lines, they start from some point.
That is like in a storm, there we must have some. . .
They must also start from somewhere. . . There must
be a drain, or, well. . . And then it is about, the diver-
gence, whether they get closer to each other or further
away from each other. So, here there is negative diver-
gence, because they get further and further from each
other [points to the drawing of the �eld line diagram, at
a point away from the origin. After the interview, he cor-
rects himself and comments, that the divergence would
be zero there, indeed].

Stud. Well, then I would say, that the electric �eld, if we start
to measure it, and measure, how it changes, then we can
directly from that [measurement] �nd out, where there
are charges. And it also means, that there exist electric
monopoles, because if not, it would be zero, as it is with
the magnetic �eld. Because, that if. . . Like, this thing
again, that we have, that the divergence is zero in all
other places than in the point. It says, that there are
electric monopoles, and it shows, that by measuring the
�eld, we can tell, where there is charge. There is a clear
mathematical relation between that. So if we go out and
measure some electric �eld in a laboratory, then we can
also, on the basis of that, compute the charge distribu-
tion.
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