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ABSTRACT

This thesis investigates the performance of bilingual students in the context of probability and statis-
tics based on case studies following the methodology of TDS (the Theory of Didactical Situations),
and focuses on the difficulties related to language which, according to the research literature, may
arise for learners whose first language is not the language of instruction. The thesis investigates this
in relation to critical notions such as spread, frequency, relative frequency and independence. The
data has been obtained through a questionnaire answered by students at a Danish High School (H.C.
@rsted Gymnasium, Frederiksberg) and observations made at another Danish High School (Freder-
iksberg Gymnasium), where the focus of the following analysis has been lexically ambiguous words
and the transitions between formal and “everyday” language. The case studies showed several cases
of semantical and syntactical difficulties amongst the bilingual students which became evident and
problematic particularly in the formulation phases. The thesis concludes that bilingual students expe-
rience language related problems which are both semantical and syntactical but as some of these
language related problems were also experienced by monolingual students, the thesis does not con-
clude that language related problems in the context of probability and statistics occur exclusively with
bilingual students. However, it would appear that some of the language related difficulties are en-

forced due to bilingualism.



INTRODUCTION

The understanding of probability and statistics has become essential in the modern world, as the me-
dias are full of statistical information and interpretation, where the statistical use of data is present in
for example weather reports, predictions on election results, and in political decisions concerning
economics. In order to judge the correctness of an argument which is supported by seemingly per-
suasive data, it is crucial to understand the underlying mathematics and the related vocabulary of
statistics and probability. It is therefore central that students are introduced to strategies and ways of
reasoning such that they are capable of making appropriate decisions in everyday and professional
situations where chance is present, and where collection, organization, description, and analyzation
of numerical data is happening. If not, the consequence will be citizens making decisions based on
misinterpreted data and intuitive feelings about probability rather than on a factual foundation which

is scientifically supported.

The need of teaching probability and statistics is evident, but as seen in research literature, the under-
standing of probability is difficult as “...counterintuitive results in probability are found even at very
elementary levels, whereas in other branches of mathematics counterintuitive results are encountered
only when working at a high degree of abstraction.” (Batanero, Godino & Roa, 2004, p. 2). In addi-
tion, the language related to statistics and probability is ambiguous in the sense that the semantics of
some of the vocabulary is changing when transitioning from everyday language to a more formal
mathematical language. Words such as “uathangig” (independent), “spredning” (spread), and
“hyppighed”(frequency) all have a specific meaning within the register of mathematics and another
meaning in natural language. The cognitive challenge for the students therefore also lies with accept-
ing and changing the semantics of a certain word, based on which register they are applying, and the

transition from natural language to formal language may cause trouble.

The aspect of the use of language within mathematics thus becomes even more important in relation
to statistics and probability and the need for research in this particular area has been acknowledged
as research has been conducted in several countries. Several studies in the area of the language related
problems in statistics and probability has been conducted for example by Batanero et al (2016), Dunn
et al (2016), Batanero and Sanchez (2013), Diaz and Batanero (2009) and Langrall and Mooney
(2007). Additionally, in 2016 it was reported that 11.3% of the 150,000 students at danish High
Schools, had an ethnic origin other than danish: An increase compared to 2006 where 8.1% of the

students had another ethnic origin (Danmark Statistik, 2018). 7.9% of the students in 2016 were



descendants of immigrants and 3.4% were immigrants and as a comparison the numbers in 2006 were
4.0% for descendants of immigrants and 4.2% for immigrants (Danmarks Statistik, 2018). The
amount of students whose first language is not the language of instruction therefore seems to be in-
creasing in Danish High Schools, and the linguistic aspect of mathematics thus becomes even more
important, as another report from the Danish Evaluation Institute (Danmarks Evalueringsinstitut,
2006) shows that the bilingual students in Danish High Schools generally get lower grades than eth-
nically Danish students (Danmarks Evalueringsinstitut, 2006, p 21). In the report, it is argued that
ethnically Danish students get an average of 8.1 in their grades while bilingual students, who are
either born in Denmark or has moved to Denmark before the age of 6 averagely get a 7.8 in their
grades (Danmarks Evalueringsinstitut, 2006, p. 21). The same report also points out that it is essential
that the teachers develop competences such that they are capable of dealing with bilingual students.
This development of competences includes for example different didactical aspects of the Danish
linguistic aspects of the subjects being taught, as only few of the teachers have the insight needed to
become aware of and meet the academic and social needs of many bilingual students. (Danmarks

Evalueringsinstitut, 2006, p. 10).

In relation to mathematics, it has also been found that bi- and monolingual students are doing equally
well when solving mathematical problems with straight forward calculations, when the problem is
solvable without any interpretation of the provided text of the problem. However, there are significant
differences between the bi- and monolingual students when the given problem is to be interpreted
before calculating (Andersen, 2004, p. 286). It would thus seem that the bilingual students may ex-

perience some language related difficulties which are not experienced by the monolingual students.

This thesis therefore intends to investigate the performance of bilingual students in the context of
probability and statistics based on case studies following the methodology of TDS (the Theory of
Didactical Situations). The case studies will be used to analyze the difficulties related to language
which, according to the research literature, may arise for learners whose first language is not the
language of instruction. This will be investigated in relation to critical notions such as spread, fre-
quency, relative frequency and independence and the thesis will focus on the transitions between

formal and natural language.

The case studies will be provided by observations of student conversations and through written an-
swers to a questionnaire concerning lexically ambiguous words within statistics. As the scope of the

thesis is concerned with the performance of bilingual students, the replies of the questionnaire will



be compared to the replies provided by the monolingual students. Based on the case studies, this
thesis investigates if bilingual students experience syntactical and semantical difficulties when using
and defining lexically ambiguous words used within statistics and probability, which are not experi-
enced by monolingual students. The findings and the design of the investigation will be discussed
thoroughly as it could be argued that the findings in the data, due the qualitative design of the inves-
tigation, cannot be generalized with certainty to a larger population, as other variables can affect the
outcome. However, as this thesis will present, the theoretical framework and the related literature will

support some of the findings.



THEORETICAL FRAMEWORK

In this section the reasoning of the theoretical framework for the thesis and the selected theoretical
framework will be presented. First, there will be an introduction to the Theory of Didactical Situations
(TDS), where the related terminology will be introduced. As this thesis has a particular focus on the
use of language within mathematics, this section will contain a brief introduction to notions such as:
Semantics, syntax, natural language, academic language, mathematical classroom discourse, and
mathematical register. The thesis is focusing on learners whose first language is not the language of
instruction and therefore I present and discuss the definition of the terms mono-, bi- and multilingual
and the related issues concerning these definitions. Additionally, there will be an overview of some
of the research on learning mathematics while using more than one language. As the research question
of this thesis is in the context of statistics and probability, the current research within these areas will
also be presented. In particular, there will be an introduction to the notion of lexically ambiguous

words.

REASONING FOR THE CHOSEN THEORETICAL FRAMEWORK

In this thesis the main focus is on the use of language and transitions between formal and everyday
language with a focus on bilingual students. Several other aspects to probability and statistics could
have been reviewed as these subjects are generally difficult for students, but as presented in the in-
troduction, the number of learners whose first language is not the language of instruction seems to be

increasing in Danish High Schools, thus the focus is highly relevant.

The theoretical framework has been selected through the guidance of the supervisor connected to this
thesis and through a comprehensive journals cross reference search. The theoretical framework has
been researched and selected by the use of for example Google Scholar through a cross reference
search on relevant terms such as: “probability”, “statistics”, “EAL”, “second language learners”,
“misconceptions”, “semantics and syntax” etc. Some of the theoretical framework is based on articles
published in mathematics research journals such as Educational Studies in Mathematics, Journal for
Research in Mathematics Education, Journal of Mathematics Teacher Education and ZDM: The In-
ternational Journal on Mathematics. All of these journals have been graded with an A or A* by the
Education Committee of the European Mathematical Society (EMS) and the Executive Committee

of the European Society for Research in Mathematics Education (ERME) and supported by the In-
ternational Commission for Mathematical Instruction (ICMI) (Torner & Arzallo, 2012, p. 52). The



chosen literature contributing to the theoretical framework has thus been carefully selected and criti-

cally reviewed before it was applicated.

THE THEORY OF DIDACTICAL SITUATIONS

The Theory of Didactical Situations (TDS) was originally introduced by Guy Brousseau in the late
1960’s and the theory has aided in producing ideas and results helping teachers plan and develop the
construction of mathematical knowledge (Jessen & Winslew, 2017, p. 30). Mathematical knowledge
is usually presented through an axiomatic presentation where the objects of study is defined with

113

previously introduced notions. This should be a way of letting a teacher and student order “...their
activities and accumulating in the shortest time the maximum number of items of knowledge which
are reasonably close to the experts’ knowledge” (Brousseau, 2002, p. 21) when combining this with
examples and problems which require the usage of the knowledge presented. This type of teaching
has one major problem according to Brousseau: It hides and remove all the traces of the history of

“«

how the knowledge has been established and hides “... the true functioning of science, which is im-
possible to communicate and describe faithfully from the outside and replaces it with an imaginary
genesis.” (Brousseau, 2002, p. 21). The problem is, according to Brousseau, that in order to make
teaching easier certain notions and properties has been isolated and taken away from “... the network
of activities which provide their origin, meaning, motivation and use.” (Brousseau, 2002, p. 21). The
idea behind TDS is that the intellectual work of the students must be more like the scientific activity
as “... knowing mathematics is not simply learning definitions and theorems in order to recognize
when to use and apply them.” (Brousseau, 2002, p. 21). The idea behind TDS is thus inquiry based

as the process of inquiry is considered essential if the student is supposed to gain knowledge of these

results and convince herself/himself of their validity of them.

PERSONAL AND INSTITUTIONAL KNOWLEDGE
Within TDS there is a distinguishing between two types of knowledge: Institutional and personal.
Institutional knowledge is also referred to as public or official knowledge and it is the knowledge
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which is presented in “... fextbooks, webpages, research journals and other shared resources”
(Jessen & Winslew, 2017, p. 30). The mathematical knowledge presented is a fusion of individually
made mathematical activities which has been validated by others and the mathematical knowledge is
presented in a concise and precise way but the entire inquiry process leading to this form is usually
not presented and thus not visible (Jessen & Winslew, 2017, p. 30). In contrast, personal knowledge

I3

i1s the knowledge constructed “...while interacting with a mathematical problem” (Jessen &



Winslew, 2017, p. 31) and is often implicitly given and is related to a given context. The personal
knowledge is often a bit different from the institutional knowledge, but it can be developed and for-
malized if students share and discuss their knowledge with others (Jessen & Winslew, 2017, p. 32).
The importance of communication is thus emphasized as this is where the development of the stu-

dent’s initial ideas is happening.

MILIEU, DIDACTICAL AND ADIDACTICAL SITUATIONS

In order to create a situation, in which the student can develop their personal knowledge, the teacher
needs to plan and create a didactical milieu in which the students are able to investigate and discover
the targeted knowledge chosen by the teacher. The didactical milieu consists of “... the student’s
previous knowledge and artefacts such as pen and paper, ruler, calculator, CAS-tools, a puzzle etc.”
(Jessen & Winslew, 2017, p. 32). The milieu should have a high potential for students to construct
the intended knowledge without the teacher lecturing it, as it should produce a need amongst the
students to create the intended knowledge in order to solve a given problem (Jessen & Winslow,
2017, p. 32). A properly created milieu will make the students able to interact autonomously without
further interference from the teacher, and such situations are referred to as adidactical situations. The
adidactical situations are the situations when students interact and engage in a given problem and
investigate within the presented milieu without any teacher interference. Didactical situations are in
contrast the situations where the teacher “... explicitly interacts with the students in order to further
their learning of something specific” (Jessen & Winslew, 2017, p. 33). The purpose of the didactical
situations is to ensure that the knowledge students are developing is shared and validated and it also
serve as a way to regulate and moderate the adidactical situations. Thus, the learning potential lies

.. in the dialectic between adidactical and didactical situations or between personal and shared

knowledge” (Jessen & Winslew, 2017, p. 33).

DIDACTICAL CONTRACTS

Teaching through inquiry-based situations poses a lot of challenges for the teacher as it requires the
teacher to design and devolve appropriate mathematical situations in which the students are capable
of developing their personal knowledge: A process which can be both difficult and time consuming.
It may also pose a challenge for the teacher not to intervene when students are choosing a wrong or
less favorable approach to solve a problem. In addition, the students may struggle to adapt to this new
way of learning as they are probably more used to another structure where they try to do what they

believe the teacher expects and rewards. These expectations of what students and teachers are
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supposed to do, and this system of reciprocal obligation resembles a contract, this this is what we call

the didactical contract of the situation (Jessen & Winslew, 2017, p. 36).

If students are for example used to the fact that their teacher provides them with answers from the
beginning “... a certain amount of frustration can occur when they are given open ended inquiry
based activities” (Jessen & Winslew, 2017, p. 36). The students might expect the teacher to give
them the expected strategy and it can be tempting for the teacher to simply explain the students what
to do as this is easier and less time consuming. But as this will ruin the learning potential for the
students a solution might be to explain to the students in the beginning that they are expected to “...
engage in solving problems even if they feel unprepared” (Jessen & Winslew, 2017, p. 36) and thus

explicitly addressing a change in the didactical contract.

PHASES OF TDS

The main idea of TDS is an inquiry-based creation of situations which addresses a “... well-known
obstacle regarding a piece of mathematical knowledge, which create the need for the students to
develop or construct new mathematical knowledge” (Jessen & Winslew, 2017, p. 36). The teaching
situation can be divided into five phases in which the sequencing is not strictly given. The first phase
of TDS is called the devolution phase where the teacher presents and hands over the problem and the
milieu to the students. The teacher will explain the rules which apply to the problem and it is important
that the teacher makes sure that the students have understood the problem and the rules such that they
are able to start engaging actively with the problem after the devolution. The milieu can be handed
over through an example or simply by presenting the artefacts related to the concrete problem and
situation (Jessen & Winslew, 2017, p. 37). Next is the action phase where the teacher stands back,
observe and let the adidactical situation begin. The students are working independently and adidacti-
cally in order to gain some experience with the mathematical knowledge to be taught. It is now the
importance of the milieu becomes evident: A well-designed milieu will allow the students to interact
without any teacher inference. This phase also has some similarities with the process of researchers

“«

first approach to an open problem. The next phase is the formulation phase where “... students are
required to present what they did in the action phase, initial ideas, hypothesis or simply what they
have tried to do so far” (Jessen & Winslew, 2017, p. 38). The main goal of the formulation phase is
to force students to articulate the experiences and ideas obtained from the interaction with the prob-

lem. They thus begin constructing elements of the mathematical theory to be thought.
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What follows next is the validation phase where the hypotheses (or simply their ideas or strategies)
of the students are tested against the milieu and can therefore adidactically be validated without the
teacher telling them if they are right or wrong (Jessen & Winslew, 2017, p. 39). The fifth and final
phase of TDS is the institutionalization phase where the teacher will gather ideas, sum up main points
and present the institutional knowledge to be learned. This presentation “...will often be a presenta-
tion of mathematical knowledge being concise and accurate as in textbooks” (Jessen & Winslow,
2017, p. 39). The mathematical knowledge is thus established from the students experience and rea-
soning instead of being presented as a matter of fact, and the amount of mathematical detail in this
presentation should be aligned with the activities carried out by the students (Jessen & Winslow,
2017, p. 39). The institutionalization should not end up being a lecture such that the actions of the
students become useless, as this will mean that the students are “... not likely to treasure or engage
in mathematical inquiry and autonomous construction of knowledge but will imitate the teacher when
doing mathematics” (Jessen & Winslew, 2017, p. 39). In order to provide an overview, Jessen and
Winslew (2017, p. 41) has made figure 1 below where the functions and actions of teachers, students,

and milieu is summarized:

Introduces, hands : Receive, try to Is being estab- Didactical
over the milieu take on a prob- lished ‘
lem ‘
_________________________ Observes and re- | Act and reflect | Problem is being | Adidactical |
flects explored ‘
________________________ Organizes, if | Formulate as spe- | Open discussion | Adidactical or di- |
needed initiates cifically as possi- dactical

through ques- ble

Listens and eval- | Argue, try to fol- | Guided discus- | Often didactical
uates if needed low others’ argu- sion ‘

Presents and ex- | Listen and reflect | '7 Institutionalised | Didactical |

plains knowledge

—————————————————————————————————————————————————————————————————————————————————————————————————————

FIGURE 1: AN OVERVIEW OF THE PHASES OF TDS AND THE ROLES OF THE PARTICIPANTS (JESSEN & WINSLOW, 2017, P.
41)
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As a benefit of the inquiry-based approach to teaching there is a lot of evidence that over time students
will develop a relationship with mathematics which is more positive, and they will also view mathe-
matics as a whole instead of a meaningless and endless list of given answers. Mathematics will thus
become more rational and challenging but also a more satisfying activity in which the students are

more likely to engage in (Jessen & Winslew, 2017, p. 36).

THE USE OF LANGUAGE IN MATHEMATICAL TEACHING

In a didactical situation, several factors contribute to the didactical contract in praxis: Does the teacher
have a good contact with the students? Do the students work well together? These things are some-
what connected to the use of language as this is the primary medium through which students exchange
their knowledge. But the formal talk about mathematics is not the only sort of communication going
on in a didactical situation. Students will also talk about how to understand a given problem and also
about things which have little or no connection to a given mathematical problem (Winslew, 2006, p.
155). It is easy to view this informal talk as irrelevant talk blocking actual learning but this is not the
case: The informal talk actually has a huge role in the learning process of students, and the success
of the teaching situation also depends on the entire communicative situation going on in the teaching
situation and not just the dialogue in regard to mathematics (Winslew, 2006, p. 155). It becomes
impossible to separate mathematics and language as formal definitions can not exist or be understood
without the use of different types of linguistic expressions and especially without naturally spoken

and written language (Winslew, 2006, p. 155).

MATHEMATICAL SYMBOLIC REPRESENTATIONS

Symbolical representations which are non-verbal such as mathematical formulas, diagrams, graphs,
and so on are no exception: The usage and mastery of these are an inevitable part of mastering math-
ematics and can not be achieved without the use of a more natural everyday language (Winslow,
2006, p.156). The word representation will be used as something standing instead of a material ob-
ject. A representation is always expressed through a medium such as paper, a computer screen or
soundwaves and we can for practical reasons use a distinction between verbal and written medias
which will be sufficient. Within mathematics the object to be studied are only available in their rep-
resentation through algebraic expressions, geometric figures or for example through a graphical rep-
resentation (Winslew, 2006, p. 157), and there is therefore an ontological question regarding what
these representations actually represent? This ontological question will remain unanswered in this

thesis as it is not within the scope of the thesis. Instead, three important skills in the use of
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mathematical representations will be noted. The first one is to choose a representation which fits the
purpose, the second is to understand different representations of the same object and thirdly to change

between different representations.

SEMANTICS, SYNTAX AND MORPHOLOGY

When studying a language and the building of language it is a versatile and nuanced system which
can be viewed from a lot of different perspectives. It does not matter if we are looking at language
embedded in writing or speech, it is impossible to consider all of the aspects at once (Christensen &
Christensen, 2016, p. 23) and therefore certain parts of the language are being categorized, and spe-
cific disciplines of the study of language has been evolved. Christensen & Christensen (2016) are
using the following categorization of the study of language with a division into six aspects to be
studied: 1) Phonetics (the sound of the words of the language), 2) Orthography (the visual expression
of the written words including how letters are to be combined into words thus spelling is essential
here), 3) Morphology (the meaning bearing parts of a word including conjugation of words and word
formation), 4) Lexicon (the vocabulary of an individual or an entire language), 5) Syntax (the com-
bination of words into a larger units) and finally 6) Semantics (the mental content or meaning of the

linguistic usages).

The relevant categories of linguistic analysis for this thesis are morphology, syntax and semantics.
Morphology is a structural analysis of the construction of single standing words and it is the study of
how the morphemes, the smallest meaning bearing elements, are organized and combined into words
(Christensen & Christensen, 2016, p. 31). Morphology therefore have two parts: Word formation and
word conjugation. Syntax is the rules of how words are combined into valid sentences (Christensen
& Christensen, 2016, p. 161). In particular, Danish (and English) is a language where the order of the
words is crucial to the meaning of the sentence. As an example of this one might consider the two
sentences “hunden bed babyen / the dog bit the baby” and “babyen bed hunden / the baby bid the
dog” which has two very different meanings depending on the placement of “babyen / the baby” and
“hunden / the dog”. Thus, the transfer of linguistic meaning does not only depend on the words we

choose, but also the order of the combination (Christensen & Christensen, 2016, p. 161).

Semantics 1s the study of linguistic meaning, where the lexical semantics is the meaning of a word
(Christensen & Christensen, 2016, p. 247). The word “lexicon” is a synonym to the word “vocabu-
lary” and within linguistic this is meant to cover three related meanings of the word: 1) the total

vocabulary of a language, 2) dictionaries showing the (or several) vocabularies of a language and 3)
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the vocabulary of an individual in a linguistic community (Christensen & Christensen, 2016, p. 247).
No matter if you are learning a language as a first or second language it is grounded in a social context,
where a condition for engaging actively and efficiently in all communication is acquiring the current
praxis on the words and their semantics (Christensen & Christensen, 2016, p. 247). This praxis is
what is called the lexical norm and if the lexical norm is not followed by someone, it becomes difficult

to understand what is being communicated.

We are able to talk about the meaning of a certain word isolated from its context, but in reality, we
rarely define and talk about a word as something standing alone - it is grounded in a conversation or
a text in a relation with other words. The linguistic settings in which a word occurs is called the
linguistic context and, in this thesis, it will be defined in a wide sense including entire conversations
and texts in accordance with the definition from Christensen and Christensen (2016, p. 252). Beside
the linguistic context there is also a pragmatic context which is characterized by the ability of exact
localization and timing of the communication containing one or more people (Christensen & Chris-

tensen, 2016, p. 252).

Most words do not just have a single meaning but several (sometimes connected) meanings, which
brings us to the two central definitions within semantics of homonymy and polysemy. When a word
has several connected meanings, it is called a polysemy and an example of such a word in Danish is
the word “simpel” (simple) which has the different but connected meanings such as “ukompliceret”
(uncomplicated) and “jeevn” (even) (Christensen & Christensen, 2016, p. 265). When a word has two
(or more) unconnected meanings it is called a homonymy and such an example is the danish word
“lade” which has several meanings depending on the context where two of them is either: “sb.
bygning, der bruges som opbevaringssted for korn og ho / sb. Building used as storage for grain and
hay” (Christensen & Christensen, 2016, p. 265) thus it relates to the English word “barn” and also
as: “vb. f. eks. lade et geveer / vb. for example to load a gun” (Christensen & Christensen, 2016, p.
265) thus it relates to the English word “(70) load”.

ACADEMIC LANGUAGE, MATHEMATICAL DISCOURSE AND THE MATHEMATICAL REGISTER(S)

In order to properly discuss the use of language of students in the context of probability and statistics,
the notion of a register, academic language, mathematical discourse and the mathematical register
will now be defined. Firstly, a register of a language is defined as “... the constellation of lexical and

grammatical features that characterizes particular uses of language” (Schleppegrell, 2001, p. 431).
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According to Bitterlich & Shiitte (2018) academic language 1s “... seen as a language register that
is used in the context of school and education in order to impart knowledge, and that orients itself by
written language with its higher degree of complexity and explicitness” (Bitterlich & Shiitte, 2018,
p. 35). In addition, Snow and Ucelli (2009) have identified five central aspects of academic language:
Interpersonal stance, information load, organization of information, lexical choices, and representa-
tional congruence (Snow & Ucelli, 2009, p. 119). The interpersonal stance in academic texts is au-
thoritative and detached through grammatical and lexical choices, and the information load is dense
and concise. The organization of information is a logical unfolding of ideas, with lexical choices
having a high lexical diversity and formal expressions with the use of abstract and technical terms.
Finally, the representational congruence relates to the fact that some words are often used in a way

which is different from their normal usage.

The use of language expected in a mathematics classroom is related to the concept a mathematical
classroom discourse, which is the verbal and written communication which takes places in a mathe-
matical classroom (Winslew, 2006, p. 162). Moschkovich (2003) describes that some characteristic
of the mathematics classroom discourse which include “... being precise and explicit, searching for
certainty, abstracting, and generalizing,/[... and] imagining” (Moschkovich, 2003, p. 327). The de-
mand of precision and being explicit thus closely relate to the demand of information load and lexical
choices in academic language. The students are expected to communicate in a certain and appropriate
way during lessons, which for example include that they have to “... explain and justify mathematical

solutions or to answer the teachers’ questions in a correct manner” (Bitterlich & Shiitte, 2018, p.

35).

In all communication it is necessary to follow the syntactical rules in order to make other people
understand what is being communicated. Within mathematics it is impossible to separate the mathe-
matical content from the mathematical representations and both are a part of the language used within
mathematics (Winslew, 2006, p. 159). Thus, when discussing the formal language of mathematics, it
is not a language per say but rather a certain use of the language including the correct use of repre-
sentations (Winslew, 2006, p. 159). An important part of learning mathematics in general, is learning
the formal language of mathematics as this is a way of accessing both new texts and a new way of
communicating with others (Winslew, 2006, p. 160). The mathematical register will therefore be

defined as the formal language of mathematics expected in a mathematical classroom discourse.
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TRANSITION BETWEEN NATURAL AND ACADEMIC LANGUAGE

When learning to properly use the mathematical register, the students are using their everyday lan-
guage which is meant as the language (including syntax, semantics, and morphology) used outside
the mathematics classroom. The acquisition of the use of the mathematical register can in some ways
be compared to learning a new language: When learning a new language, it is based on or connected
to an already known language. New words can be explained by the use of old words and little by little
it becomes possible to express the same meaning through the new language - perhaps more clearly
than the old language allowed. A main goal is to teach the students the mathematical content but
using a mathematical register to express the knowledge should also be a part of teaching (Winslow,
2016, p. 160). In validation phases, the importance relies mainly on the meaning and content (hence
the semantics) but particularly in formulation phases the shape of the statement also becomes im-
portant. It becomes a matter of syntax in the sense that students are expected to compose and combine

different representations in a way which is formally correct (Winslew, 2016, p. 160).

The misunderstandings made by students in the presented mathematics is often a combination of
syntax and semantics and it can be difficult to separate the semantical misunderstandings from the
syntactical ones (Winslew, 2016, p. 160). Winslew (2016, p. 160) points out that a deliberate work
on formulation where the students are guided to express themselves clearly and concisely in the math-
ematical register can aide the students’ participation in validation situations to help the students’ con-
ception of the mathematical content. In addition, it has been shown that “...regarding the discourse
practices explanation and argumentation, that many learners do not gather enough language-based
experience in family and peer groups prior to entering school. But often, such language competences
in explaining and arguing are assumed” (Bitterlich & Schiitte, 2018, p. 36). The focus on the lin-

guistic competences in the formulation phases is therefore supported.

The use of language within mathematics in relation to implications and logical structures are often
implicit or informal but at the same time fundamentally different from the everyday use of language
(Winslew, 2016, p. 161). In standardized isomorphic problems i.e., problems where the students have
a clear previously practiced techniques, this might not cause trouble for the students. If the context or
formulation of the problem is slightly changed, however, it will become evident that only a small
amount of semantics is behind these syntactical skills (Winslew, 2016, p. 161). Winslew (2016, p
161-162) points out that evolvement of the students’ sense of practical and theoretical range presumes

that they are given the opportunity to rationally relate to them. Once more it relies on the quality of
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the action- and formulation phases such that the validation and institutionalization is not simply re-
duced to an authoritative practice by the teacher (Winslew, 2016, p. 162). Finally, the quality depends
very much on the student’s relationship with the mathematical register as a way of communication

(Winslew, 2016, p. 162).

LEARNERS WHOSE FIRST LANGUAGE IS NOT THE LANGUAGE OF INSTRUCTION

DEFINITION OF THE TERM “BILINGUAL” AND RELATED PROBLEMS

As this thesis focuses on learners whose first language is not the language of instruction it is relevant
to discuss the use of terminology in relation to students who are bi- or multilingual. Both as a phe-
nomena and concept “bilingual” has been subjected to a lot of research and discussion throughout the
years (Holm & Laursen, 2019, p. 23) and generally in the older research, the discussion has been
affected by the norm of monolingualism and the general conception of bilingualism has been deviat-
ing and problematic (Holm & Laursen, 2019, p. 23). There have been examples of older definitions
of bilingualism which requires a complete (and perfect) mastery of two entire languages, such as the
definition made by Cramer, Henriksen, Kunge, Larsen, Togeby and Widell (1996), shown translated

below:

“Bilingualism is used to describe a complete mastery of two languages. Bilingualism can be ob-
tained by growing up in a bilingual environment where most commonly one language is dominant,

or it can be achieved through moving to another linguistic area or (more rarely) by teaching”
- Cramer, Henriksen, Kunge, Larsen, Togeby and Widell (1996, p. 162)

This definition is problematic for several reasons as it raises questions like how one would evaluate
or measure the complete mastery of language and also: What is an entire language? Such definitions
depend on a norm of double monolingualism (Holm & Laursen, 2019, p. 24) and from these types of
definitions it would, for example, be expected that bilinguals do not interchange language during a
conversation. As a contrast to this norm of double monolingualism, another (translated) suggestion

of the term bilingual has been:

“People, who master two languages and uses in their use of language their entire linguistic compe-
tence adapted to the specific purpose of the use of language and the possibilities of the concerned

situation including the linguistic competence of the partner of the conversation”

- Jorgensen (1998, p. 142)
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This definition of bilingual thus have no expectation of the mastery of one language on the same level
as a monolingual and that changes between the two languages is an integrated part of being bilingual

(Holm & Laursen, 2019, p. 25).

Bilingual is thus not an unambiguously defined term and Holm and Laursen (2019, p. 25) point out
four conditions which can be used to define the term bilingual. The first one is a competence criterion,
which has demands of a high and in reality, unobtainable mastery of the two languages. The second
one is a functional definition, where the requirements is merely the use of two languages and not a
complete mastery. The third is an attitude criterion where the person would characterize herself/him-
self as bilingual and is determined from the perception made by the individual. The fourth one is a
native criterion where there is a difference between simultaneous and successive bilingualism: sim-
ultaneous is considered a parallel mastery of two languages and successive bilingualism is when one
language is mastered after another. In this thesis I will be using the fourth criteria when using the

term bilingual. In a similar way I am defining and using the term multilingual.

THE USE OF MORE THAN ONE LANGUAGE WHEN LEARNING MATHEMATICS

When discussing the inclusion of bilingual students in elementary school in Denmark, the main focus
has been on the meeting of different cultures and the teaching of the actual content of mathematics
has been less prioritized (Andersen, 2004, p. 283). Most often the teaching of language and mathe-
matics is separated, which means that the students do not obtain the linguistic competences, which
are a prerequisite to learn mathematics. As pointed out by Heines (1997) most often it is not the
mathematics, which causes trouble, but the language and the communication. Consequently, it be-
comes problematic to make this distinction between mathematics and language. Michael Wahl An-

dersen (2004) sums up that:

“The teaching of mathematics is very dependent of the learner’s language comprehension, but it
often happen that language and communication is separated in the teaching of mathematics. There-
fore the learners do not get the opportunities to develop the language and communication skills,

’

which is a necessity for successful learning of mathematics.’
- Andersen (2004, p. 283)

It has been argued by Dale and Cuevas (1987) that language is in particular important in relation to
open ended word problems. It seems as if there is a high correlation between the reading skills of

bilingual students and their advancement in mathematics (Dale & Cuevas, 1987, p. 24) and this
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applies in particular to open ended word problems. Thus, the teaching of mathematics should not be
separated from the teaching of mathematical language, and the students should be given the oppor-

tunity to practice talking and/or writing about mathematics (Andersen, 2004, p. 286).

As reviewed in the introduction there has been an increase in the number of bilingual students in
Danish High Schools and another report from the Danish Evaluation Institute (Danmarks Evaluering-
sinstitut, 2006) shows that the bilingual students in Danish High Schools generally get lower grades
than ethnically Danish students (Danmarks Evalueringsinstitut, 2006, p 21). It is argued that ethni-
cally Danish students get an average of 8.1 in their grades while bilingual students who are either
born in Denmark or has moved to Denmark before the age of 6 averagely get a 7.8 in their grades
(Danmarks Evalueringsinstitut, 2006, p. 21). The same report also points out that it is essential that
the teachers develop competences such that they are capable of dealing with bilingual students. This
development of competences includes for example different didactical aspects of the Danish linguis-
tic aspects of the subjects being taught. Only few of the teachers have the insight needed to become
aware of and meet the academic and social needs of many bilingual students. (Danmarks Evaluering-

sinstitut, 2006, p. 10)

In the case of undergraduate students of mathematics in Denmark, there has been a tendency to offer
all related texts in English and some of the verbal teaching occurring in English as well (Durand-
Gurrier et al, 2016, p. 91), and this approach offers some challenges for the bilingual students as well.
In pure mathematics it is estimated that around 10% of the students are second-generation immigrants
and this group of students seem to be particularly challenged with English even though they are fluent
in Danish (Durand-Gurrier et al, 2016, p. 91). The research therefore shows some challenges for the

bilingual students throughout the Danish School System.

STRATEGIES TO HELP BILINGUAL STUDENTS IN MATHEMATICS TEACHING

Andersen (2004, p. 286) presents that bilingual students are in particular having difficulties when
engaging in classroom discussions or collaboration with other students where it is a perquisition that
they are to interpret what others are saying. A lot of the bilingual students are having difficulties
acquiring the information and a consequence of this is that the bilingual students often are having
difficulties in solving word problems in mathematics (Andersen, 2004, p. 286). In fact, it has been
found that the bi- and monolingual students were doing equally well when solving mathematical
problems with straight forward calculations where the problem could be solved without any interpre-

tation of the provided text of the problem, but there were significant differences between the bi- and
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monolingual students when the given problem had to be interpreted before calculating (Andersen,
2004, p. 286). In order to choose the correct mathematical operations, the students have to be able to
master a specific vocabulary and they have to be able to identify special relations between certain
words, and it is natural to believe that special training in reading would be a solution to the problem.
However, when it comes to mathematics it would seem that this is not enough (Andersen, 2004, p.

286).

Instead, Andersen (2004) points out that the teacher should focus on clarifying if the bilingual student
is experiencing linguistic, mathematical or cultural difficulties and this rely highly on the teacher
having an understanding of Danish as a second language and intercultural competences (Andersen,
2004, p. 289). There are no tests to clarify the type of difficulties, and it therefore rely on the teacher
to judge which type of problem the bilingual student is experiencing through dialog and in order to
do this, the teacher needs to plan the lessons such that conversation in the lessons between students

and conversations between student and teacher is prioritized

The communication between teacher and student is therefore an essential part of an effective mathe-
matical teaching and in a classroom with a lot of bilingual students the communication can be thought
of as even more fragile than in a classroom with a lot of monolingual students. When a new subject
is introduced, Andersen (2004, p. 289) also recommends that the teacher makes up a list of the words
that may be new to some or all of the students and as the words appear during the lessons, they should
be explained by students who have understood them. This explanation can be given either through
words or through illustrations, and another strategy could be to ask the students to provide synonyms

or sentences to explain a word (Andersen, 2004, p. 289).

RESEARCH ON LEARNING STATISTICS

When learning statistics, it is required to learn the associated vocabulary and the technical terms in
order to communicate the complex concepts of statistics. Simply learning the new associated words
1s not enough, and it is necessary to use the language of the discipline in order to master the topic
(Dunn et al, 2016, p. 9). The language of statistics should be used through both listening, reading,
writing, and speaking, but often the focus of the teaching within statistics is mostly on quantitative
aspects such as arithmetic computations (Dunn et al, 206, p. 9). Undoubtably the quantitative aspects
are important, but “... students may not completely understand the concepts in these problems at a

deeper conceptual level if they do not understand the language surrounding them” (Dunn et al, 2016,
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p.9). Some of the challenges, which students face if they do not fully grasp the concepts and the use
of the related vocabulary, is pointed out by Dunn et al (2016, p. 9-10) and include: The content,
seeking assistance, and group work. In particular the students may not understand written content or
even content presented in an oral form and in addition they may not be able to articulate that they
need help. Ultimately this might mean that in group work the students are not able to converse with
other students because of the lack of vocabulary (Dunn et al, 2016, p. 10). Some of the challenges of
learning statistics is thus linguistic and there is therefore a tendency of viewing the learning of statis-

tics as learning a new language.

LEXICALLY AMBIGUOUS WORDS WITHIN STATISTICS

When learning how to operate within the mathematical register used in relation to statistics students
may experience that some of the words, they have used in their everyday language, now obtain a new
meaning. The words used in statistics can be divided into six categories (Dunn et al, 2016) and they

include:

“(1) words with the same meaning in mathematical English (ME) and general English (GE;
Rangecroft uses the phrase “Ordinary English” but we prefer the term used in linguistics); (2)
words which have meaning only in ME; (3) words with a meaning only in statistical English (SE);
(4) words with different meaning in GE and ME; (5) words with a different meaning in GE and SE;
and (6) words with a different meaning in ME and SE.”

- Dunnetal (2016, p. 10)

As this thesis is focused on Danish High Schools, I will use the terms mathematical Danish (MD),
general Danish (GD) and statistical Danish (SD) instead of mathematical English (ME), general Eng-
lish (GE) and statistical English (SE) respectively. The mathematical register related to statistics is
important to learn in order to communicate within statistics, but the learning of this could also pose
some semantical challenges. A part of the challenge lies in the fact that when communicating statis-
tics, one has to use words from what Dunn et al (2016, p. 11) refers to as “different sources or fields”
and additionally a word might belong in more than one field, a notion similar to the previously intro-
duced notion of a register. But the word might have different meanings, and this could pose a cogni-
tive challenge for the student to overcome. Such words are what we call lexically ambiguous (Kaplan,
Fisher & Rogness, 2010, p. 2). The lexically ambiguous words are hominies and amongst such words

are for example: Significant, power, control, random, and confidence (Dunn et al, 2016, p. 11). It has
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been shown in studies that students tend to struggle to learn “... the technical definitions of lexically
ambiguous words and often retain the GE definitions of these words” (Dunn et al, 2016, p. 11). It has
been found that students tend to face statistics with “... strongly-held, but incorrect, intuitions that
are highly resistant to change” (Kaplan, Fisher & Rogness, 2010, p. 2). Combined with students
attaching new knowledge to previous knowledge there is a possible interference in the conception

particularly when the statistic terms are lexically ambiguous (Kaplan, Fisher & Rogness, 2010, p. 2).

Research on elementary school children has provided “... evidence that awareness of linguistic am-
biguity is a late developing capacity which progresses through the school years” (Durkin & Shire,
1991, p. 48) and studies on the development of the ability to detect linguistic ambiguity has been
conducted and found a steady improvement across students in grade 1, 4, 7 and 10 (Kaplan, Fisher &
Rogness 2010, p. 2). Hence, if high school students are made aware of the ambiguities, they “...should
be able to correctly process the statistics meaning of the ambiguous words” (Kaplan, Fisher &
Rogness, 2010, p. 2). However, Kaplan, Fisher and Rogness (2010) also points out that raising this

awareness to overcome the effects of lexical ambiguity, is not a trivial task.

Kaplan, Fisher and Rogness (2010) conducted a study with an aim to clarify the statistical meanings
most commonly developed and expressed by students at the end of an undergraduate statistics course
in relation to the word’s association, average, confidence, random and spread and the study was in
particular interesting when it came to the words association and spread. They found that in relation

“«

to the word association “... many of the students who have developed a relational understanding of
association may not have progressed further than describing a numerical relationship (21% pilot;
16% validation). Finally, only 19% of the pilot study students and 25% of the validation sample were
able to express the definition of association explicitly as a relationship between two variables.”
(Kaplan, Fisher & Rogness, 2010, p. 16). In relation to the word spread Kaplan, Fisher & Rogness
(2010, p. 16) conclude that it is indicated there is an equal number of students who uses the term as
a synonym to “shape”, as in how the data look on a graph or where the data are (14% pilot; 35%

validation) and as a synonym for “variability” (15% pilot; 42% validation).

The focus of this thesis is on Danish High Schools and it is therefore relevant to mention some pos-
sible lexically ambiguous words in Danish. Some of the words previously defined as lexically am-
biguous words in English also qualifies as lexically ambiguous in Danish and such words include:
“tilfeeldig” (random), “uafhangig” (independent), and “spredning” (spread). In addition words such

as “frekvens”(relative frequency) and “hyppighed” (frequency) also qualify as lexically ambiguous.
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The bilingual students performance in relation to the words spread, frequency, relative frequency and

independent will all be investigated in the case studies in the section “Statistics”.

ADVANTAGE FOR LEARNERS WHOSE FIRST LANGUAGE IS NOT THE LANGUAGE OF INSTRUCTION?

Dunn et al (2016, p. 10) are comparing the learning of statistics to learning a new language and also
emphasize that international students who speaks English as an additional language (EALS) do not
learn a new vocabulary in the same way as native English speakers. Dunn et al (2016) point out that

«

students who speak English as an additional language tend to “... rely more on knowledge of the
morphological form of new words to associate them with meaning, rather than on a pre-established
network of word—-meaning associations” (Dunn et al, 2016, p.10) and also indicate that it is more
likely that these students will more successfully adapt the new language of statistics. The argument
is that EAL students will consult a dictionary of ask for guidance when facing a concept within sta-

tistic in contrast to native English speakers who will assume that “... their guess of the meaning from

context is correct.” (Dunn et al, 2016, p. 10).

Barton et al (2005) on the other hand, has conducted a study showing that EAL students do not have
an advantage in having the instructional language as a second language when studying mathematics
in general. The study was conducted in New Zealand at the University of Auckland and showed that
the disadvantages of EAL students are greater at third-year students than at first-year students (Barton
et al, 2005, p. 726). International students and new immigrant are partly having more success as first

I3

year students as “... their prior knowledge in this subject generally compares favorably with that of
L1 English students” (Barton et al, 2005, p. 727) and in addition the early stages of mathematics can
be mastered successfully with limited English because of the repetitive role played by language (Bar-
ton et al, 2005, p. 727). The language requirements of third-year students within mathematics are,
however, greater and new compared with those in first year and this becomes a disadvantage for

EALs.

RESEARCH ON LEARNING PROBABILITY

The need for learning probability has been recognized in many countries and probability has therefore
been included in the curricula. The arguments for learning probability include an emphasis on “

the contribution of proper judgmental processes and probabilistic reasoning to people's ability to
make effective decisions” (Gal, 2002, p. 1) and it has also been shown that “... training in statistics

can aid in solving certain types of everyday problems” (Gal, 2002, p. 1). But what is “probability”?
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According to Batanero et al (2016, p. 2) “The theory of probability is, in essence, a formal encapsu-

lation of intuitive views of chance that lead to the fundamental idea of assigning numbers to uncertain

events”. Different views on probability exist, and they include: The classical, the frequentist, the

propensity, the logical, the subjective, and the axiomatic. The different views on probability can be

found in Batanero et al (2016, p. 3-7) in a more elaborated manner. but a brief overview is given in

figure 2 below:

Views of
probability
Classical

Frequentist

Propensity

Logical

Subjective

Axiomatic

Procedures

Combinatorics
Proportions

A priori analysis of
the experiment struc-
ture

A posteriori collec-
tion of statistical data
Statistical analysis of
data

Curve fitting

A priori analysis of
the experimental set
up

A priori analysis of
the space of possibili-
ties

Propositional logic
Inductive logic

Bayes’ theorem
Conditional probabil-
ity

Set theory
Set algebra

Properties

Proportion of favorable to all possi-
ble cases
Equiprobability  of
events

elementary

“Limit” of relative frequencies in
the long run

Objective; based on empirical facts
Repeatable experiment

Physical disposition or tendency
Applicable to single cases

Related to the experimental condi-
tions

Objective degree of belief
Revisable with experience
Relationships between two state-
ments, generalises implication

Subjective character
Revisable with experience

Measurable function

Some related concepts

Expectation
Fairness

Relative frequency
Data distribution
Convergence
Independence of trials

Propensity
Probabilistic causal ten-
dency

Evidence
Hypothesis
Degree of implication

Likelihood
Exchangeability

A priori probability (or
distribution)

A posteriori probability
(or distribution)

Sample space

Certain event

Algebra of events
Measure

FIGURE 2: OVERVIEW OF DIFFERENT MEANINGS OF PROBABILITY (BATANERO & DIAZ, 2007, P. 117)
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With an increasing interest in statistics and the development of technology, it is the frequentist ap-
proach which has been preferred in curriculums. In the frequentist meaning, probability is defined as
“...the hypothetical number towards which the relative frequency tends when a random experiment
is repeated infinitely many times.” (Batanero et al, 2016, p. 4). This definition allows the range of
applications to expand compared to the classical view, as the empirical tendency is visible in a lot of
natural phenomena (Batanero et al, 2016, p. 4). However, this definition has been criticized, due to
the fact that only an estimate of probabilities, which could variate from one sample to another, is
obtained. Additionally, when it is not possible to make a repetition of experiments under the exact

same conditions this approach would also be inappropriate (Batanero et al, 2016, p. 4).
This view of probability allows an experimental approach and as pointed out by Batanero et al:

“An experimental introduction of probability as a limit of relative frequencies is suggested in many
curricula and standards documents (e.g., the Common Core State Standards in Mathematics
[CCSSI] 2010, the Ministerio de Educacion, Cultura y Deporte [MECD] 2014, and the National
Council of Teachers of Mathematics [NCTM] 2000), and probability is presented as a theoretical

tool used to approach problems that arise from statistical experiences.”
- Batanero et al (2016, p. 8)

In Denmark probability has recently been added to the curriculum and in the 2019 summer exams at
STX and HF it was considered as a new subject. In the finals of mathematics at B level of STX it
was concluded in the evaluation rapport from the Ministry of Education that the students had ob-
tained the lowest score in questions related to probability (Undervisningsministeriet, 2019, p. 26).
The students who had mathematics at A level of STX also struggled with problems related to proba-
bility, and the rapport concluded that probability was very difficult for a lot of the students. In par-
ticular, the students had struggled with a problem related to the normal distribution which had been
unintentionally difficult (Undervisningsministeriet, 2019, p. 19). The same tendency was shown in

the finals of mathematics at B level of HF.

It could indicate that the students generally struggle with calculations within probability, however,
the rapport also notes that a part of the explanation to the relatively low scores could be found in the
lack of proper teaching materials. It is pointed out that the reform implementation process was rela-

tively short, which meant that the material developers had difficulties in keeping up causing a lack
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of access to textbook materials, formula collections, task collections, etc. from the beginning of the

course (Undervisningsministeriet, 2019, p. 5).

WHY IS THE TEACHING OF PROBABILITY IS DIFFICULT FOR MATHEMATICS TEACHERS?

Probability has specific characteristics such as “... multifaceted view of probability or the lack of
reversibility of random experiments”’ (Batanero et al, 2016, p. 1) which are not found in other areas
of mathematics and this might create specific challenges both for students and teachers. Some of the
challenges teachers face when teaching probability is the fact that “... counterintuitive results in
probability are found even at very elementary levels, whereas in other branches of mathematics coun-
terintuitive results are encountered only when working at a high degree of abstraction.” (Batanero,
Godino & Roa, 2004, p. 2) and in addition “... probabilistic reasoning is different from logical or
causal reasoning... " (Batanero & Sanchez, 2013, p. 260). This may be exemplified in an everyday
situation such as a coin toss: Having obtained four consecutive heads, does not affect the probability
of the following coin toss. This may seem counterintuitive to many students and it represents one of

the cognitive challenges which has to be overcome.

The nature of the conceptions and misconceptions in relation to probability by the students has been
described by Batanero and Sanchéz (2013) and the heuristic students use to solve the related problems
is divided into four groups. The first is representativeness where students tend to solve probability
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problems by the use of judgmental heuristics. Students will use “... representativeness heuristic
tended to estimate the likelihood for an event based on how well it represents some aspects of the
parent population.” (Batanero & Sanchéz, 2013, p. 265) thereby the students will believe that small
samples ought to reflect the population distribution. It would be natural to believe that students who
have had more mathematical training would not apply the representativeness however, it has been
“... widely reported among university students even after formal instruction in probability” (Ba-
tanero & Sanchez, 2013, p. 265). Another tendency is to believe random events are “equiprobable”
by their very nature and this is what is described as equiprobability bias. That is, “... people exhibiting
this bias judge outcomes to be equally likely when their probabilities are not equal” (Batanero &
Sanchez, 2013, p. 265). A third heuristic has been identified as the “outcome approach” which has
been applied in the interpretation of frequentist probabilities. In particular, when students are con-
fronted with an uncertain situation, the goal is not specifying probabilities that reflect “... the distri-

bution of occurrences in a series of events, but as predicting the result of a single trial” (Batanero &

Sanchez, 2013, p. 267). The students will evaluate the probabilities in terms of how close they appear
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to the values 0%, 50% or 100% and it is only when the probability is very close to 50% will they
consider an event as “random” (Batanero & Sanchez, 2013, p. 267). Finally, a misconception may
arise due to a lack of identification of similar mathematical structure in different probabilistic prob-

lems.

Another problematic aspect of teaching probability is in the informal ideas assigned to chance and
probability by children and adolescents before instruction which may affect subsequent learning (Ba-
tanero, 2009, p. 3). In particular, there is evidence that students will maintain probability misconcep-
tions that are hard to eradicate based only on a formal teaching of the topic (Jones, Langrall &
Mooney, 2007). As an example of this it has been found that children do not see dices or marbles in
urns as random generator with constant properties. They therefore “... consider a random generator

has a mind of its own or may be controlled by outside forces” (Batanero, 2009, p. 3).

COMBINATORIAL REASONING AND PROBLEM SOLVING

Combinatorics serve as an essential part of probability particularly in some calculations of probabil-
ities. It is possible to classify three models of combinatorial configurations: Selections, distributions,
and partition. In the selection model “... a set of m (usually distinct) objects are considered, from
which a sample of n elements must be drawn, according to some specification.” (Batanero & Sanchez,
2013, p. 261) and usually it is easy for the students to model a counting method for this type of
problem. An example of such a problem is found in Batanero and Sanchez, (2013, p. 261) as problem

1:

Problem 1: There are four numbered marbles in a box (with the digits 2, 4, 7, 9). We choose a
marble and note down its number. Then we put the marble back into the box. We repeat the
process until we form a three-digit number. How many different three-digit numbers is it possible

to obtain? For example, we may obtain the number 222.

In the distribution model the problem refers to the distribution of a set of n objects into m cells and it

can be exemplified in the following problem from Batanero and Sanchez (2013, p. 261):

Problem 2: Suppose we have three identical letters, we want to place them into four different
envelopes: yellow, blue, red and green. It is only possible to introduce one letter into each differ-
ent envelope. How many ways can the three identical letters be placed into the four different
envelopes? For example, we could introduce a letter into the yellow envelope, another into the

blue envelope and the last one into the green envelope.
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An example of the partition model could be to split a set of n objects into m subsets, as in the following

problem from Batanero and Sanchez (2013, p. 261):

Problem 3: “Mary and Cindy have four stamps numbered from 1 to 4. They decide to share out
the stamps, two for each of them. In how many ways can they share out the stamps? For example,

Mary could keep the stamps numbered 1 and 2 and Cindy the stamps numbered 3 and 4.”

These three problems were given to 700 students (age 14-15) by Batanero et al. (1997) both with and
without instructions in combinatorics and they found that “... selection, distribution and partition
problems were not equivalent in difficulty for the students, even after being taught combinatorics.”
(Batanero & Sanchez, 2013, p. 262). Problems 2 and 3 were in particular difficult for the students.

Some of the types of errors included:

1) Error of order

2) Error of repetition

3) Confusing the type of object

4) Excluding some elements to form the configurations

5) Nonsystematic listing

6) Not remembering the correct formula for a combinatorial operation that has been correctly
identified.

7) Not remembering the meaning of the values of parameters in the combinatorial formula

8) Faulty interpretation of the tree diagram

Combinatorics is a difficult subject and researchers has tried to identify the elements leading to dif-
ficulties for students and also highlighting some of the common errors made by students and this
include for example “ ... over-counting and confusing situations in which order matters or does not
matter” (Lockwood, Swinyard & Caughmann, 2015, p. 29). Another difficult aspect of combinatorics
is the fact that students may obtain large numerical answers which can be difficult to verify (Lock-

wood, Swinyard & Caughmann, 2015, p. 29).

LANGUAGE AND LEXICAL AMBIGUITY IN THE PROBABILITY REGISTER

The notion of lexically ambiguous words was previously introduced in the section on research on
statistics, but lexically ambiguous words are not exclusively found in the context of statistics. As
pointed out by Molnar (2018, p. 28) a term such as random also has lexical ambiguity as it changes

meaning among “... everyday, probability, mathematics, and statistics registers”’ (Molnar, 2018, p.
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28). In the probability register a definition of a random phenomenon is “...if individual outcomes are
uncertain, but there is nonetheless a regular distribution of outcomes in a large number of repeti-
tions” (Moore et al. 2013, p. 261). In everyday language “random” instead describes a process with-
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out method or conscious choice and in everyday language “... the process that generates outcomes
is not known, unlike the common usage in probability and statistics.” (Molnar, 2018, p. 28). In the
statistical register, a random sample is for example defined as consisting of “...n individuals chosen
in such a way that every set of n individuals has an equal chance to be the sample actually selected”
(Moore et al. 2013, p. 204). This definition of a random sample therefore satisfies the general defini-

tion in the probability register, ... but it restricts the known process by mandating that each observa-

tion has equal probability.” (Molnar, 2018, p. 29).

Another example of a lexically ambiguous word within probability and statistics is the term inde-
pendent. Misconceptions arise in relation to this notion and one potential reason for this trouble is the
lexical ambiguity as independence has different meanings in probability, everyday language, algebra
and statistics. In probability two events A and B are said to be independent if P(A N B) = P(A) -
P(B) i.e. if the occurrence of one event does not change the probability of the other. Within proba-
bility the concept is therefore symmetrical. In everyday language independent relates to something
“... not depending on the authority of another, not in a position of subordination or subjection; not
subject to external control or rule; self-governing, autonomous, free” (Molnar, 2018, p. 31) and in
everyday language, independent and dependent are not necessarily symmetric. Within algebra, the
notion of independent and dependent are also used to describe variables. The dependent variable is
thus an a quantity expressed by another variable: the independent one. This definition of variables is

“«

never symmetric “... although closer to the sometimes-symmetric everyday definition than the al-

ways-symmetric probability version” (Molnar, 2018, p. 31). Finally, in statistics independence is ap-

“«

plied in multiple situations, where for example “... independent variables in regression are predic-

tors that control the value of the dependent response variable”” (Molnar, 2018, p. 31) and this defini-
tion is “... never symmetric, similar to mathematical variables but opposite of probability events”
(Molnar, 2018, p. 31). Lexically ambiguous words therefore also pose a challenge within the proba-
bility register as well as some words used in the vocabulary belong to several fields and the meaning

changes in relation to the fields.

30



HOW TO IMPROVE STUDENTS UNDERSTANDING OF PROBABILITY: REAL DATA AND TEACHER EDU-
CATION

As the technology has improved and Computer Algebra Systems (CAS-tools) have become easily
accessible it has been suggested that the “... increasing use of communication and information tech-
nologies is rapidly changing the teaching of probability” (Batanero & Sanchez, 2013, p. 277). It has
become easier to obtain and work with real data which could aide the students when learning proba-

“«

bility as “... working with real data allows students to appreciate the difference between empirical
phenomena and probabilistic models, it shows them the usefulness of these models in explaining,
predicting and controlling a variety of real phenomena beyond pure games of chance. *“ (Batanero &

Sanchez, 2013, p. 277)

In a report from the Conference Board of the Mathematical Sciences entitled “The Mathematical

Preparation of Teachers” noted in relation to American teachers that:

“Of all the mathematical topics now appearing in middle grades curricula, teachers are least pre-
pared to teach statistics and probability. Many prospective teachers have not encountered the fun-
damental ideas of modern statistics in their own K-12 mathematics courses...Even those who have
had a statistics course probably have not seen material appropriate for inclusion in middle grades

curricula.”
- Conference Board of the Mathematical Sciences (2001, p. 114)

Several reports also note that “... many of the current programmes do not yet train teachers ade-
quately for their task to teach statistics and probability.” (Batanero 2009, p. 2). This includes reports
from Russell (1990), Batanero, Godino & Roa (2004) and Franklin & Mewborn (2006). As teachers
serve as a link or mediator between the curriculum and the students, the proper training of teachers is
essential. Two main aspects to focus on (according to Batanero(2009)) the epistemological reflection
on the meaning of the concepts being taught within probability i.e. it is essential that the teachers
reflect on the different meanings of probability. The second aspect is the students’ various levels of
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understand and conceptual difficulties in problem solving i.e., the teachers should be “...organizing
and implementing statistics projects, experiencing students’ multiple forms of work and understand-
ing experiments, simulations and graphical representations not just as methodological teaching aids,
but rather as essential means of knowing and understanding. ” (Batanero, 2009, p. 7). Students build

I3

new knowledge in “... an active way, by solving problems and interacting with their classmates we
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should use this same approach in training the teachers especially if we want them later use a con-

structivist and social approach in their teaching” (Batanero, Godino & Roa, 2004, p. 3).

Probability is difficult to teach and it is suggested that ““... we should not only present different models
and show their applications, but we have to go deeper into wider questions, consisting of how to
obtain knowledge from data, why a model is suitable, how to help students develop correct intuitions
in this field and deal with controversial ideas, such as randomness or causality.” (Batanero, Godino
& Roa, 2004, p. 2). A problem is the fact that few teachers have prior experience with conducting
probability experiments or simulations. It could thus propose a challenge to implement an experi-
mental approach to teaching probability or teaching through statistical investigation if the teacher has

no training in this area (Batanero, 2009, p. 7).

LEARNING PROBABILITY IN A NON-NATIVE LANGUAGE

As presented, the meaning of a word may vary in relation to the register, and a word may also vary
in everyday language relating on the given language. It therefore becomes relevant to review literature
concerning the learning of probability and learners whose first language is not the language of in-
struction. As an example, in southern Malawi most school children are offered their secondary math-
ematical instruction in English instead of the native language Chichewa, and Kazima (2006) has sur-
veyed 154 students who had yet to receive formal instruction in probability. The study found, that by
the complexity of the translation it became challenging for Chichewa speakers “... fo differentiate
between scale levels with modifying adjectives, such as equally likely versus not very likely” (Molnar,
2018, p. 34). Additionally, Kazima (2006, p. 169) found that a lot of the students’ “... preconceived
meanings for probability vocabulary were distant from established conventional meanings” (Kazima,
2006, p. 169) and some of these meanings were rooted in the students’ first language. It was recom-
mended by Kazima that the students were offered something more than teacher-spoken definitions,
“instances which would help them refine their construction of meanings for the vocabulary”

(Kazima, 2006, p. 187) and how words are appropriately used.
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ANALYSIS

In this part I present the justification for the methodologies chosen to investigate the bilingual stu-
dents’ performance in the context of probability and statistics teaching in Danish High Schools. The
focus of the analysis will be on the difficulties related to language which (according to the research
literature presented earlier) may arise for learners whose first language is not the language of instruc-

tion. The analysis is split in two sections: Statistics and probability.

In the first section (statistics), I present and analyze student answers to a questionnaire related to
lexically ambiguous words in the context of statistics. The analysis focuses on semantical and syn-
tactical difficulties and difficulties in the transition from natural to formal language. The data was
collected at H.C. Orsted Gymnasiet (HTX, Frederiksberg) where the class had just finished the intro-
duction to statistics. In the second part (probability), I present and analyze observations of student
conversations in relation to probability obtained from classroom observations made at Frederiksberg
Gymnasium (STX, Frederiksberg), where the observations were made in the middle of the introduc-

tion to probability.

STATISTICS
As presented in the theoretical framework, lexically ambiguous words generally pose a challenge to
students in the context of statistics as the semantics may cause trouble and the investigation in the
context of statistics is therefore in relation to lexically ambiguous words. In order to investigate which
language related difficulties bilingual students experience, a questionnaire (see appendix 1A (1B for
English)) was created. The questionnaire aimed to clarify how the students thought of and understood
some of the basic but very important definitions within statistics: Spredning (spread), hyppighed (fre-
quency), frekvens (relative frequency) and uathangighed (independence). As the selected concepts
all qualify as lexically ambiguous words, it will be analyzed which registers the bilingual students
use when asked to define the selected concepts, and if the semantics and syntax is causing difficulties.
In order to evaluate if the semantical and syntactical difficulties are due to the students being bilin-

gual, the answers have been compared to the monolingual student’s replies.

METHODOLOGY
The investigation was conducted at H.C. Orsted Gymnasiet (Frederiksberg) at a second-year math
class where the students had just finished an introduction to statistics. The students had been intro-

duced to concepts within descriptive statistics such as the mean, maximum, minimum, variation,
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median, quartiles, population and sample sets, variation, spread, frequency, and relative freequency.
The students had also had an introduction on how to visualize data with programs such as Excel
(making boxplots, histograms, and tables). The questionnaire (appendix 1A) was given to the stu-
dents, who had just ended their course in descriptive statistics, and there were n=17 students present
the day the questionnaire was handed out. This is a relatively low amount of respondents, as 200
respondents would be more appropriate as this was the amount used in the similar investigation made
by Kaplan, Fisher and Rogness (2010). The discussion will further examine this fact. In order to
provide a quantitative aspect more respondents would have been required and in that case, it would
have been possible to categorize the types of answers in accordance with the categorizations made by

Kaplan, Fisher and Rogness (2010).

As the focus of this thesis is on students whose first language is not the language of instruction, the
questionnaire included that the students wrote which language they spoke at home. This was done in
order to clarify which of the students were bi- or multilingual in accordance with the definition of bi-
and multilingual discussed in the section of “Definition of the term “bilingual” and related problems”
in the theoretical framework. A student therefore qualifies as bilingual or multilingual if they speak

another language than Danish at home.

Of the 17 respondents, 6 replied Danish and some other language (Chinese, English, Urdu, Arabic,
French and Hindi), 6 replied another language (Arabic, Turkish, Sinhala, and Iraqi), 2 replied Danish
and 3 did not reply to this question and there was therefore a total of 12 bilingual students and 2
monolingual students who replied to the questionnaire. In the analysis, the bilingual students have

been denoted BS; for i=1..12 and the monolingual students have been denoted MS; for i=1 and 2.

As the data was collected at only one Danish High School in a specific class, it is possible that other
factors than bilingualism may have contributed to the differences in the answers of the questionnaire.

This aspect of representativity of the obtained data, will be further examined in the discussion.

The focus of the questionnaire was in the context of lexically ambiguous words and the students were
for example asked to use the word “uafhangig” (independent) in a sentence using its primary meaning
in everyday language and afterwards give a definition that maintained the meaning from the created
sentence. The students were then asked to write a sentence with the same word while using its primary

meaning from High School mathematics and afterwards give a definition of the word as used in the
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sentence. The students were asked to do similar tasks with the words “spredning” (spread/standard

deviation), “hyppighed” (frequency) and “frekvens” (relative frequency).

As previously introduced in the theoretical framework, independent is a lexically ambiguous words
having several different meanings depending on the register and it is similar in the Danish translation
“vathengig”. “Spredning” (spread) also qualify as a lexically ambiguous word and most students are
likely to use it in their natural language or have heard it being used in natural language. In natural
language “spredning” (spread) means according to the Danish dictionary that someone or something

1s expanding over a larger area (ordnet.dk, 2020). In the statistical register, spread is defined at the

square root of the variance i.e., ¢ = VVAR. In the statistical register, the spread is therefore an esti-

mate of how far away from the mean, the values of the data set are.

In natural language, “hyppighed” (frequency) means the number of times something is repeated or
happens in each of a larger number of equal lengths of time (ordnet.dk, 2020 (2)) and this meaning is
very similar to the meaning in the mathematical register, where “hyppighed” (frequency) is the num-
ber of occurrences in relation to total number of units. However, in natural language “hyppig” (fre-
quent) is a synonym to “ofte” (often) i.e., the meaning changes in the sense that it is no longer a
numerical estimate. For this reason the word “hyppighed” (frequency) has also been included as lex-

ically ambiguous as the conjugation of the word changes the meaning in natural language.

“Frekvens” (relative frequency) might not be used as much in natural language by students, but the
concept has been chosen anyway as it has a meaning in natural language in relation to radio, in rela-
tion to a scientific language (within physics for example) and a meaning within statistics. In addition,
“frekvens” (relative frequency) can be expressed by the use of the symbolic register as there is a
formula expressing the relative frequency as a quotient of the frequency and the amount of observa-
tions in the data set, n, (Marthinus et al, 2020) i.e.:

frequency

relative frequency = "

The methodology of this investigation is similar to the study conducted by Kaplan, Fisher and
Rogness (2010) and asking students to define mathematical concepts was inspired by Carmen Diaz
and Carmen Batanero (2009) who made a study within probability asking, amongst other things, the
students to define what conditional probability is and provide a correct example (Diaz & Batanero,

2009, p. 142).
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ANALYSIS OF STUDENT ANSWERS TO APPENDIX 1A

The methodology has now been introduced and in this section, I will analyze the replies to appendix
1A, which include a comparative analysis of the monolingual student’s replies. Only two students
replied that they only spoke danish at home and it provides a relatively small foundation of compar-
ison, but it has still been included. This will be further discussed in the discussion of the results of the

analysis.

ANSWERS IN RELATION TO “SPREDNING” (SPREAD)

In the first section of the questionnaire the students were asked to use and define the word “spredning”
(spread) as used in “everyday language” (thus in natural language) and to use and define the word
using the meaning they knew from High Schools Mathematics. 11 bilingual students were able to
correctly use the word “spredning”(spread) with some meaning of everyday language, where exam-
ples of correct usages of the word in everyday language include “spredningen af coronavirusset er
blevet storre / the spread of the corona virus has become larger” and “spredningen af mennesker i

lokalet ser fornuftigt ud / the spread of people in the room looks reasonable’.

As this investigation was made during September 2020 and thus during the Covid-19 pandemic, a lot
of the bilingual students naturally related their everyday use of “spredning” (spread) to the spread of
coronavirus or the spread of people. Thus, most bilingual students have heard or used the word
“spredning” (spread) in their natural language and most of the bilingual students, who were able to
use the word correctly, also defined it correctly. Nine of the bilingual students were able to use “spred-
ning” (spread) correctly in a mathematical sense and only two students have provided an incorrect
example of the usage of the word as used in High School mathematics. Seven of the bilingual students
gave an incorrect definition of the word as used in High School mathematics. Some selected answers

will now be presented and analyzed.
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THE CASE OF BILINGUAL STUDENT 1: SEMANTICAL DIFFICULTIES

The answer provided by bilingual student 1, BSi, is shown in image 1 below:

Huvilket sprog taler I hjemme ved dine foreeldre? ArabiSiK, Daask

1. Spredning

A. Skriv en setning hvor ordet "spredning” indgir med samme betydning, som du bruger det i

il dagli
til daglig Stedang ol Corona eC blever
Qa¢ daviex

B. Giv en definition af hvad ordet "spredning” betyder, ndr det bruges som du gjorde i svaret

PhA H\Wor onaage"

C. Skriv en stning hvor ordet “spredning” indgdr med den betydning du kender fra

gymnasiets matematik o s
L Rad Q?f‘&d\'\\(\gan AL acmaq
S onistede DQ(\ M“/S \

D. Giv en definition af ordet "spredning” sddan som det bruges i svaret pi C
. A\
SPe edaing € ox deQnere alliag ol“?d
“\09 et weSiteme

IMAGE 1: ANSWERS FROM BS; IN RELATION TO “SPREDNING” (SPREAD)

12

BSi replied: "spredning af coronavirus er blevet fordoblet / the spread of corona virus has doubled
when asked to use the word in everyday language and defines spread as: “Hvor mange / how many .
This could indicate that the student understands “’spredning” (spread) as a measure on how many
people are infected. This is, however, not in accordance with the lexical definition of “spred-
ning”’(spread) in the Danish dictionary (Ordnet.dk, 2020) where the closest definition of the word is:
“det at smitstof, biologiske eller kemiske partikler el. lign. spredes over et storre omrdde eller til flere
personer / the fact that infectious substances, biological or chemical particles or the like of it, is

spread over a larger area or to several people” (Ordnet.dk, 2020).

There could be several reasons why BS has made an incorrect reply such as: 1) The student is having
difficulties finding the right words to describe “spredning”(spread) and therefore simply tries to ex-
plain what it meant in this exact situation (i.e. how many people has been infected?), 2) the student
has heard the word “spredning”(spread) used in relation to how many people the virus has spread to
thus making the misunderstood connection causing a semantical error to occur or 3) the student have
misread the question and not noted that he/she has to provide a definition of the word and therefore

answers incorrectly.

The second explanation of a semantical error of BS; is further indicated in the following use of the

word as used in High School Mathematics. BS; used the word as: “find spredningen af antal smittede
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i Danmark / find the spread of the amount of infected in Denmark” which could reflect that the student
understands “spredning” (spread) as a numerical estimate for the amount of something but this would
not be in accordance with the following definition provided by student: “spredning er at definere
afstand pa noget / spread is to define distance on something”. The usage of “spredning” (spread) in
1C is however in accordance with the definition of the word provided in 1B. This could indicate that
BS; relies on the general danish conception of the word rather than the technical definition of the
word provided in the mathematical register. This type of semantical problem was also argued by

Dunn et al (2016) and reviewed in the theoretical framework.

THE CASE OF BILINGUAL STUDENT 2: SEMANTICAL AND SYNTACTICAL DIFFICULTIES

The second answer for analysis is from bilingual student 2, BS,, whose reply is presented in image 2

below:

Hvilket sprog taler I hjemme ved dine foreeldre? a,raé 15|
1. Spredning

A. Skriv en setning hvor ordet "spredning” indgér med samme betydning, som du bruger det i
til daglig
heor wbre Mmegpt er SErolniny £

bc.[yé(/h ot befolltning Mar coroh @

B. Giv en definition af hvad ordet "spredning” betyder, ndr det bruges som du gjorde i svaret

piA ,
[)@l@("hfb) er hvor Sor  Sardsynliyhed

Cr et beS{em( ahdal har/é/" h a9 o

C. Skriven ing hvor ordet “spredning” indgér med den betydning du kender fra
gymnasiets matematik

SPveariyon Por oY% af Statisl)|c p)

ey T
D. Giv en definition af ordet "spredning™ sddan som det bruges i svaret pd C
5Predning @ hror §Predt et

bataser et bestemt mdl Fi

IMAGE 2: ANSWERS FROM BS; IN RELATION TO “SPREDNING” (SPREAD)

BS; uses the word in 1A as: “hvor meget er spredning for halvdelen af befolkningen har corona /
how much is the spread that half of the population have corona” and afterwards defines the word
“spredning” (spread) as used in everyday language as: “spredning er hvor stor sandssynlighed er et
bestemt antal har/er noget / spread is how big a probability a certain amount has / is something”.
This answer could indicate that the student has a conception of the notion of “spredning” (spread) as
the probability of something and hence connecting “spredning” (spread) to how likely something is
to happen. Combined the answers to 1A and 1B support the claim that the student is connecting

“spredning” (spread) to how likely something is to happen. This is not in accordance with the
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definition provided by the danish dictionary (ordnet.dk, 2020) as presented earlier and the answer
from BS> would therefore qualify as a semantical error as the word is used semantically different
from the lexical meaning of the word. A likely explanation of this could be that BS; is not using the

word in in his/her natural language.

What is interesting is that BS, replies: “spredning er hvor spredt i et datascet et bestemt mal / spread
is how spread in a data set a certain measure” which syntactically is incorrect thus it becomes very
difficult to extract a meaning of the answer. This syntactical error would qualify as a language related
difficulty as BS, does not clearly communicate the intended meaning. As reviewed in the theoretical
framework this is in particular problematic in formulation phases as it becomes difficult for other
students (and the teacher) to understand the intended. As this communication is provided in a written

media BS; is expected to be concise and precise in the formulation but the answer lacks this.

THE CASE OF BILINGUAL STUDENT 3: USE OF THE MATHEMATICAL REGISTER
A third answer in this relation came from bilingual student 3, BS3, and poses as a contrast to the first

two student answers. It is displayed in image 3 below:

Hvilket sprog taler I hjemme ved dine foreldre? ~ Sinhala
1. Spredning
A Slk;iv en setning hvor ordet "spredning” indgdr med samme betydning, som du bruger det i
til daglig
Tx: ,’Q,AJL),,\?,\ of e Populations N, Spredac Sig wed

5 cm Fre midddvecdion.

B. Giv en definition af hvad ordet "spredning” betyder, nir det bruges som du gjorde i svaret

piA .
A\«')n—o\v\-ns b.;‘ydd»(, hvee Nca»" r\o?/" -&ﬂ\d‘l‘.ﬁ' Sig el A\q

midddverdion. Fr. T e hormalfecleling.

C. Skriv en swetning hvor ordet “spredning” indgdr med den betydning du kender fra
gymnasiets matematik

;‘07-0&’1'\9;0\ ;»/ rhomgcl( Ju«‘a ' “"l)é?““" Sig wed|
AN | Gv\ M\(}t}i\\l&l‘d\m

D. Giv en definition af ordet "spredning” sddan som det bruges i svaret pd
‘5’pr-¢v\\-c§ e M\*"‘?«“ af ob.wua%iw ‘é\a‘
OWsevedionsatiels vicdd usrd. Spradning her spmiddd
Stgma (o) g \cem bestennes vot fak varionsan.

2 Hunniohed )
IMAGE 3: ANSWERS FROM BS; IN RELATION TO “SPREDNING” (SPREAD)

In 1A the student replies: “Fordelingen af en populations hajde, spreder sig med 5 cm fra middelvcer-
dien / the distribution of the height of a population is spreading 5 cm from the mean” and afterwards
defines in 1B: “spredning betyder hvor meget noget fordeler sig med fra middelveerdien. Fx: I en
normalfordeling / spread means how much something is distributed with from the mean. Fx: In a

normal distribution”’. BS3 thus uses the word in everyday language similar to the way it is used within
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the mathematical register. This could indicate that BS; does not use “spredning” (spread) in natural
language and therefore rely exclusively on the mathematical conception of the word. This is particu-
larly implied by the use of “Fx:. i en normalfordeling / Fx: In a normal distribution” as this 1s prob-
ably a formulation from a textbook. Another possible explanation can be found in the milieu and the
mathematical classroom discourse. As the questionnaire was presented while the students were at
school and with the teacher present in the classroom this could have affected the type of answer

provided by BSs.

In 1C BS; replied: “fordelingen af meengde juice i ml spreder sig med 4 ml fra middelveerdien / the
distribution of the amount of juice in ml is spreadning 4 ml from the mean” and afterwards defines
in 1D: "Spredning er fordelingen af observationer fra observationscettets middelveerdi. Spredning
har symbolet sigma ( a), og kan bestemmes ud fra variansen / Spread is the distribution of observa-
tions from the mean of the set of observations. The spread has the symbol sigma (o), and can be
determined from the variance”. BS; formally defines “spredning” by using the related vocabulary of
the register of mathematics by using terms as “middelvaerdi”, “observationsset”, “fordeling”, “vari-

ans” (mean, set of observations, distribution, variance). BS; also uses the symbolic register as by

including the usage of ¢ to represent the spread.

This answer is formulated in a more academic language as it is concise, precise and uses technical
terms to describe the concept of spread. This answer to 1D poses a contrast to the answer provided
by BS> where syntactical errors made it difficult to extract a meaning. The answer from BS3; would
be more accepted in a mathematical classroom discourse as it relies on the mathematical register in

the formulation and uses a well-chosen representation.

FINAL COMMENTS ON ANSWERS

In question 1D, 7 of the bilingual students answered incorrectly and the students provided answers
like: “Hvor godt observationerne er spredt / How well the observations are spread” from BS4 and:
“Det betyder at den spreder sig med 0,3453 / It means it spreads with 0,3453” from BSs. Some of
the incorrect answers are listed as incorrect as they are not a definition: Instead the students rephrase
their answers from 1C and they do not explain what “spredning”(spread) means mathematically, they
simply use the word again. Another incorrect answer was from BS¢ who wrote: “hvor stor forskel
der er fra mindste til storste veerdi / how big a difference there is from the smallest to the largest
value”. This student has interchanged the concept of “spredning” (spread) with “variationsbredde”

(the width of the data).
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The four correct answers to question 1D were informally correct but none of the students had chosen
a formal, mathematical definition. BS7 correctly replied: “Hvor stor en fordeling/cendring/afvigelse
der er pd resultaterne ud fra middelveerdien / how big a distribution/change/deviation there is on the
results from the mean” which shows that BS7 is able to describe the spread as a deviation from the
mean in an informal way where he/she even writes three words (fordeling/cendring/afvigelse (distri-

bution/change/deviation)) to describe what he/she means.

THE CASE OF MONOLINGUAL STUDENT 1 AND 2

The reply of monolingual student number 1, MS;, is presented in image 4 below:

Hvilket Sprog taler I hjemme ved dine foraeldre? DA NSk

L. Spredning

A. Skriv en setning h » Lam
1l daglig ing hvor ordet “spredning” indgir med samme betydning, som du bruger det i

on dng"jht- i dwef nes skablorelso -

B. (;n\cn definition af hvad ordet " "spredning™ betyder, nir det bruges som du gjorde i svaret
paA

V alickan

C. Skriv en setning hvor ordet “spredning” indgir med den betydning du kender fra
gymnasiets matematik

Lpr ed, Bku_qos ‘}1/ af beJUMMC

1);'"0%« e Mange Corsleedl, ge obsers-

D. (nv en dcf‘muoz af ordet "spredning” sidan som det bruges i svaret pd C

/V atiak ion

IMAGE 4: ANSWERS FROM MS; IN RELATION TO “SPREDNING” (SPREAD)

Where MS; in 1A wrote: “spredningen af elevernes skostorrelse er jeevnt fordelt / the spread of the
students’ shoe sizes is evenly distributed” and defined the word in 1B as “variation /variation”. MS;
uses the word with a semantical meaning close to the everyday meaning of “variation” (variation) i.e.
as a relative description of differences when looking at a collection of items. When asked to use the
word with a mathematical meaning MS; replies: “spredning bruges til at bedomme om der er mange
forskellige observationer / spread is used to assess if there are many different observations” and then
defines the word as “Lighed /variation / Similarity/ variation”. In a mathematical sense MS; has a
conception of “spredning” (spread) as a description of differences in the dataset and this conception
is thus closely related to the meaning provided in 1A and 1B. MS; defines “spredning” (spread) in

1D as both similarity and variation and it is possible that MS; by this answer intend to define
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“spredning” (spread) as a description of the variations and similarities of a dataset. However, MS;
simply writes the words and it is unclear if MS; wants to define spread as a synonym to either simi-
larities or variation: Two synonyms which are not in accordance with the mathematical meaning of
“spredning” (spread). If MS; sees “spredning” (spread) as a synonym to “variation” (variation) this
would not be an uncommon usage: As reviewed in the theoretical framework, Kaplan, Fisher and
Rogness (2010) found that 42% of the tested students used variation as a synonym to spread. Com-
bined, these four answers would indicate that MS; have the same conception of “spredning” (spread)

mathematically as in everyday language.
The reply from MS; is presented in image 5 below:

Hvilket sprog taler I hiemme ved dine formldre? | ) S,

1. Spredning
A. Skriv en setning hvor ordet "spredning” indgér med samme betydning, som du bruger det i
til daglig
{4 S/%/h»g L lpa,
b\ fL ’
@héccﬁmém,@é }9’25%1 Ud;m:l{an_
(. s D nander, "ﬂ? ho et

B. ®iv en définition af hvad ordet " "spredning” betyder, nir det bruges som du g;ordc i svaret

5Pednm/¢ (:%c “— m /zu/a, ang/ v

C. Skriv en stning hvor ordet "spredning” indgir med den betydning du kender fra
gymnasiets matematik

DebaSabigh (el op. 16 o 065rttlichan, Besegn Spicni,
T ’4‘7\0@' /

D. Given dcﬁmuon af ordet "'spredning” sddan som det bruges i svaret pi C

:I\ MWQ &MM velle, ef angal
l(%ka /)W‘ /Mféoowjm{v%‘ﬁhw\g ‘:l lv
2. Hyppighed  .[e S(,u- hegtyg oM Py W

IMAGE 5: ANSWERS FROM MS; IN RELATION TO “SPREDNING” (SPREAD)

When asked to use the word while maintaining the meaning of everyday language MS» reply: “Spred-
ning betyder pa dagligdagssprog forholdet mellem en bestemt meengde veerdier og deres veerdier hvor
de ligger ift. hinanden / In everyday language, spread means the relationship between a certain
amount of values and their values where they lie in relation to each other” and afterwards defines it
as: "spredning er et forhold der angiver et scet veerdiers tendenser og placering ift hinanden / spread
is a ratio that indicates the tendencies and location of a set of values in relation to each other”. In
1A MS: is already providing an explanation of what the word means and in 1B MS; is providing a

definition of the word which is more in accordance with the mathematical meaning of the word if the
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mean had been mentioned as well. This could indicate that MS; only rely on the mathematical register
even when asked to use the word in everyday language. As in the case of BS3 an explanation could

be found in the mathematical classroom discourse.

In 2C MS; replied: “Datascettet bestdar af 10 observationer. Beregn spredningen for observationerne
/ The data set consists of 10 observations. Calculate the spread for the observations ~ and uses the
word as seen in problems presented during the introduction to statistics provided through High School
mathematics. MS» then defines “spredning” (spread) as: “spredning forklarer forholdet mellem et
antal observationer i et datascet og kan beregnes. Med spredning kan man se hvor langt at veerdierne
star fra hinanden hvilket siger noget om datascettet / The spread explains the relationship between a
number of observations in a data set and can be calculated. With the spread, you can see how far the
values are apart, which says something about the data set ”. The definition in 1D is thus closely
related to the definition provided in 1B and it is interesting that MS; have a conception of “spredning”
(spread) as an estimate of how far the values or observations are apart as this formulation indicate a
spatial conception of the word closely related to the everyday conception of “spredning” (spread)

when used in relation to for example the spread of people in a room.

COMPARISON OF BILINGUAL STUDENT REPLIES AND MONOLINGUAL STUDENT REPLIES

In the past analyses we have seen cases of semantical difficulties in particular in the case of BS; and
BS.. BS; had semantical difficulties in the sense that the general Danish conception of “spredning”
(spread), as a numerical measure on how many people were infected with corona virus, was not in
accordance with the lexical meaning of the word. In the mathematical usage of the word this concep-
tion was also present, and it would seem that BS; rely on the (wrongful) general Danish conception
of the word rather than the mathematical meaning even though BS; defined the word with a different

meaning in 1D.

The answers provided by MS; also showed a similar type of semantical difficulties as the conception
of “spredning” (spread) provided in an everyday meaning and mathematical meaning were also very
closely related, and it was argued that MS; also relied on the general Danish conception of the word
rather than the mathematical meaning. The difference in the semantical issues of BS; and MS; is in
particular that MS; provided a semantical meaning in natural language which is in accordance with
the lexical meaning of the word and BS; did not. In the case of MS; the provided meanings of “spred-
ning” (spread) were also closely related, as MS; used and defined the word in everyday language in

a mathematical context and the similarities in the usage of the word can thus be explained by this.
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The case of BS» also showed a semantical conception of the word in natural language which was not
in accordance with the lexical meaning of the word and in addition the syntactical errors in the 1D
qualified as a language related problem as it became difficult to extract a meaning of the provided
definition. MS> did not experience any syntactical errors which qualified as language related prob-
lems such that the indented meaning became difficult to extract: Only the answer provided in 1D by
MS; became ambiguous as both similarities and variation was written perhaps as synonyms. The
language related problems of BS; based on syntactical errors were only present with BS,: In fact, BS3
provided a sentence and definition with a mathematical meaning in an academical language which
used both the symbolical register and was concise with usage of technical terms in relation to statis-
tics. Neither MS; nor MS; provided an answer formulated by the use of the register of mathematics.
However, BS; did, similar to MS», use the word in everyday language and meaning in a way which
was more in accordance with the mathematical meaning of the word. As pointed out, this could be
explained by the milieu and the mathematical classroom discourse as the questionnaire was given to

the students during a normal lesson and this explanation is valid for both BS; and MS..

FINDINGS IN RELATION TO “SPREDNING” (SPREAD)

In the data concerning the lexically ambiguous word “spredning” (spread) we saw semantical diffi-
culties in the case of BSi, who relied on the general danish conception of the word when providing a
mathematical definition. The case of BS> presented some semantical and syntactical difficulties as
the student regarded “spredning” (spread) as the probability of something occurring and the formu-
lation in the definition of 1D had syntactical errors which made it difficult to extract a meaning. The
case of BS; showed an answer formulated by the use of the mathematical register and in this case
there were no semantical nor syntactical errors occurring. The case of BS¢ also showed a semantical

error as the student had interchanged the concept with the width of the data.

In the case of MS1, “spredning” (spread) was mathematically defined as a synonym to either “lighed”
(similarities) or “variation” (variation): Two words which are not synonyms. The case of MS1 there-
fore showed some language related difficulties as the formulation in the mathematical definition is
ambiguous. In the case of MS; only a mathematical context was provided in the answers and there
were no no transfer of the meaning in natural language of the word to the mathematical meaning of
the word. The comparison of the bi- and monolingual replies showed the differences in the difficul-
ties: In particular, it was noted that the bilingual students seemed to experience semantical difficulties,

which were not experienced by the monolingual students in relation to the word “spredning” (spread).
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ANSWERS IN RELATION TO “HYPPIGHED” (FREQUENCY)

When asked to use the word “hyppighed” eight students were able to do so correctly and only four
students were not. Most students used the word “hyppigt” (frequent) instead of “hyppighed” and this
has been categorized as a correct answer to 2.A even though the word has been conjugated. Most of
the students applied the word as a synonym to the word “ofte” (often) in sentences such as: “man ser
hende hyppigt / you see her frequently” and “hvor hyppigt siger du ordet? / how frequently do you
say the word? ” and therefore in accordance with the lexical meaning of the word “hyppigt” (frequent)

as previously introduced.

THE CASE OF BILINGUAL STUDENT 8: LANGUAGE RELATED DIFFICULTIES PRESENTED AS EITHER
SYNTACTICAL OR SEMANTICAL ERROR

In part 2A and 2B, bilingual student 8, BSs, replied as shown in image 6 below:

2. Hyppighed
A. Skriven saetning hvor ordet “hyppighed” indgdr med samme betydning, som du bruger det i
til daglig
Wyoedaneden  af  den  AldwoacuPte W\ bouer ekter, de6  vile
voce med b\ teviewet  ex  fox d\cw,

B. Giv en definition af hvad ordet “hyppighed” betyder, nir det bruges som du gjorde i svaret
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IMAGE 6: ANSWERS FROM BSs IN RELATION TO “HYPPIGHED” (FREQUENCY) PART A AND B

BSs uses the word in everyday language as: “Hyppigheden af den aldersgruppe vi sager efter, der
ville veere med til interviewet er for lav / the frequency of the age group we are looking for, who
wanted to do the interview, is too low”. It is possible that “hyppighed” (frequency) is used to mean
“the amount of people” thus it is used as a synonym to the Danish word “mangden” (the amount) or
“antallet” (the number of), which would not be in accordance with the definition given by the danish
dictionary where “hyppighed” is defined as: “grad af udbredelse; antal forekomster i forhold til sam-
let antal enheder / degree of prevalence; number of occurrences in relation to the total number of

units” (ordnet.dk, 2020 (2)). If this is the case, the answer could be regarded as semantically incorrect.
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The formulation of the answer could also be viewed as syntactically wrong if we consider the idea
that BSsg has left out a few words. For example, a similar formulation such as: “Hyppigheden af dem,
der ville veere med til interviewet af den aldersgruppe vi soger efter, er for lav / the frequency of
those, who wanted to do the interview of the age group we are looking for, is too low”. The answer
would then be more in accordance with the lexical meaning contained in the definition found in the
danish dictionary. The language related difficulties of Sg therefore lies particularly in the formulation

as it is not clear what he/she means.

In 2B BSgs defines “hyppighed”(frequency) as: “Hyppighed ville betyde i hvor haj grad stemmer no-
get med det vi sager efter. For eksempel hvis man undersoger forskellige aldersgrupper, hvor mange
af hver aldersgruppe vil spille fodbold. Sa vil antal af personer der vil veere med er hyppigheden /
Frequency would mean the degree to which something matches what we are looking for. For example,
if one examines different age groups, how many of each age group will play football. Then the number
of people who want to join is the frequency ”. The first part of this definition is not in accordance
with the provided meaning of the word in part 2A, but the second part of the definition supports the
claim that BSg has made syntactical errors in the answer to 2A, as this part of the definition now
relates to a number of occurrences in relation to the total number of units. Additionally, Sg does not

clearly define the word in 2B but rely on a new example to explain the word.

In question 2C and 2D BSs replied as shown in image 7 below:

C. Skriv en seetning hvor ordet "hyppighed” indgdr med den betydning du kender fra
gymnasiets matematik

“Y??'\s\\e&— e vaes e\ de  acupecicade O bSecvakion e

D. Giv en definition af ordet "hyppighed” sddan som det bruges i svaret pi C
Qe y\\ vekyde ot ledenfoc  agropp e cle ObSumuo“"_
wNOo € £y
V\V knr\‘\.‘{“ blev  dekt %% LV inkecvaler \ocug e

yeewy y bom ‘oebyles \Wve ¢ . 3

4
oQ aek . et e mén e dange o

AW 1‘03 e e c ‘\VS es
IMAGE 7: ANSWERS FROM BSs IN RELATION TO “HYPPIGHED” (FREQUENCY) PART C AND D

Where BSs replied: “Hyppighed bruges til de grupperede observationer / Frequency is used to the
grouped observations” and defines it as: “Det vil betyde at indenfor grupperede observationer hvor

dataerne er blevet delt op i intervaller, bruges der hyppighed, som betyder hvor mange gange bringes
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op det vi sager efter / It will mean that within grouped observations where the data has been divided
into intervals, frequency is used, which means how many times it is brought up what we are looking
for”. In 2C BSg provided a sentence in which the meaning of the word does not appear per say.
Frequency is indeed used when dealing with grouped observations within descriptive statistics, but
BSsg does not construct a sentence where the meaning of the word is evident. In 2D the last part of the
definition “... frequency is used, which means how many times it is brought up what we are looking
for” does capture the mathematical meaning of “hyppighed” (frequency). The case of BSg does show
some language related difficulties which could both be semantical or syntactical. In addition, the
definition in 2B is formulated ambiguously as the first part of the definition has one meaning, and the

second part, which is more of a new example, has another meaning.

THE CASE OF BILINGUAL STUDENT 1: SEMANTICAL ERROR IN THE EVERYDAY USE

Bilingual student 1, BSy, replied to 2A and 2B as shown in image 8 below:

2. Hyppighed

A. Skriv en setning hvor ordet "hyppighed” indgdr med samme betydning, som du bruger det i

til daglig ocnvo\x af v nge ces uaer
2 hy eeig T
v v

B. Giv en definition af hvad ordet "hyppighed” betyder, nir det bruges som du gjorde i svaret
pa A "ok dec <r Mange odec rﬂae(,

IMAGE 8: ANSWERS FROM BS: IN RELATION TO “HYPPIGHED” (FREQUENCY) PART A AND B

In relation to question 2A and 2B, BS; replied: “antal(l)et af unge der ryger er hyppigt / the amount
of young people smoking is frequent“ with a following definition as: “at der er mange der ryger /
that there is a lot of young people who smokes”’. BS| uses the word “hyppigt”(frequent) as an estimate
of the amount of young people smoking and it could therefore be viewed as a synonym to the words
“stort” (big), “hejt” (high). This usage of the word is not in accordance with definition of the word as
the synonyms would be “ofte”(often) or “tit”(often). The two answers would indicate a semantical
error as the applied meaning by the student does not follow the lexical norm and the sentence thus

become syntactically wrong.
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In 2C and 2D, BS; replied as shown in image 9 below:

C. Skriv en s@tning hvor ordet “hyppighed” indgr med den betydning du kender fra

gymnasiets matematik
o Werigt lwommer detimale-
\“

D. Giv en definition af ordet "hyppighed” sidan son;'dc( bruges i svaret pd C )
VPG Yoy oler wvor ™Man Qe ange.. .

IMAGE 9: ANSWERS FROM BS: IN RELATION TO “HYPPIGHED” (FREQUENCY) PART C AND D

In 2C and 2D BS; replied: “hvor hyppigt kommer decimalet 14 / how frequent is the decimal 14" and
defined it as: “hyppig betyder hvor mange gange / frequent means how many times”. BS; is thus
capable of using the word correctly while maintaining the meaning presented in High School mathe-

matics and the following explanation of the word is not incorrect even though it is unprecise.

THE CASE OF BILINGUAL STUDENT 5: LANGUAGE RELATED DIFFICULTIES
In the case of bilingual student 5, the answers to part C and D are shown in image 10 below:
C. Skrive tning h v i i e ing du kender fra
gymms';;‘:m'a'zgm:::; ordet "hyppighed” indgir med den betydning u ende int ﬂ{
o hedden Jeere
hvor stor er HPPg
J1%s; lég]
188, 158 1bo, 16k 116¥) 63+ + -

D. Giv en definition af ordet "hyppighed” sidan som det bruges i svaret pd C
pet bctyo‘“‘/ hvor l”lanﬁ‘: za.! & ole~

o 150 tllho oo der 7 Hyppgheolen =3

IMAGE 10: ANSWERS FROM BSs IN RELATION TO “HYPPIGHED” (FREQUENCY) PART C AND D

Where BSs replied (translated): "How large is the frequency in this interval ]150;160]

158, 159, 160, 166, 167, 168 . ... ~ and afterwards BSs defines frequency in 2D as: “Det betyder
hvor mange tal er der fra 150 til 160 og der er Hyppigheden = 3 / It means how many numbers are
there from 150 to 160 and there the Frequency = 3”. The formulation of this answer to 2D is am-
biguous as the first part of the definition: “/t means how many numbers are there from 150 to 160

could relate to the length of the interval. It is likely that BSs is trying to define it as the amount of

48



observations from the dataset drawn just below, which lies within the interval as the second part of
the student’s definition:”... and there the Frequency = 3" would imply this. In this case it is inter-
esting that BSs does not provide a general definition of the concept of frequency, instead he/she rely
on an example by making a data set to explain the intended meaning. The language related difficul-
ties in this case therefore lie particularly in the formulation where it deviates from the mathematical
language related to the mathematical classroom discourse as it is formulated in a way which is im-

precise causing possible misunderstandings between the intended and perceived meaning.

OTHER MATHEMATICAL DEFINITIONS BY BILINGUAL STUDENTS
The bilingual students generally did well when asked to use and define the word in a statistical con-

text. For example, it was used in sentences and defined as shown in figure 3 below:

BS: “Hyppigheden for tallet seks er ni / “hyppigheden er hvor meget noget bliver
The frequency for the number six is indgaet / The frequency is how much some-
nine” thing is being entered into”

BS; “Hyppigheden for elever med en | “hyppigheden betyder antallet af gange en ob-

hajde pd 180 cm er 4 / The frequency | servation i et datascet fremkommer / The fre-

for students with a height of 180 cm is | quency means the number of times an observa-

47 tion in a data set appears”
BS, “Hyppigheden for str. 42 er 10/ The = “Hvor ofte str. 42 fremkommer i datascettet /
frequency for size 42 is 10” How often size 42 appears in the data set”

FIGURE 3: SELECTED CORRECT BILINGUAL STUDENT ANSWERS TO 2C AND 2D

The definition provided by BS3 is in particular formulated within the academic language used within
the mathematical register as it is precise, and the information load is dense and concise. It also con-
tains formal expressions with the use of abstract and technical terms (“observation”, “datatsat” /
“observation”, “data set” ) and it is actually a definition thus the degree of abstraction is high. This
type of answer is also in accordance with what is expected in the mathematical classroom discourse
and in particular it is formulated in a way expected in a written media. As a contrast, the answer from
BS7 is an explanation of how the word was used in 2C and thus it relates to the sizes of shoes. It
therefore lacks the degree of generality provided by BS3, and this answer could therefore be viewed
as a less academically formulated answer even though it is clear that BS7 understands the concept of

frequency when using it within the register of mathematics.
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THE CASE OF MONOLINGUAL STUDENT 1 AND 2: CORRECT DEFINITIONS AND USAGE OF THE WORD
IN BOTH REGISTERS

When asked to use and define the word “hyppighed” (frequency) as used in everyday language, MS;

replied as shown in image 11 below:

2. Hyppighed

A. Skriv en setning hvor ordet "hyppighed” indgdr med samme betydning, som du bruger det i

til daglig
o risikom  for at & copna,er Slarre
A 2y ydommen ‘Foro'l:(""’m”‘ hy P gee

B. Giv en definition af hvad ordet "hyppighed” betyder, nér det bruges som du gjorde 1 svaret

pd A
a‘lq'e,rc

IMAGE 11: ANSWERS FROM MS; IN RELATION TO “HYPPIGHED” (FREQUENCY) PART A AND B
And therefore answers: “risikoen for at fd corona, er storre da sygdommen forekommer hyppigere /
the risk of getting corona is greater as the disease occurs more frequently’” and defines it as “ oftere
/ more often . This usage of the word is lexically correct and the word “oftere / more often” can be
viewed as a synonym for “hyppigere” (more frequent) even though it can be discussed if it is a defi-
nition. In the next part, MS; reply as shown in image 12 below:

C. Skriv en satning hvor ordet "hyppighed” indgar med den betydning du kender fra
gymnasiets matematik

VOr ' e gomge on cbserva-
tion Lore Kom Moo

D. Giv en definition af ordet "hyppighed" sddan som det bruges i svaret pi C

Ah‘-a 4 af Somme (,br,(y Vall'()l}.

IMAGE 12: ANSWERS FROM MS; IN RELATION TO “HYPPIGHED” (FREQUENCY) PART C AND D

And answers: “hvor mange gange en observation forekommer / how many times an observation oc-
curs”’. MS does not actually use the word in the sentence in 2C but instead explains the mathematical
meaning of the word. In 2D MS; defines the word as: “Antalet af samme observation / the number of

the same observation” and thus defines it in accordance with the statistical definition.
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In 2A and 2B, MS; replied as shown in image 13 below:

i &- ,
2. Hyppighed  .plug, Size hrogeg om N ok D
A. Skriv en s@tning hvor ordet "hyppighed” indgir med samme betydning, som
til daglig ' &)
wd hgpighrden - qler. ; hsanmerl 3 b
‘{T:v( A 7 ( % w @Ié( ~ £
ndr det bruges som du gjorde i svaret

S - ' » . "
B. Giv en definition af hvad ordet” hyppighed” betyder,
pd A

%m/"( ,Aén.(/a/ om b antal S on belFemre Uaplt
ud s O S Jatmiasb

IMAGE 13: ANSWERS FROM MS:; IN RELATION TO “HYPPIGHED” (FREQUENCY) PART A AND B

And therefore answers: "Find hyppigheden af rode cebler i kassen med 30 cebler / find the frequency
of red apples in the box with 30 apples” and defines it as: "Hyppighed forteeller om et antal af en
bestemt veerdi ud af et storre datascet / Frequency tells about a number of a certain value out of a
larger data set”. MS; uses and defines the word in a mathematical context which is indicated in both
the sentence provided in 2A, which is similar to a formulation of a mathematical problem, but also in
the definition provided in 2B, which contain words related to the mathematical register such as

“dataset” (data set).

When asked to use the word in 2C and 2D, MS; replies as shown in image 14 below:

C. Skriv en setning hvor ordet "hyppighed” indgir med den betydning du kender fra
gymnasiets matematik
. / {
En B lifost, ol _/
14 ~ ChH ﬁa%‘ . #
“o blvaselice, o Clontet,

. Rege il oﬂ (g
| ¢ "‘L wa‘\‘MM-‘P' /
hileg, 4 S ¢ /Zs-«, et bepe, A,Pfyy(,é.\’;( Y A/:aa

D. Giv en definition af ordet "hyppighed” sddan som det bruges i svaret pd C
/ﬁppjdﬂ( 2 éw;/é bl ac Cespouwe am/ea%
e beSéemb tul 1€ St Ak Daaber Sy fvnen
A

3. Frekvens ful Uean, /«\CAC”““‘L //“C Penge

IMAGE 14: ANSWERS FROM MS:; IN RELATION TO “HYPPIGHED” (FREQUENCY) PART C AND D
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And uses the word in the sentence: “En pose med en masse talveerdier er blandet sammen. Peter vil
gerne finde ud af hvor mange gange af tallet 4 der er i posen. Bestem hyppigheden af 4 i talscettet /
A bag with a lot of numerical values is mixed together. Peter would like to find out how many times
of the number 4 are in the bag. Determine the frequency of 4 in the set of numbers”’. MS;, formulates
a sentence as a mathematical problem could be formulated and the defines it as: “ Hyppighed bruges
til at bestemme antallet af et bestemt tal i et storre datascet hvor et tal kan forekomme flere gange /
Frequency is used to determine the number of a particular number in a larger data set where a

«

number can occur multiple times ““ which is a definition in accordance with the statistical definition
of the word and the usage of the word in 2C. The provided definition is also very close to the defini-
tion provided in 2B and this is not surprising as MS; also provided a mathematical usage of the word

in 1A.

COMPARISON OF BILINGUAL STUDENT REPLIES AND MONOLINGUAL STUDENT REPLIES

In the previous analysis we saw language related difficulties which were both semantical and syntac-
tical in the bilingual student’s replies. In the case of BSg there was difficulties in the formulation as
the intended meaning became unclear in particular in part 2A and the provided definition in 2B was
based on a new example to explain rather than define the meaning of the word. The strategy of using
an example to define the concept was also applied by BSs. The language related difficulties of BSs
were not present in the replies provided by neither MS; nor MS; and the strategy of using examples
in the definition was not used either. In fact, MS; used and defined the word in accordance with the

lexical meaning of the word as a synonym to “ofte” (often) and thus used it in natural language.

In the case of BS; there were semantical errors in the everyday meaning, however, this incorrect
conception of the word was not present in the mathematical meaning. It would therefore indicate that
BS; is aware of the fact that the word has different meanings within the different register, and it could
indicate that BS; does not use the word in his/her everyday language and therefore he/she has an
incorrect conception of it. In the case of MS», the provided meaning of the word was similar in the
everyday usage of the word and the mathematical usage of the word. However, as MS; also provided
a mathematical meaning in the everyday usage of the word it could perhaps also indicate that MS,,
similar to BSi, does not use the word in everyday language. Another possible explanation for the
usage of mathematical context only by MS;, can be found within the mathematical classroom dis-

course as the questionnaire was distributed during a lesson.
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The bilingual students did provide a lot of correct replies to 2C and 2D which were also formulated
in a concise manner such that the intended meaning was unambiguous. Such an example was the
definition provided by BS3; who used technical terms to define the concept which was more precise

than the formulation provided by for example MS;.

FINDINGS IN RELATION TO “HYPPIGHED” (FREQUENCY)

The case of BSg showed language related difficulties as it was argued that the answers provided by
BSs could be regarded as either semantical or syntactical errors. The case of BS| showed semantical
errors in the general danish conception of the word as the conception was lexically wrong. The pro-
vided mathematical meaning of the word was however in accordance with the mathematical defini-
tion and there was no semantical transfer of the general danish conception to the mathematical defi-
nition. The case of BSs showed language related difficulties in the formulation as the answer was
formulated in natural language rather than the mathematical register, which made the mathematical
sentence and definition imprecise. The cases of BSz, BS3; and BS5 all showed correct usage and defi-
nitions of the word, where particularly the formulation of BS; in 2D was formulated in the mathe-
matical register with a higher degree of abstraction than for example BS,. In relation to “hyppighed”

(frequency), no language related problems occurred with the monolingual students.

ANSWERS IN RELATION TO “FREKVENS” (RELATIVE FREQUENCY)

The third word in the questionnaire was “frekvens” (relative frequency) and before using this word
in the questionnaire, the fact that it is probably not a word commonly used by students in their natural
language was considered. This concern was somewhat confirmed by the fact that several of the bilin-

gual students (4) chose not to answer part A and B of question 3.

The bilingual and monolingual students generally struggled with both using and defining the word
“frekvens” (relative frequency) when using it in natural language. This can be a consequence of the
students not having heard or used the word in natural language outside a classroom thus it becomes

difficult to both use and define in this way.

53



THE CASE OF BILINGUAL STUDENT 6: SEMANTICAL TRANSFER FROM (WRONGFUL) GENERAL DAN-

ISH DEFINITION TO MATHEMATICAL DEFINITION

Bilingual student 6, BSe, replied as shown in image 15 below:

3. Frekvens

A. Skriv en setning hvor ordet "frekvens” indgdr med samme betydning, som du bruger det i
til daglig

= ,4‘rg,uwn54n r«‘ %(‘u‘a)/ﬂgﬁ dbffe/a‘c’-’j 7

B. ,(\'iiv en definition af hvad ordet "frekvens” betyder, ndr det bruges som du gjorde i svaret pd
L tk /
(Md“".‘y\ ,C/fﬂg V\f)ﬁ ; -
]

- -

Skriv en swtning hy " " . .
s 8 hvor ordet "frekvens” indgdr med den bety 8 siets
matematik 5" indgir med den betydning du kender fra gymnasiets

C.
Find ﬂ\:kwnur\ nf lprereres SkoStorn/sq.

D. Giv en definition af ordet "frekvens” sddan som det bruges i svaret pi C

Mo 5 her— fvr,blau\&m vl via en a r(,m]
Son

linder Procenr ag cendiine 4

IMAGE 15: ANSWERS FROM BSs IN RELATION TO “FREKVENS” (RELATIVE FREQUENCY)

Where BS¢ wrote.: “Frekvensen pd vejrudsigten er forferdelig / the relative frequency of the weather
forecast is terrible ” and defined it afterwards as “endringen af noget / the change of something”. In
everyday language BS¢ has a semantical view of “frekvens” (relative frequency) as a synonym to
“@&ndring” (change) which is lexically different from the meaning of “frekvens” (relative frequency).
When asked to use and define the word within a mathematical context, BSs wrote: “Find frekvensen
af leererens skostorrelser / Find the relative frequency of the teachers shoe sizes” and “man regner
frekvensen ud via en formel som finder procent af cendringen / you calculate the frequence by the use
of a formula which finds percent of the change”. The interesting part of BS¢’s answer is in 3B and
3D thus in the definitions. In part 3B, BS¢ views relative frequency as the change of something and
this conception is also present in the definition of 3D especially in the last part ““... which finds percent

of the change”.

In the theoretical framework it was presented that students face statistics with strongly held and in-
correct intuitions which are highly resistant to change and it was also argued that students often rely
on the general danish definition of the word: The case of BSs could exemplify this, as the wrongful

perception from general danish is the one the student maintains when asked to define the concept
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mathematically even after having ended a course in statistics. BSe thus relies on the general danish
conception (misunderstood conception by BSes) of the word rather than the statistical conception of

the word.

THE CASE OF BILINGUAL STUDENT 9 AND BILINGUAL STUDENT 3
Bilingual student 9, BSo, replied as shown in image 16 below:

3. Frekvens

A. Skriv en seetning hvor ordet "frekvens” indgar med L )
til daglig gdr med samme betydning, som du bruger det i

Belag boe Lo S

B. Giv en definition af hvad ordet "frekvens” betyder, nir det bruges som du gjorde i svaret pd
A
Bo(cs( :mv\p)mmf es t\e\‘( wed. Glb( &{)A;MA N“tw\

C. Skriv en stning hvor ordet "frekvens” indgdr med den betydning du kender fra gymnasiets
matematik

Hod < frekieusen for dalld ™ T

D. Giv en definition af ordet "frekvens” sddan som det bruges i svaret pd C

'gt‘(wmc. WQAQ,VQSJ a{ LSW-\C\‘NO( ) Ml,ﬂﬂt{v "‘Q J’S'M&\v

IMAGE 16: ANSWERS FROM BSy IN RELATION TO “FREKVENS” (RELATIE FREQUENCY)

When asked to use the word in everyday language BSo wrote: “Balger har hoj frekvens / waves have
a high relative frequency” and afterwards defined it as “Bolge svingninger er haje med stor afstand
mellem toppunkterne / Wave oscillations are high with great distance between the peaks ”. BSo de-
fines word as used in physics, and it is debatable if this is considered as “everyday language”. This
can be caused by several things. As mentioned, the students have perhaps not heard the word used in

natural language outside a classroom thus it becomes difficult to both use and define in this way.

Afterwards BSo is capable of correctly using the word in a mathematical context with the sentence:
“Hvad er frekvensen for tallet “ * ....? / what is the relative frequency for the number “ ... ?”
and defines it as “frekvens afheenger af hyppighed og antallet af observationer / relative frequency
depends on the frequency and the number of observations”. This is not incorrect but is not precise

either as the exact relation is not provided.
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One student, who did capture the relation between the concepts was BS3, who chose to use and define

the word as seen in image 17 below:

3. Frekvens

A, Skriv en swtning hvor ordet “frekvens” indgdr med samme betydning, som g, bruger det j
of 1

tl dagli motek | in .
Fmikiﬂﬁ"“ of ok @blec opik t mi thoﬂ T NP gk

of g @.ﬂ}( Ol(u\dc»c\’ mecl andal @bl 3’0,’34» Pé <o

>
/ daq.

B. Giv en definition af hvad ordet “frekvens” betyder, nr det bruges som du giorde i svaret p4
A 2. :
\ Frebiensen for rode gl e = =04:=40% pa
\\
- éf\ da3 .
C. Skriv en seetning hvor ordet "frekvens” indgdr med den betydning du kender fra gymnasiets

matematik W " "
—@« obseruakionen (B0 m" e X 0204

f rekcenser 20

D. Giv en definition af ordet "frekvens” sddan som det bruges i svaret pa C
. v TN
:Fv.(kuw’ﬁo(\ ‘C’/” 005 envetioen . |80 cm™ = ob:x_r*va‘

k\,??\s\*-o{ (}\'\\f\d&«A reo\ oadalk af observakioer | alt,
(9us. (,mlo\\ e_,\n,w\\

IMAGE 17: ANSWERS FROM BS; IN RELATION TO “FREKVENS” (RELATIVE FREQUENCY)

And wrote: “frekvensen for observationen “180 cm” er 4/20=0,2=20% / the relative frequency of
the observation “180 cm” is 4/20=0,2=20%" and when asked to define it BS; wrote: “Frekvensen
for observationen “180 cm” er observationens hypppighed divideret med antallet af observationer i
alt (dvs antal elever) / The relative frequency of the observation “180 cm” is the frequency of the
observation divided by the number of observations in total (i.e. number of students)”. BS; does not
use the symbolic register to provide a formula of the concept but linguistically explain the formula

by the use of the language within the mathematical register.
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THE CASE OF MONOLINGUAL STUDENT 1 AND 2: SEMANTICAL DIFFICULTIES AND DIFFICULTIES IN

THE FORMULATION

The reply from monolingual student 1, MSi, is shown in image 18 below:

3. Frekvens

A. Skriv en sztning hvor ordet "frekvens” indgir med samme betydning, som du bruger det i

il daglg ) h . erne r,‘[&qge/{' S oV TIem
';}l!ff’r #!«fﬁ;‘?ﬁan |

B. Giv en definition af hvad ordet "frekvens” betyder, nir det bruges som du gjorde i svaret p&

A Fﬂ/\W(ﬁé er .ﬁh)(a ”4.(/(‘ 0\‘(- ‘_&b55((/a¢;uw'r'h.g

C. Skriv en s@tning hvor ordet "frekvens” indgir med den betydning du kender fra gymnasiets

matematik Pﬂ.kV&nJ br[/‘ 2 41 A"‘SM’&
alle  hyppighadecne Z

D. Giv en definition af ordet "frekvens” sidan som det bruges i svaret pi C

Opsuinmeciry

IMAGE 18: ANSWERS FROM MS; IN RELATION TO “FREKVENS” (RELATIVE FREQUENCY)

Where MS; replied: “Alle hyppighederne plusset sammen giver frekvensen / All the frequencies
added gives the relative frequency” in 3A and ”Frekvens er antallet af observationernes / Relative
frequency is the amount of the observations” in 3B and have provided an arrow to indicate and ex-
change in the answers. However, neither of the sentences uses the word as used in everyday language.
From the answers to both 1A and 1B it is indicated that MS; uses “frekvens” (relative frequency) as
having the same semantical meaning as the total number of observations. This semantically incorrect
conception is also present in the usage of the word in 1C: “Frekvens bruges til at samle alle
hyppighederne / Relative frequency is used to collect all the frequencies”. Finally, as a definition in
3D, MS; writes: “Opsummering / summary” perhaps to indicate that this could be used as a synonym
to relative frequency. This is not a synonym in accordance with the mathematical definition of the
concept, even though it could be argued that the relative frequency is used as a descriptive tool
(amongst other concepts) in order to provide a description and summary of a given set of data. How-
ever, relative frequency is not a synonym to summary neither in a general danish conception of the

word nor in a statistical definition of the word.

The answer provided by monolingual student 2, MS,, is shown in image 19 below:
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&l ,
3. Frekvens wl Ua, /‘5/\(/,‘.‘::‘& //ﬂ( Pinge.,
A. Skriv en seetning hvor ordet "frekvens” indghr med samme betydning, som du bruger det i

til daglig ‘_70/” we /je//:a MM% Av*\gﬁ#é b daa-/ow“"”
o ij{k-’”“[ Hon l/clj‘m L‘.‘” /,/(Lo,,m/"‘é’/ﬁ{‘

B. Giv en definition af hvad ordet "frekvens” betyder, nir det bruges som du gjorde i svaret pd
A .
)l-éo/c’lld’hﬁ ek on- MLI5M %/@, /gt O Slghyelom
e e dutsSobs,
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IMAGE 19: ANSWERS FROM MS: IN RELATION TO “FREKVENS” (RELATIVE FREQUENCY)

MS> uses the word in 3A as: “John vil gerne finde ud af, hvor stort et datascet han har at gore med.
Han vil gerne beregne frekvensen for datascettet / John wants to find out how big a dataset he is
dealing with. He wants to calculate the relative frequency of the data set” and then defines the word
as: "Frekvens er en veerdi som forteeller noget om storrelsen af et datascet / Relative frequency is a
value that tells something about the size of a data set ”. MS, uses the word in a mathematical context
rather than in everyday language, and more interesting is the formulation in the definition where MS,
reply that the relative frequency is stating “...something about the size of a dataset”. This formulation
could indicate that MS,, similar to MSi, views the relative frequency as a measure of the size of a
dataset, 1.e., the total amount of observations. This conception is further indicated in the usage of the
word in 3A, in particular in the first part where MS: writes: “John wants to find out how big a dataset

he is dealing with... ”

In 3C MS> uses the word as: “En opgave med 50 veerdier, hvor storrelsen af datascettet skal bestem-
mes. Bestem frekvensen for datascettet / A problem with 50 values, where the size of the data set must
be determined. Determine the relative frequency of the data set” and the indications of MS, having
a conception of “frekvens” (relative frequency) as an estimate of the total amount of elements in a
dataset is also present in this usage of the word. MS; thus uses the word semantically incorrect per-
haps due to a misconception and this semantical mistake is present in both 3A and 3C. In the defini-
tion provided in 3D, MS» reply. “Frekvens angiver storrelsen af et datascet ift. dets observationer /

Relative frequency provides the size of a data set in relation to its observations”. It could be argued
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by the last part of the definition “... storrelsen af et datascet ift. dets observationer/ ... the size of a
data set in relation to its observations” in particaular by the usage of the word “ift / in relation to”
MS: intends to state a quotient between two amounts and now it becomes ambiguous what MS; intend
as the quotient. Firstly, as MS, writes “... storrelsen af et datascet ift. dets observationer / ... the size

of a data set in relation to its observations” the syntax would imply that quotient is:

the size of data set n .
! = —. The formulation
m

%3

: - ... dets observationer / ... its observations” could be re-
its observations

garded as the amount of observations in the dataset, such that m=n, and the quotient would thus

the size of data set n .
become: — ! : = — = 1 for all possible data sets.
its observations n

Secondly, if “... dets observationer/ ... its observations” is interpreted as the number of observations

for a particular element in the data set, k, such that m=k, then the quotient would be:

the size of data set _ % which is also not in accordance with the mathematical definition of the concept.

its observations

Hence, the lack of precision in the definition combined with the possible syntactical error makes it

ambiguous what the intended meaning provided by MS; actually is.

COMPARISON OF BILINGUAL STUDENT REPLIES AND MONOLINGUAL STUDENT REPLIES

In the case of BSs we saw that the wrongful semantical meaning of the word in everyday language
was also present in the sentence and definition provided with a mathematical meaning. This transfer
of the everyday meaning of the word was also present with MS; who viewed relative frequency as
having the same semantical meaning as the total amount of the dataset both in everyday usage and
with a mathematical meaning. Interestingly enough, the conception of relative frequency as a measure
of the size of the data set was also present in the everyday usage of the word provided by MS,. The
case of BSy exemplified a formulation of an unprecise mathematical definition where it was not clear
what the exact relation between the frequency and the size of the data set was. However, this impre-
cision was also present in the case of MS> who provided a mathematical definition and as a result of
this and syntactical errors the intended meaning became ambiguous. This formulation can be viewed
as a contrast to the definition provided by BS3; who formulated the mathematical definition in a precise
and unambiguous manner with the use of technical terms related to statistics. However, both BS3 and
MS; provided only sentences in a mathematical context and this could be explained by the fact that

“frekvens” (relative frequency) is not a word commonly used in everyday language.
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FINDINGS IN RELATION TO “FREKVENS” (RELATIVE FREQUENCY)

The data in relation to “frekvens” (relative frequency) showed incidents of a semantical transfer from
a wrongful general danish conception of the word to the statistical meaning of the word in the case
of BSe. In particular, “frekvens”(relative frequency) was viewed as a synonym to “@ndring” (change)
and this conception was present in the provided meaning in natural language and in the mathematical
context. The cases of BS3 and BS¢ showed two examples of correct usage of the word in a mathemat-
ical context but the two definitions were slightly different as the mathematical definition provided by
BS3; was more explicit on the relationship between the frequency and the amount of observations,

than BSo was.

In relation to “frekvens” (relative frequency) both MS; and MS; experienced semantical difficulties
as both of the monolingual students viewed relative frequency as an estimate of the size of the data
set. In particular MS; defined it mathematically as “oppsummering / summary* and MS> defined it
mathematically as “Frekvens angiver storrelsen af et datascet ift. dets observationer / Relative fre-
quency provides the size of a data set in relation to its observations”. The quotient implied in the
answer of MS> was discussed and neither of the interpretations provided a concept in accordance with

the mathematical definition of relative frequency.

ANSWERS IN RELATION TO “UAFHANGIGHED” (INDEPENDENCE)

The final word of the questionnaire was the word “uathengighed” (independence) which the students
had to use and define as used in natural language and with the meaning known from High School
mathematics. As previously introduced in the theoretical framework, independent has several mean-

ings depending on the register.

The students generally did well when using and defining the word as used in natural language. For
example BSio wrote: “jeg er uafheengig af dig / I am independent of you” and defined it as “jeg kan
leve fint uden dig / I can live fine without you”. The definition is therefore more an explanation of the
usage of the word in the sentence, than an actual definition and several students had similar answers

to the first to questions.

THE MEANING OF “UAFHZENGIG” (INDEPENDENT) IN RELATION TO DIFFERENT SUBJECTS OF MATHE-
MATICS

When the word “uathangig” (independent) was chosen for the questionnaire it was done so as this is
a lexically ambiguous word in the sense that it has a meaning in general danish where it is related to

“frihed” (freedom), “autonomi” (autonomy) and “selvstendighed” (independence). It also has a
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mathematical meaning where two events A and B are statistical independent if and only if their joint

probability can be factorized into their marginal probabilities, i.e., P(A N B) = P(A) - P(B). If the

two events A and B are statistical independent, then the conditional probability equals the marginal

probability i.e. P(A|B) = P(A) and P(B|A) = P(B).

However, none of the bilingual students chose to use this meaning of independence when asked to

use it with the meaning they knew from high school mathematics. Instead, the bilingual students used

the algebraic meaning used when discussing functions where for example x denotes an independent

variable and f(x) is a dependent variable. The table below (figure 4) shows examples of such answers

provided by the bilingual students.

BS; "x er uafheengig af F(x) / x is = “Uafhcengighed betyder at den ene variabel ikke er
independent of F(x)” afheengig af den anden variabel / Independence means
that one variable is not dependent on the other vari-

able”

BSs “"Hvad er dens uafhengig va- | "Altsa noget som ikke afhcenger af den anden variabel
riabel / What is its indepen- | / So something that does not depend on the other va-
dent variable” riable”

BS9 ”x er uathengig af y / a is in-  “veerdien af x cendres ikke i forbindelse med cen-
dependent of y”’ dringen af y-veerdien / the value of x does not change

in relation to the change of the y value”

BS11 “I en graf er alle x-veerdier | "Uafhcengig i matematisk sammenhceng betyder at en
uafheengig af y-veerdier / In a | variabel ikke cendrer ens veerdier pa baggrund af en
graph, all x-values are inde- = anden variabel / "Independent in a mathematical con-
pendent of y-values” text means that a variable does not change one's val-

ues on the basis of another variable”

FIGURE 4: BILINGUAL STUDENT REPLIES TO 4C AND 4D

As this is outside the scope of this thesis, the answers related to “uvathengighed”(independence) thus

did not create any empirical evidence in relation to the research questions of this thesis and the results

will be reviewed in the discussion.
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MONOLINGUAL REPLIES
Monolingual student 1, MS;, also chose to define “uathangighed” (independence) with the algebraic

meaning, but MS; answered as shown in image 20 below:

4. Uafhengig
A, S_kriv en setning hvor ordet "uafhengig” indgir med samme betydning, som du bruger det i
til daglig
e s ' g
e Uien f/ % “ e (A#X%‘%ﬁ-hw&v{,{a
-

/im'.ﬁ"‘" S'M)al oft‘ 4. Zen et bl o PR

B. Giv en definition af hvad ordet "uafhangig” betyder, ndr det bruges som du gjorde i svaret
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IMAGE 20: ANSWERS FROM MS; IN RELATION TO “UAFHZANGIGHED” (INDEPENDENCE)

Where MS; used the word in natural language as: “tallen 3 og 4 er uafhengige af hinanden, da 3 ikke
garopi4. 3 eretulige tal og 4 er et lige tal / the numbers 3 and 4 are independent of each other as

3 does not divide 4. 3 is an odd number and 4 is an even number”. In 4A, MS; uses the word in a
mathematical context and describes “uvathangig” (independent) as the quotientg = n for somen €

N, but the following definition in 4B is not clear. MS; writes.: “uafheengighed angiver hver tal af et
scet veerdier ift hinanden / independence indicates each number of a set of values in relation to each
other”. This formulation is of this definition does contain syntactical errors, and if we assume that
MS: have left out words, and wants to maintain the meaning provided in 4A, then the intended sen-
tence could be similar to: “uafheengighed angiver hvert tal ift hinanden i et scet veerdier / independ-

ence indicates each number in relation to each other in a set of values. This formulation would relate
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to the usage of the word in 4A, if “... ift hinanden / ... in relation to each other” is to be interpreted
as the quotient of the numbers. The answer from MS; could thus indicate semantical misconceptions
in 4A and the syntactical errors of 4B making the formulation and intended meaning unclear, could

therefore indicate some language related problems.

In 4C MS; reply: “Bestem uafhengigheden for datascettet med de 50 veerdier / Determine the inde-
pendence of the dataset of 50 values ” and defines the word in 4D as: ” Viser hvor uafhcengige veerdier
er ift hinanden i et datascet / shows how independent values are in relation to each other in a data
set”. The two provided definitions in 4B and 4D are thus very similar expect for the notion in 4D of
“... hvor uafheengige / ... how independent” the values are and, in this definition, it is not clear, how

MS> measures the independence.

In 4C, it is implied in the usage of the word “bestem” (determine) that MS, has a conception of
“vathengighed” (independence) as something to be calculated. It can be argued that in the notion of
independence as P(A N B) = P(A) - P(B) some calculations can be provided in order to check if
two stochastic variables of a data set are independent, but combined with the provided definition in
4D it is more likely that MS» has a conception of independence as a specific value to be determined

from a single calculation as oppose to checking if the statement P(A N B) = P(A) - P(B) is true.

A PARTIAL CONCLUSION

In the context of statistics and lexically ambiguous words we have seen several cases of difficulties
in the formulation. This was for example the case with BS; (in relation to “spredning”(spread)), BSs
(in relation to “hyppighed”(frequency)), BSs (in relation to “hyppighed”(frequency)). However, this
was not exclusively seen with the bilingual students as it was also the case of MS» (in relation to
“frekvens”(relative frequency)). The difficulties in the formulation of the bilingual students and the
monolingual student were different, which can be exemplified in the case of BS; (in relation to “spred-
ning”’(spread)) who had a formulation with syntactical errors which made it difficult to extract a
meaning of the provided sentence. In the case of MS; (in relation to “frekvens”(relative frequency))
it was possible to extract a meaning in the definition, but the formulation was ambiguous and it thus

became possible to extract different meanings of the statement.

The data also showed several cases of semantical difficulties amongst bilingual students. This was
for example the case with BS; (in relation to “spredning”(spread)), BS, (in relation to “spred-

ning”(spread)), BSg (in relation to “hyppighed” (frequency)), BS: (in relation to “hyppighed”
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(frequency)) and BSg (in relation to “frekvens”(relative frequency)). However, some semantical dif-
ficulties also occurred with the monolingual students in particular in the case of MS; (in relation to
“frekvens”(relative frequency)) and MS: (in relation to “frekvens”(relative frequency)). The data also

showed several difficulties in the formulation
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PROBABILITY

METHODOLOGY

One of the main foci of this thesis is language related difficulties that may arise for learners whose
first language is not the language of instruction in the context of statistics and probability teaching.
In order to analyze these difficulties in relation to probability, I have conducted observations made at
Frederiksberg Gymnasium in a second-year math class (B-level, STX). In the class there were 26
students where 8 of them were bilingual, and the observations were made over 3 separate days, where
the teaching was divided into so called “modules” on each day which lasted approximately 1,5 hours
(from 10.05 to 11.45 including a 10 minutes break in between). The students were in the beginning
of learning probability and had previously been introduced to basic combinatorics and had been work-

ing with this for a while.

During observations the students were introduced to the binomial coefficient, symmetric and asym-
metric probability fields, the sum of probabilities, calculations of the probability of two independent
events, A and B, where they were looking at both P(A N B) and P(A U B), a definition of stochastic
variables, and calculations of the mean of stochastic variables. In addition, they were also introduced

to binomially distributed stochastic variables and how to do calculations by the use of CAS-tools.

The observations had three main foci, where the first one was on the use of language used by the
students, thus the observations focused on how the students communicated in formulation phases i.e.
if they were expressing their ideas in the language of mathematics or in natural language both in
adidactical and didactical situations. In this relation there was also a focus on how bilingual students
interpreted what was being communicated by other students and the teacher. The second focus of the
observations were the language related problems arising in understanding of the presented mathemat-
ical concepts in particular if there were any semantical or syntactical difficulties. The third focus was
on how bilingual students worked with different types of problems within probability, in particular
how they worked on 1) problems which were similar to what the teacher had calculated in an example
1.e. isomorphic problems, 2) non isomorphic problems, 3) mathematical problems and 4) word prob-
lems. In the section “Categorization of the types of problems” the categorization of the types of prob-

lems will be more explicit.

While observing notes were made and audio recorded on a Dictaphone. Selected passages of the

conversations have been transcribed and translated into English in the following line and is marked
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in italic. Only selected, relevant passages have been included in the analysis, but a full transcription
of the selected episodes can be found in the appendix (appendix 8, 9, 10 and 11). In the transcriptions,
I will write T to symbolize the teacher, BS; to symbolize the bilingual students, and MS; to symbolize
monolingual students. The numbering of the students in the different observations starts from 1 in

each observation, thus BS; in observation no. 1 is not the same as BS; in observation no. 2.

INTRODUCTION TO THE MILIEU

The students were not following a textbook and it was therefore not possible to make a textbook
analysis, which could have been used in the analysis of the student conversation. Instead of a text-
book, the class relied on the official collection of formulas from the Ministry of Education (EMU,
2020) as a frame of reference. During the observations the teacher referred to the collection of for-
mulas several times and used the number listed in it. For each module the students were electronically
handed out so-called “worksheets” containing preselected problems in relation to the topic of the day

and these worksheets have been added in the appendix (appendix 2a, 2b, 3a, 3b, 4a and 4b).

An a priori analysis of selected problems of the worksheets has been conducted in order to analyze
the observations, where correct and incorrect solution techniques are presented. These problems have
been selected to the a priori analysis, as these were the ones involved in the selected passages of the
observations. In addition to the worksheets, the teacher had prepared a PowerPoint presentation for
each module containing both selected formulas, examples using the formulas, and a few small prob-
lems. The slides of these PowerPoint presentations have been added to the appendix as well (appendix

5,6 and 7).

THE USE OF COMPUTER AND CAS-TOOLS

The use of Computer Algebra Systems (CAS-tools) consist as a part of the milieu and the students
were using WordMat as an aide in the making of calculations and illustrations. WordMat is an add-
on to Microsoft Word functioning as a CAS-tool and has several standardized calculations in relation

to both statistics and probability and provides several standardized Excel sheets depending on which
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distribution, the students are working on. As seen in image 21 just below the students can choose

between a binomial distribution, a normal distribution, a y?-distribution and a t-distribution.

Hjem Indsaet Tegning Design Layout Referencer Forsendelser Gennemse Vis WordMat Q) Fortael mig det 12 Del [ Kommentarer

9% Procent v [J sands. v [T} Mat A 7 % Beregn v A Omskriv v g ' . 'U . 7/ Regression v -[—[ . I‘?Tt\ " () symboler v Treka

fr Funktioner v inf.v K3 Fys E  rad v E3 Los Ligning(er) v Infinites. v Fordelinger v =| Figurer

Indst. Vis Graf 3D Plot Statistik >
L Geometri v vektor v [ Kemi N vid fx Definitioner v WolframA v Binomialfordeling ~taTex @ Tabel v

Normalfordeling
X" x2-fordeling
t-fordeling

IMAGE 21: SCREENSHOT OF HOW TO ACCES THE EXCEL SHEET IN RELATION TO THE BINOMIAL DISTRIBUTION IN WORD
MAT

After choosing for example the binomial distribution an Excel sheet as pictured in image 22 below

will open:

Hjem Indszet Tegning Sidelayout Formler Data Gennemse vis Q Fortael mig det

LE]-« [' Calibri (Tekst) Vi K11 7 BV Brugerdefineret [ ] v
B

Sat ind F K U 5 By @mv % Betinget
£ = = @B % I ¢ formatering

o="1549
r|P(x=r) |P(Xsr)
o] 0,006] 0,006
1] 0,0403[ 0,0464
2 0,1209] 0,1673
3| 0,215[ 0,3823
4] 0,2508] 0,6331
5| 0,2007| 0,8338
6
7
8
9
0

0,1115| 0,9452
0,0425| 0,9877
0,0106/ 0,9983
0,0016 0,9999
1

0,0001

Binomialfordeling

IMAGE 22: SCREENSHOT OF THE EXCEL SHEET PROVIDED BY WORDMAT

Where the students can change the probability parameter, p, and the number parameter, n, (in the read
circle) and both the mean, u, and the spread, o is the calculated. It is also possible to calculate the
probability of stochastic variables by entering the values (in the green circle). The use of WordMat
as a CAS-tool to assist in the calculations and illustrations within probability therefore has several
advantages: 1) It is easy to use, 2) it is fast at calculating probabilities, mean, and spread for stochastic
variables and 3) it easily provides graphical illustrations which can aide in visualizing the data. How-

ever, the correct use of CAS-tool relies on an understanding of the symbolics related to probability,
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as the students need to know what the symbols represents in order use it as an effective aide. The use
of CAS-tools has limitations as it aides the students in making calculations easily but they still have

to interpret and formulate their own answers.

During the observations the students took notes and wrote down their solutions in a digital worksheet,
which made it difficult to obtain images of students’ written material from their computer screen
without interfering the in the situations and at the same time obtain an image in such a quality that it
could be used in the analysis. I therefore chose not to take images of the students’ screens nor have
them recording their work at their computers. Instead, the data was collected as images of the black-
board, the digital versions of the worksheets, digital versions of the PowerPoint presentations, audio,
and in relation to some of the observations made, a reconstruction of the students’ solutions when it
was related to the use of WordMat as a CAS-tool. In particular, this was relevant in observation no.

4.

CATEGORIZATION OF THE TYPES OF PROBLEMS

There will be a distinction between isomorphic and non-isomorphic problems, where isomorphic
problems will be defined as mathematical exercises with the same structure distinguished by the con-

text and/or the numbers included. For example, the following problems:
Pi: ”Determine the number of ways one can choose 4 element out of a total of 10”
P>: “Determine in how many ways one can choose 3 elements out of a total of 15”
P3: “In how many ways can one choose 4 students in a class of 10 students?”

Are all isomorphic as they can be solved by using the same technique. Non-isomorphic problems will

be defined as the problems, which are not isomorphic.

A PRIORI ANALYSIS OF SELECTED PROBLEMS OF THE WORKSHEETS

PROBLEM 1, WORKSHEET 1
As combinatorics is an essential part of probability the students had to work on problems related to

the binomial formula. Problem 1 is presented in figure 5 below in a translated version.
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Opgave 1
Problem 1

Pé et volleyballhold er der tilmeldt syv spillere. Der er altid seks pa banen af gangen.
At a volleyball team there are seven players signed up. There is always six people at the field at once.

a) Pa hvor mange forskellige mader kan man velge seks spillere til at starte pd banen?
In how many ways can one choose six players to start at the field?

b) Hvor mange forskellige mader kan man satte et starthold pa, hvis der havde vearet tilmeldt otte
spillere?
In how many different ways can one make a starting team if there had been eight players?

FIGURE 5: TRANSLATION OF PROBLEM 1 OF WORKSHEET 1

This problem will be the subject of the first a priori analysis. The problem can be categorized as an
1somorphic problem as the students had previously been working with problems which required the

same technique to solve it. In particular, it can be solved by the use of the students’ formula no. 169

n!
ri(n—-r)!

(EMU.dk, 2020): K(n, 1) =

which provides the number of ways to choose an (unordered)

subset of r elements from a fixed set of n elements. Before the students were to work on problem 1
of worksheet 1 (figure 5), the teacher and the students had reviewed and explained the assignment
from the related PowerPoint slide no. 3 (appendix 5) which is displayed in figure 6 just below in a

translated version.

1. Fire elever skal til mundtlig &rsprave 1 engelsk. Hvor mange forskellige reekkefolger kan eleverne
komme op 1?7 (Hjelpemidler tilladt)

Four students have to take an oral exam in English. In how many different orders can the students take
the exam? (Aids allowed)

2. Bestem 26! (Hjzlpemidler tilladt) og kom med et eksempel pa, hvad tallet siger noget om.
Determine 26! (Aids allowed) and give an example of what the number says something about.

3. Bestem = (Uden hjzlpemidler)
Determine (Without aids)

4. Ud af 26 elever 1 2.b skal fire vaelges til et trivselsudvalg. Hvor mange forskellige kombinationer af
elever kan veelges? (Hjelpemidler tilladt)

Out of 26 students in 2.b, four must be elected to a well-being committee. How many different combina-

tions of students can be chosen? (Aids allowed)

FIGURE 6: THE TRANSLATED PROBLEM FROM POWERPOINT SLIDE NO. 3 (APPENDIX 5)
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Both part a) and b) of problem 1 (figure 5) is thus very similar to part 4 of the assignment which had
just been reviewed by the teacher, however, there is a slight difference in the way it is formulated. In
particular, there is a difference between: “Out of 26 students in 2.b, four must be elected ...” where
it is quite clear that you are to choose 4(=r) out of 26(=n) and it is also intuitive why the order of the
selection does not matter. However, in the formulation: “In how many ways can one choose six play-
ers to start at the field?” and in this formulation there might occur some language related problems,
as there is a possible misinterpretation in thinking that the order of the players matters when selecting

players to start at the field. If this is the case, the students might apply the following technique, ti, to
solve the problem and use formula no. 168 (EMU.dk, 2020) stating that: P(n,r) = (n%'r)' Which

provides the number of options for selecting r elements from n elements when the order matters and

obtain:

n! 71 7!
=Pl =gl 1 /r= 040

P(7,6) =

Meaning that there should be 5040 different way to select a starting team when having 7 players. The
students could calculate this number either by the use of CAS or by hand do the calculation. If the
students apply this technique to solve the problem, it could indicate that they believe it is isomorphic
to part 1. in figure 6. Ty is thus not a wrong technique mathematically: It has just been wrongfully
applied perhaps due to a misconception caused by language related problems in the interpretation of
the problem as it could indicate that the students believe that “forskellige reekkefolger” (differents
orders) and “forskellige mader” (different ways) are semantically indifferent. However, they are not

in this context.

Some students might correctly read the formulation of part a) of problem 1: “/n how many ways can
one choose six players to start at the field?”” and define =6 and n=7 and then choose to apply tech-

nique 2, t2, by using formula 169 (EMU.dk, 2020) and obtain that:

n! 7! 7!

=) 6l (7=6! 6

K(7,6) = -

And obtaining a correct answer. Finally, a third technique, t3, to solve the problem is to view the
problem the other way around and solve: In how many ways can one player be put outside the field
if there are 7 players in total? By doing this, the student will be able to successfully apply both t; and

t> will provide the correct answer as:
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n! 7! 7!

R

P(71) =

n! 7! 7!

KoD =3 n—-r! 1 {7T-1! 6

=7

Ts therefore uses the fact that K(n,r) = K(n,n — r) by symmetry of Pascal’s triangle. However, as
the students has not been introduced to Pascal’s triangle it is not likely that they will be able to explain

the use of t3 by arguments relation to Pascal’s triangle.

The students could apply three techniques to obtain an answer to problem 1 a) and there is didactical
potential in both the application of the techniques but also in a potential following discussion between
students who has applied different techniques (and thus obtained different answers). The possible
language related problems now lie within the transition from natural language to the formal language
of mathematics, as the students have to argue by the use of the register of mathematics in order to
explain why heir solution is correct. As previously introduced in the theoretical framework, it is im-
possible to separate the use of language and mathematics and it is particular in the formulation phases
that this becomes evident. Language related problems that might arise could be that the students
struggle to find the appropriate words to describe their arguments where indications of this could be
repetitions of the same argument or half-finished sentences. The language related problems may also
arise within the mathematical register as the students might not be able to explain mathematically
why their technique is the appropriate one. As the students have been handed out a collection of
relevant formulas formulated both linguistically and mathematically, an argument to the usage of

both t; and t; could be found in this collection (EMU.dk, 2020).

Part b) of problem 1 is isomorphic to part a) as the structure of the problems are identical thus the
techniques to solve the problem from part a) remains the same and the students will probably use the
same technique in b) as they did in a) due to the isomorphy. Some of the students who successfully
applied t3 and then t; in part a) will perhaps choose the same strategy, however, this time it will not
be a successful technique as:

n! 8! 8!

(n—r)!=(8—2)!=5_;=336

P(8,2) =

As oppose to applying t3 and then t,:
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n! 8! 8!

M=) 21B=2)1 2.6 28

K(82) =

Which will still provide a correct answer. The didactical potential is again in the following discussion
between students who have applied different techniques, obtained different answers and therefore

needs to argue why the selected solution strategy is the correct one.

PROBLEM 2, WORKSHEET 1

The second problem of worksheet has fewer po-
. . Opgave 2
tential language related problems as it illustrates a Problem 2
different type of problem. Problem 2 can be
a) Bestem K(3,2)

viewed in figure 4 in a translated version. Calculate K(3,2)

It 1s an isomorphic problem, as the students had b) Bestem K (5, 3)
previously worked on similar problems and the Calculate K (5, 3)
context is 1:1 isomorphic. Thus, only the numbers
¢) Bestem K(7,2)
to be calculated has changed. In problem 2 a), b) Calculate K(7,2)

and c) the correct technique is more obvious as
d) Bestem K(7,5)

there is no need to interpret or model a technique Calculate K(7,5)

as it is already given. The students are to use for-

mula 169 (EMU.dk, 2020) stating that Sammenlign dine svar i Opgave 2¢ og 2d.

n! Compare your answers in problem 2c and 2d.

FIGURE 7: PROBLEM 2 FROM WORKSHEET 1 (APPENDIX 2A/2B)

Problems that may arise in the usage of this technique could be within the symbolic register i.e., if

GC"’

the students do not know what symbolizes. If the students choose to solve problem 2 by hand,

they might encounter some problems in this relation as they then cannot calculate for example:

3! 3!

KG3.2) =51 (3.— 2 201

‘G",

If they do not now the symbolical meaning of “!””. As the observed class relied on digital worksheets
and the use of WordMat as a CAS-tool most of the students will most likely chose to do the calcula-

tions by the use of WordMat and the integrated calculator. The students can thereby enter: K(3,2) =
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o (3'_2), and then by the calculation command (CTRL + b / command + b), the CAS-tool calculates

the value. By the use of CAS the students are therefore able to obtain an answer to this type of problem

without possibly fully understanding the involved symbolic of the applied technique.

As parts a), b), ¢) and d) are all isomorphic they can be solved by the use of the same technique and
by the use of CAS it can be done without fully understanding the applied symbolics involved. The
didactical potential of these four assignments is therefore relatively low, however, there lies some
potential in the last part of the problem when the students has to compare the answers of 2¢ and 2d.

By usage of technique 2 the students will obtain that:

n! 7!

K(7.2) =l 2=
n! 7!

K(7.5) =r!(n—r)! - 5!- (7 = 5)! =21

The students are therefore expected to explain the fact that K(n,r) = K(n,n — r) by symmetry of
Pascal’s triangle. As the students have not been introduced to Pascal’s triangle it is not likely that
they will be able to use arguments in relation to Pascal’s triangle. The students might argue in relation
to problem 1 of worksheet 1 if they have applied t3 in that assignment. The students will therefore be
able to explain why the two numbers become the same by relying on a previous example. Another
answer could be formulated in relation to the commutative law of multiplication thus explaining that
2! - 51 = 5! . 21, This formulation would not be as precise as an argument related to Pascal’s triangle,
but it would still be formulated in a mathematical register and a more academic language as it is
denser and uses formal expressions with the use of abstract and technical terms in relation to our
definition in the theoretical framework. The language related problems which could arise in this last
part of problem 2 is similar to the ones of problem 1 and involved difficulties finding the right words

both within natural language and within the mathematical register.

THE “SLEEPING PROBLEM” FROM POWERPOINT NO. 3, SLIDE 3 (APPENDIX 7)
In the third module the students had been introduced to binomial distribution and they worked on the
problem from PowerPoint presentation no. 3, slide 3 (appendix 7) which I will refer to as the “sleeping

problem”. It can be viewed in a translated version in figure 8 just below.
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I en klasse gér der 20 elever, der hver har 5 % sandsynlighed for at sove over sig. Den binomi-
alfordelte, stokastiske variabel X betegner antallet af elever, der sover over sig pd en given dag.
In a class there are 20 students, each with a 5% probability of sleeping over. The binomially

distributed, stochastic variable X denotes the number of students sleeping over on a given day.

a) Bestem antalsparameteren og sandsynlighedsparameteren.

Determine the number parameter and the probability parameter.

b) Bestem middelverdien, og forklar, hvad middelvardien siger om eleverne.

Determine the mean and explain what the mean says about the students.

¢) Detoplyses, at P(X = 0) = 0,36.
Hvad betyder dette?
It is stated that P (X = 0) = 0.36.

What does this mean?

FIGURE 8: THE SLEEPING PROBLEM FROM POWERPOINT PRESENTATION NO. 3, SLIDE 3 (APPENDIX 7)

Part a) and the first part of b) are both isomorphic problems as the structure is identical to previous
encountered assignments and the students will most likely fare well in part a. In part b) of the problem
a correct technique to solve the problem, ts, would be to apply formula 189 (EMU.dk, 2020) stating
that u = n-p = 20-0,05 = 1. The use of this technique requires that the students understand the
symbolics involved, i.e., that u symbolizes the mean, n symbolizes the number parameter, and that p
symbolizes the probability parameter. As this formula was also displayed on the slide of the Power-
Point (appendix 7) stating that the mean is p, it is very likely that most students will fare well in this
part of the problem. However, in the second part of b) when the students have to “... explain what
the mean says about the students” there might occur some language related problems. A precise
answer could be similar to: “Gennemsnitligt er der en elev der sover over sig hver dag / On average
one student will oversleep per day” This formulation is precise enough to be considered a correct
answer as it captures the definition of the mean, u, of a binomially distributed stochastic variable as
in particular being the average value. Some of the students might struggle to formulate the answer in

a precise and concise manner, and such answers could for example be similar to the following:

1. Der er chance for at en elev sover over sig hver dag / There is a chance that one student

will oversleep every day
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2. Sandsynligheden er at en elev sover over sig / The probability is that one student will
oversleep

3. Enelev vil sove over sig hver dag / One student will oversleep every day

An answer similar to the first one, would not be considered precise as “chance” (chance) is not a
defined concept within probability and the word “chance” is also not related to “middelvardi” (mean)
or “gennemsnit” (average) neither in the general danish definition no within the register of mathe-
matics. According to the danish dictionary (ordnet.dk, 2020 (4)) the word “chance (chance)” means:
“mulighed for et positivt resultat eller en gunstig udvikling fx sejr, fremgang eller succes / oppor-
tunity for a positive result or a favorable development eg victory, progress or success’ (ordnet.dk,
2020(4)). This formulation would therefore not capture the definition of the mean as an average value
and hence it does not explain the precise meaning of the calculated value. An answer similar to this
would therefore indicate language related problems as the lack of precision in the formulation effects

what being communicated.

The second type of answer is also not a precise description. In this answer the student uses the word
“sandsynligheden” (the probability) as a way to describe that is very likely that a student will over-
sleep. This would indicate a usage of the word “sandsynlighed” (probability) as done so in general
Danish in the expression: “Efter al sandsynlighed / in all likelihood” which is used to express that
something is very or most likely (ordnet.dk, 2020(3)). This type of answer could thus indicate that
the student is using the general danish definition of “sandsynlighed” (probability) rather than the
definition provided within the mathematical register. A formulation similar to the second one could
therefore indicate language related problems as the lack of precision changes the meaning of what is
being communicated. Finally, an answer similar to the third one, is very close to being precise and
concise, however it is missing an essential part of the definition of the mean as the mean is stating an
average value. This formulation indicates that the calculated value of the mean is always occurring,
however, this is not true. Other language related difficulties in this part of the problem could be that
the students are not capable of finding the right words to provide a sufficient answer. Indications of
this could for example be half-finished sentences followed by either a new half-finished sentence or
a finished sentence. Part ¢) of the problem is very similar to part b) and the language related difficul-

ties therefore remains the same in this part of the problem.

As stated so far in the a priori analysis a lot of the didactical potential lies in part b) and c¢) where the

students have to explain the meaning of calculated values in specific situations. This formulation
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phase requires, in particular in part b), that the students are being precise. Otherwise, there is a pos-
sibility that what they are communicating can be misunderstood by other students or simply being

incorrect.

PROBLEM 1, WORKSHEET NO. 3
In module 3 the students had to work on worksheet 3 (appendix 4a and 4b) where the (correct) use of
CAS became essential. Problem 1 of worksheet 3 is presented in figure 9 just below in a translated

version.

Opgave 1 (med hjelpemidler)
Problem 1 (aids allowed)

X er en binomialfordelt stokastisk variabel med antalsparameter 80 og sandsynlighedsparameter p = 0,35.
X is a binomially distributed stochastic variable with number parameter 80 and probability parameter p =

0,35.

a) Tegn et sgjlediagram for sandsynlighedsfordelingen for X.
Make a bar chart of the probability distribution for X.

b) Bestem middelverdien og spredningen for X.
Determine the mean and spread/standard deviation of X.

c) Bestem P(X = 28).
Dertermine P(X = 28).

FIGURE 9: PROBLEM 1 FROM WORKSHEET NO. 3 (TRANSLATED) (APPENDIX 4A / 4B)

Before the students were to work adidactically on this problem, they had been introduced to the usage
of WordMat to solve isomorphic problems, where the teacher institutionalized the technique in the
beginning of the module. The student solutions for part a) could therefore be by the use of CAS as
illustrated in image 23, where the student would apply the technique, ts, which would be to enter the
given values of p and n into the relevant places in the ExcelSheet such that a bar charge is automati-

cally created. This solution can be viewed in image 23 below:
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. i 01 Binomialfordeling
0="4,266 {:,' 0,08
rlpx=r) IP(xsr) | o0
0| 1E-15| 1E-15
1| sE-14| 5E14] 0,04
2| 1e12| 1E12 0,02
3| 1e11| 1811 - Ll ..
4] 1E10] 2E10 0 3 6 9 12 15 18 21 24 27 30 33 36 39 42 45 48 51 54 57 60 63 66 69 72 75 78
5| 1E09| 1E-09) r
6| 8E09| 9E-09]] . Kumuleret - =
7| 4E-08| SE08| % :
8| 2607 3607||F 1
9| 1E06| 1E-06 0,8
10| 4E-06| 5E-06 0,6
11| 1E-05| 2E-05 o
12| 4E-05| 6E-05
13| 0,0001 | 0,0002 0.2 |
14| 0,0003 | 0,0004 0 all
15/ 0,0007 | 0,0011 0 3 6 9 121518 21 24 27 30 33 36 39 42 45 48 51 54 57 60 63 66 69 72 75 78 _
16| 0,0015 | 0,0026
17| 0,0029 0,0055
18| 0,0056| 0,0111

IMAGE 23: CAS-SOLUTION OF PROBLEM 1, WORKSHEET 3

Using CAS as a technique to solve this problem mainly requires that the students understand the
symbolics involved. As seen in image 23, the use of language within this CAS-tool is within the
symbolic register and the usage of this technique requires that the students relate the word “antalspa-
rameter 80 / number parameter 80 with the symbolic representation “n” used by the CAS-tool. In
addition, the correct usage of CAS also requires that the students choose the correct distribution as
four different distributions are available. However, as it is quite clearly formulated in the problem

that the variable is binomially distributed the students are likely to choose the correct distribution.

Some students might choose to use CAS for part b) as well and therefore use the technique previously
institutionalized by the teacher. This would involve the students reading the automatically calculated
value of the mean and the spread from the calculations in a) as the CAS-tool has automatically cal-
culated u = 28 and 0 = 4,266. Possible language related problems within the symbolic register
could occur as the use of this technique rely on the understanding of the involved symbolics 4 and o
which represents the mean and the spread. Some students might choose to calculate the values of the

mean and spread by the usage of formula 189 (EMU.dk, 2020) and applying ts and calculate:

u=n-p=280-035=28
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The use of this technique could indicate language related problems particular in relation to the sym-
bolics involved by the CAS-tool. However, several other explanations are possible: Perhaps, the stu-
dent prefers to use the mathematical formulas, the student wants an explanation to the number pro-
vided by the CAS-tool, or perhaps the student has simply missed that the CAS-tool does the calcula-

tion automatically. The same applies in the calculation of the spread, o.

In part c) of the problem a student solution could also be by the use of CAS as illustrated in image 24

just below:

p= 0,35

n= 80 P s )=
e _ o1 Bieomalordelng
o="4,266 3':,' 0,08
r|P(X=r) |P(Xsr) 0,06
o| 1E-15| 1E15
1| se-14| sea14f 004
2| 1e12] 1612|002
3 1E11| 111 : .|I| .
4 1E-10 2€-10 0 51015202530354045505560657075 SIQ
5| 1609 1E-09
6| 8E-09| 9E-09 1,2 Kumuleret
7| 4c-08| seo08|| %
x 1
8| 2e07| 3e07||F
9| 1ro06| 1E06| @8
10| 4E-06| 5E-06 0,6
11| 1E05| 2E-05 0,4
12| 4E05| 6E-05 0,2
13] 0,0001 0,0002 o all
14| 0,0003| 0,0004 0 5 101520253035 4045 5055 60 65 70 75 80
15[ 0,0007[ 0,0011
16| 0,0015[ 0,0026
171 0.00291 0.0NS58

IMAGE 24: CAS-SOLUTION OF PROBLEM 1, WORKSHEET 3

In this solution X=28 has been entered and once more this technique requires that the student under-

stands the language within the symbolic register.

The didactical potential in this problem is relatively low as the problem is an isomorphic problem
which can be solved with the use of a CAS-tool provided that the student understands the symbolics
concerning the number parameter, the probability parameter, the mean, and the spread. Obviously,

the students will also need to know how to use WordMat (or at least simple functions) in order to
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access the standardized Excel Sheet. The problem does not imply any obvious need for applying
mathematical arguments why an applied technique is correct or incorrect and the formulation phase
is therefore merely in relation to the use of CAS and not the applied mathematics nor the meaning of

the calculated values.

OBSERVATIONS

A total of four observations have been selected for analysis, and these are now presented. Observation
no. 1 is split into three situations as observation no. 1 was rather long, but each situation showed

variations of language related problems. Similarly, observation no. 3 has been split into two parts.

CLASSROOM OBSERVATION NO. 1: LANGUAGE RELATED DIFFICULTIES IN THE FORMULATION
PHASE

During the observations in the first module (1/10-2020) the students had previously been introduced
to the binomial coefficient and had seen it stated as formula 169 (EMU, 2020, p. 19) where it is stated
as: “Antal muligheder for udveelgelse af v elementer blandt n elementer, nar reekkefolgen ikke har

betydning / the number of obtains for selection of r elements among n elements, when the order is not

n!

significant” and then the formula: K(n,r) = . Prior to this episode the students had been

ri(n—-r)!

working on the problem presented in the a priori analysis (figure 6).

SITUATION 1: BILINGUAL STUDENTS WHO STRUGGLE WITH WORD PROBLEM BUT NOT WITH
STRAIGHT FORWARD CALCULATIONS
The students were working adidactically in small groups on problem 1 of worksheet 1 (appendix
2a/2b). There was a group of three bilingual students (BSi, BS; and BS4), a single bilingual student
BS,; who worked alone, and another group of bilingual students BSs and BS¢. The transcript of the
entire conversation can be seen in appendix 8. BS1, BS3; and BS4 had applied technique 1 and calcu-
lated that:

n! 7! 7!

(n—r)!:(7—6)!=1_i=7!=5040

P(7,6) =

Meaning there should be 5040 different ways to choose six players to start at the field. The students

realize that it can’t be right in the following conversation with BS:
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BS,: Har I lavet opgave et? / Did you finish problem one?

BSs: Jeg tror det er sddan her.. syv parentes gange fem gange fire gange tre gange to gange en.
Jeg tror, jeg ved det ikke, det er sddan det er mig der har svert ved at sige det. / [ think it is like
this.. Seven parenthesis times five times four times three times two times one. I think, I don’t
know, it is like this, it’s me who is having difficulties saying it.

BS;: Der kan ikke vare fem tusind forskellige muligheder for syv spillere. Det passer ikke. /
There can not be five thousand different options for seven players. That is not true.

BSa4: Ej det her det kan ikke vere rigtigt der er noget galt. / This can not be true something is
wrong

BS,: Ja ikke? Der er et eller andet galt / Yeah right? Something is wrong

BSs;: Altsa vi kan lave den naste opgave / Well we can do the next problem

FIGURE 10: PART OF THE TRANSCRIPTION OF OBSERVATION NO. 1 (APPENDIX 8)

BSi, BS3 and BS4 then continues to work on problem 2 instead which is a mathematical problem
isomorphic to previously encountered problems. On this assignments BS, BS; and BS4 fare well and

solve the problems using technique 4.

The episode is interesting as the students all realize that “.. something is wrong” as 5040 seems to be
too many options. As reviewed in the theoretical framework some of the common errors for students

“«

within combinatorics is “... overcounting and confusing situations in which order matters or does
not matter”’ (Lockwood, Swinyard & Caughmann, 2015, p. 29) and this situation can be regarded as
an example of this. In addition, neither of the bilingual students choose to review the linguistic for-
mulation of the applied formula which is stated as: “Antal muligheder for udveelgelse af r elementer
blandt n elementer, ndr reekkefolgen har betydning / Amount of options for selecting r elements from
n elements when the order matters” (EMU.dk, 2020) which could have explained why technique 4

provides an unrealistic answer. However, reviewing the statement of the formula would depend on a

realization that the order does not matter in this case.

In addition, none of the students argue why the applied technique does not provide the expected
answer and neither of the students use arguments formulated in the mathematical register which is

expected in a mathematical classroom discourse. The adidactical potential of this problem is relatively
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high as it provides an opportunity for the students to use mathematical arguments in order to explain
their results in this formulation phase. This is particularly evident when BSs3 states that: “.... I think,
I don’t know, it is like this, it’s me who is having difficulties saying it.” Which shows some of the
language related problems: BS3 believes this is the correct technique but struggles to find the right
words to explain why this is the case. As a consequence of the fact that BS; struggles to formulate
why the applied technique is correct the adidactical potential of the problem is not being fulfilled:
BSi, BS3; and BS4 continues to work on problem 2 instead. This could reflect some terms of the
didactical contract where the students expect the teacher to validate the applied techniques of the

action phase.

Another interesting aspect of this observation is the fact that BS;, BS; and BS4 work on problem 2
instead and do this quite successfully as they obtain the correct answers by applying correct tech-
niques. The explanation of this could be found in the fact that problem 2 was categorized as an iso-
morphic problem in the a priori analysis and it does not contain the same amount of possible language

related difficulties as problem 1 as there is not interpretation of the problem.
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SITUATION 2: TWO BILINGUAL STUDENTS WHO STRUGGLES WITH FORMULATION
The students kept working adidactically and after a while BS» turned to BS3 again and the following

conversation occurred:

BS;: Det giver ikke mening med det her. Svaret kan ikke give fem tusind. Der kan ikke vare
fem tusind forskellige mader at komme syv spillere ind pa en bane / It does not make sense with
this. The answer can not be five thousand. There can not be five thousand differint ways to put
seven players into a field.

BSs: Jo/ Yes

BS:: Nej, tror I der er fire hundrede spillere eller hvad? / No do you think there are four hundred
players or what?

BSs;: Nej, det er der der ikke. Nej fordi at .. / No there is not. No because ..
BS,: Ja s giver det syv / Yes so it is seven

BSs: Nej fordi ... Nej.. Det kan ikke vere syv. Der er seks.. / No because ... No. It can not be
seven. There are six ..

BS,: Ja s giver det syv. Der er en der er ude ad gangen / Yes so it is seven. There is one person
who is out at the time.

BSs: Nej, fordi enhver af de der.. Nej, fordi pa forskellige mader.. / No because each of these ...
No because in different ways...

FIGURE 11: PART OF THE TRANSCRIPTION OF OBSERVATION NO. 1 (APPENDIX 8)

Then BSi, BS3 and BS4 look at the assignment again, point to the text and mumbles. In this conver-
sation some language related problems in the formulation phase occurs. In particular, BS3 is strug-
gling to find the right words to describe, why the answer is not seven as suggested by BS». Particularly

in the three phrases:

1) “Nej, det er der der ikke. Nej fordi at .. / No there is not. No because ..”

2) “Nej fordi ... Nej.. Det kan ikke vare syv. Der er seks.. / No because ... No. It can not be
seven. There are six ..

3) “Nej, fordi enhver af de der.. Nej, fordi pa forskellige mader.. / No because each of these ...

No because in different ways...”

In these three sentences BS3 stops talking in the middle of it, and this could be an indication that BS3

struggles to find the right words in order to properly argue why the application of technique 1 is

I3 ’

correct. In the last sentence, the use of the phrase “... pd forskellige mdder / ... in different ways’
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could indicate that this is the part of the formulation in problem 1, which is causing trouble for BSs.
As the students had previously worked on the problem from the related PowerPoint slide no. 3 (ap-
pendix 5) which was displayed in figure 6 in the a priori analysis, it is possible that BS3; have read

problem 1 as isomorphic to part 4 of that problem, namely:

4. Ud af 26 elever 1 2.b skal fire valges til et trivselsudvalg. Hvor mange forskellige kom-
binationer af elever kan valges? (Hjelpemidler tilladt)
Out of 26 students in 2.b, four must be elected to a well-being committee. How many dif-

ferent combinations of students can be chosen? (Aids allowed)

Semantically, there is a difference between the formulations of the two problems in the usage of
“forskellige kombinationer / different combinations” and “... forskellige mdder / ... different ways”.
The misconception made by BS; is thus based on a syntactical and semantical error in the sense that
BSs views “‘forskellige mader /different ways” as a description of the placement of the players and

therefore as different combinations and not as a description of the team in total.

Another aspect of the language related problems in this conversation, can be found with BS,, who is
repeatedly stating that the answer is seven. In this formulation phase, there is no argumentation to
why the answer is seven until the statement: “Ja sa giver det syv. Der er en der er ude ad gangen /
Yes so it is seven. There is one person who is out at the time. ”. It then becomes evident that BS» has
applied technique 3 (as presented in the a priori analysis), but no mathematical arguments are being
used in the conversation with BS,. The repetition by BS; stating that it is 7 could also indicate some
language related difficulties in the formulation. BS3 is capable of reading problem 1 as non-isomor-
phic to part 4 of the PowerPoint problem but is not capable of explaining why the answer is correct,
and this was also the case in the conversation from situation 1 of the observation. BS3 therefore has
some different language related problems than BS; in the sense that BS; have read the problem with-
out the semantical and syntactical error which could have occurred with BS,. However, they both
struggle in the formulation phase and as a result neither of them are capable of understanding why

the opposite person believe they are right.
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SITUATION 3: BILINGUAL STUDENT WHO STRUGGLES WITH FORMULATION
After having discussed the problem with several students, BS> chooses to validate the answer by

teacher conformation. A didactical situation occurs, and the following conversation takes place:

BS,: T er der ikke kun syv forskellige méder? / T isn’t there only seven different ways?
T: Hvorfor det?/ Why is that?

BS:: Fordi gh (griner). Du kan kun have nummer et ude én gang. Du kan kun have nummer to ude
én gang. Du kan kun.. / Because eh (laughs). You can only have number one out one time. You
can only have number two out one time. You can only have ..

T: Vikan jo godt vaelge en vi satter ude. Det giver glimrende mening. / We can choose one whom
we set outside. That makes excellent sense.

FIGURE 12: PART OF THE TRANSCRIPTION OF OBSERVATION NO. 1 (APPENDIX 8)

As BS; chooses to validate the answer by the use of the teacher could reflect aspects of the didactical
contract. In particular, it could indicate that the students are not used to find strategies in order to
validate the formulated hypothesis of the action phase. In this didactical situation, it is confirmed that
BS; has applied technique 3 and the provided explanation by BS3 is informal as it is a logical expla-
nation as to why it makes sense that the answer should be seven. However, the answer is still some-
what repetitive and BS> does not formulate mathematically why the answer is correct. The answer is
formulated in natural language and there is no use of the mathematical register as no mathematical
representation has been chosen. Additionally, no exact statement is formulated. This situation have
didactical potential in relation to the formulation in particular when the teacher asks: “Hvorfor det?/
Why is that?” thus forcing BS, to argue why the answer is correct. However, the potential is not being

fulfilled as the teacher accepts the informal, repetitive formulation provided by BS,.
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CLASSROOM OBSERVATION NO. 2: THE TERM “RANDOM” AND EQUIPROBABILITY BIAS
The second observation selected for analysis happened in the second module (5/10-2020) where the
teacher introduced the concept of a stochastic variable. While doing this, the teacher had written on

the blackboard as seen in image 25 below:

IMAGE 25: WRITTEN EXPLANATION BY THE TEACHER OF “STOCHASTIC VARIABLE” ON THE BLACKBOARD

And had thus written: “ “stochastic variable” 2 “random variable” . The introduction to stochastic
variables was made by the use of an example of the delay of a bus and how one could describe this
as a stochastic variable. The students and the teacher created a probability table as displayed in image
26 and just above the table the teacher wrote: “X is the stochastic variable describing the number of

minutes the bus is delayed”

//
{

'”//‘u{((// pussn /m» 4

("
\/A/Mt/( ‘

hvibbel

IMAGE 26: A PROBABILITY TABLE DESCRIBING THE NUMBER OF MINUTES THE BUS IS DELAYED
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After the table was completed a bilingual student and the teacher engaged in the following didactical

situation which can be seen fully transcribed in appendix 9:

BS: Hvis det er tilfeldigt hvorfor er det sa ikke 25% chance for at .../ If it is random why isn’t
there a 25% chance to..

T: Det er fordi det ikke er et symmetrisk sandsynlighedsfelt / That is because this is not a symme-
trical probability field

BS: Jeg forstar bare ikke hvordan der kan vare storre chance for at der sker noget som er tilfaeldigt
/ 1 just don’t understand how there can be a greater chance of something happening which is ran-
dom

T: Det er en meget meget shm.. Det er en meget markelig terning vi er ude i. Det var ogsa ligesom
for, sandsynligheden for at leereren var syg og laereren var rask var ikke det samme. Selvom noget
er tilfeeldigt kan det godt ske, s& der er noget der er mere sandsynligt end noget andet. Sandsynlig-
heden for at vinde 1 lotteri og for ikke at vinde 1 lotteri vil ogsa sjeldent veere det samme / /¢ is a
very uhm.. It’s a very weird dice we have. It is like before, the probability of the teacher being sick
and the teacher being healthy was not the same. Even though something is random it can happen
that something is more likely that something else. The probability of winning the lottery and not
winning the lottery will rarely be the same.

BS: Néh jaja/ Yeah right

T: Sa det er egentlig det at der er nogle forskellige sandsynligheder og hvis vi skulle geatte, hvis
bare vi skulle komme med et bud pa, hvad tror vi at den her variabel bliver. S vil vi jo gette pad det
er 11 for det er der jo trods alt 50% sandsynlighed for. / So, it is really the fact that there are different
probabilities and if we had to guess, just give an estimate on what we believe this variable will be.
Then we will guess on 11 because after all there is a 50% probability of this.

BS: Hvorfor er der det? Det er det jeg ikke forstar / Why is that? That is what I don’t understand

T: Og det er det.. Det er det der er lidt svert ved det her for det er der ikke noget forklaring pa. /
And this is it.. This is what is a little difficult about this as there is no explanation to this.

FIGURE 13: TRANSCRIPTION OF OBSERVATION NO. 2 (APPENDIX 9)

In this didactical situation the bilingual student struggles to understand why P(X = x;) # 0,25 for
all 1 if the outcome is “tilfeeldigt” (random) and this is particularly implied in the first sentence of the
student: “Hvis det er tilfeeldigt hvorfor er det sd ikke 25% chance for at .../ If it is random why isn’t
there a 25% chance to..”. As reviewed in the theoretical framework, this type of misconception is
not uncommon as it was pointed out by Batanero and Sanchez (2013). One of the tendencies within
student errors in probability is to believe random events are “equiprobable” by their very nature. This

observation is thus an example of equiprobability bias, i.e. “... people exhibiting this bias judge out-
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comes to be equally likely when their probabilities are not equal” (Batanero & Sanchez, 2013, p.

265).

The equiprobability bias could be based on the teacher’s previous introduction to the concept of sto-
chastic variables where the term stochastic variable was “translated” to random variable. It is possible
that by giving this translation of stochastic variable, the student has made a connection between
“tilfeeldig” (random) and the meaning of random as a description of the probability of each occur-
rence. However, in the translation random is intended to describe that the variable is randomly chosen
in the sense that it could have been any variable. In this case, the equiprobability bias could therefore
be based on syntactical error which is causing semantical problems as it changes the meaning of what

is being communicated and what “tilfeeldig”(random) is meant to describe.

In the second line the teacher tries to explain mathematically why the probability is not evenly dis-
tributed by stating: “Det er fordi det ikke er et symmetrisk sandsynlighedsfelt / That is because this
is not a symmetrical probability field”. This formulation is stated in the mathematical register as it
uses technical terms (asymmetric probability field), however, the bilingual student does not seem to
accept (or understand) this mathematical explanation as he/she replies: “Jeg forstér bare ikke hvordan
der kan vere storre chance for at der sker noget som er tilfeldigt / I just don’t understand how there
can be a greater chance of something happening which is random”. This could be regarded as an

exemplification of the difficulties in the transition from natural language to formal language.

This could also indicate two things: 1) The bilingual student has not understood the concept of asym-
metric probability fields, which in the mathematical register refers to the notion: P(X = x;) # % for

all 1 and n observations. Secondly, it could indicate that the student rely on the general danish con-
ception of the word “tilfeeldig”(random) and this is what is causing trouble. In general danish the
word “tilfeldig” (random) can be used to describe different thing as it can both mean that something
happens by a coincident and the chances of each occurrence is equal, however something can also be
“tilfeeldigt”(random) with uneven probabilities: The semantics of the word can thus potentially cause

some trouble.

This situation illustrated syntactical and semantical errors in the use of the word “tilfeldigt”’(random)
and it could be caused by the translation made by the teacher in the beginning of the lesson. However,
it is important to notice that this situation is not necessarily due to bilingualism: As pointed out by

Batanero and Sanchez (2013), the equiprobability bias is a common mistake amongst students thus
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not occurring exclusively with bilingual students. This aspect will be discussed further in the final

discussion of the results.

CLASSROOM OBSERVATION NO. 3: LANGUAGE RELATED DIFFICULTIES IN THE FORMULATION
PHASE

This observation was made in the third module (21/10-2020) where the students had been introduced
to the binomial distribution. The focus of this module was on the binomial distribution and how to
make calculations such as the mean and the spread and they were introduced to formula (189) and

(190) stating that:

And

o= A

Where n is the “antalsparameter” (number parameter) and p is the “sandsynlighedsparameter” (prob-
ability parameter). As a small exercise in the beginning of the modules the students had discussed the
following assignment (the sleeping problem) in small groups before the teacher and the class dis-

cussed it:

I en klasse gér der 20 elever, der hver har 5 % sandsynlighed for at sove over sig. Den binomi-
alfordelte, stokastiske variabel X betegner antallet af elever, der sover over sig pa en given
dag.

In a class there are 20 students, who each has 5% probability of over sleeping. The binomially
distributed, stochastic variable X denotes the number of students sleeping over on a given day.

a) Bestem antalsparameteren og sandsynlighedsparameteren.
Determine the number parameter and the probability parameter.

b) Bestem middelverdien, og forklar, hvad middelvardien siger om eleverne.
Determine the mean and explain what the mean says about the students

¢) Det oplyses, at P(X = 0) = 0,36.
Hvad betyder dette?
It is given that P(X = 0) = 0,36.
What does this mean?

FIGURE 14: THE SLEEPING PROBLEM (APPENDIX 7)
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In the following didactical situation, the teacher and the students of the class had just defined n and
p in part a) and then continued to discuss part b). In the presented conversations, BSi, BS2, BS3 and
BS4 were all bilingual students. The entire transcription of the following didactical situation can be

found in appendix 10:

T: Ja det giver en. Lige precis. Og hvordan skal det her tal sa fortolkes, det er det neste. Nu ved
vi det her, men hvad forteller det os s& om? / Yes it is one. Exactly. And how is this number to be
interpreted, that is the next part. Now we know this, but what does it tell us?

BSs: Er det ikke bare at der en der har mulighed ... At der er en der kommer til at sove over sig. /
Is it not just that there is one who has the possibility .. That there is one who is going to oversleep

T: Der er en der kommer til at sove over sig? Ved vi det? At der er en der kommer til at sove over
sig? / There is one who is going to oversleep? Do we know this? That there is one who is going to
oversleep?

BSs3: Nej men sandsynligheden er (stopper med at tale) / No but the probability is (stops talking)

T: Sandsynligheden er at der er en der kommer til at sove over sig? Vi nermer os. Vi er tet pd. /
The probability is that there is one who is going to oversleep? We are getting closer. We are close.

FIGURE 15: PART OF THE TRANSCRIPTION OF OBSERVATION NO. 3 (APPENDIX 10)

In this conversation, the bilingual student BS3 is struggling to find the right words to describe the
intended meaning which is indicated by half-finished sentences and the fact that BS; stops talking in
the middle of a sentence. As presented in the a priori analysis this could be an indication of language
related problems in the formulation phase. In the first sentence by BS3: “Er det ikke bare at der en
der har mulighed ... At der er en der kommer til at sove over sig. / Is it not just that there is one who
has the possibility .. That there is one who is going to oversleep” some language related problems
also occur. In the first part by the use of the word “mulighed”(possibility) indicates that there is a
chance for a student to oversleep, but the second part of the sentence is formulated such that is a
certain event. BS3 therefore starts by formulating the mean as a description of a possible event and
then changes it to be a certain event. The answer is not accepted by the teacher as it is not precise
enough, in the sense that the calculated mean does not state that the event will happen. This was also
reviewed in the a priori analysis and in particular this would be an answer similar to the third type of

answer as this formulation indicates that the calculated value of the mean is always occurring,

In the second sentence by BS3: “Nej men sandsynligheden er (stopper med at tale) / No but the prob-

ability is (stops talking)” BS3 experiences some language related problems again in the sense that
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he/she stops talking in the middle of the sentence which could indicate a struggle to find the right
words to describe the intended meaning. By the use of the word “sandsynligheden” (the probability)
and the previous sentence by BS3, it could be indicated that BS3 is using the word “sandsynligheden”
(the probability) to describe that something is very likely. The word is thus used as in the general
danish definition of the word where sentences such as: “sandsynligheden er at det sker / the proba-
bility is that it will happen” means that something is very likely to happen. BS3 therefore formulates
the answer in natural language where the semantics is causing trouble in the sense that “sandsyn-
ligheden” (the probability) does not have the same meaning in the general danish conception as in
the mathematical register. The semantics in the transition from natural language to formal language
is therefore causing difficulties, as the answer stated by BS3 is not precise enough to be considered

as a correct answer.

The didactical situation continues as another bilingual student BS4 answers as seen in the figure be-

low:

BSa4: Jeg er ikke sikker men det er en ud af 20, der sover over sig, er det ikke? / I am not sure but it
is one out of twenty who oversleeps is it not?

T: Jamen problemet er at det kan vi jo ikke vide. Det her er tilfeldigt. Der er bare hver af dem der
har en sandsynlighed pa 0,05 for at sove over sig. Denne her variable den kan ende 1 alle mulige [ ]
det eneste vi ved er at den lander et sted mellem 0 og 20. Der er et sted mellem nul og tyve elever
der sover over sig. / Well problem is that we can not know this. This is random. It is simply just each
of them who has a probability of 0,05 to overslepp. This variable it can end in all sorts of [ | the
only thing we know is that it will end somewhere between zero and twenty. There is somewhere
between zero and twenty students who oversleeps.

Ss: Middelverdien siger at der gennemsnitligt vil veere en der sover over sig / The mean is saying
that averagely one will oversleep

T: Der vil gennemsnitligt vaere en der sover over sig. Vi kan ikke vide om der er en der kommer til
at sove over sig, men der vil gennemsnitligt vaere en der sover over sig / Averagely there will be one
who oversleeps. We can not know if there will be one who oversleeps but averagely there will be
one who oversleeps.

FIGURE 16: PART OF THE TRANSCRIPTION OF OBSERVATION NO. 3 (APPENDIX 10)

In this didactical situation, BS4 states: “Jeg er ikke sikker men det er en ud af 20, der sover over sig,
er det ikke? / I am not sure but it is one out of twenty who oversleeps is it not?” and this formulation
is very close to the first formulation provided by BS3 and there could be several reasons to this.

Firstly, it is possible that BS4 was not listening when BS; stated the previous answer and therefore
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BS4 does not know the answer is the same. Secondly, it could also be a language related problem in
the sense that BS4 does not realize that there is not essential difference in the answer “At der er en
der kommer til at sove over sig / That there is one who is going to oversleep” and the answer: “... det
er en ud af 20, der sover over sig, er det ikke? / ... it is one out of twenty who oversleeps is it not?”.
The language related problems which BS4 experiences are thus different from the language related
problems with BS3 in the sense that BS; displayed indications of struggling to find the right words
and BS4 did not. It is interesting that both BS; and BS4 are very close to providing a correct answer
as they have both understood that in the calculation u =n-p = 20 - 0,05 = 1 the value does de-

scribe that one student will be late.

The lack of precision in their formulations is the reason why the answer is not accepted by the teacher
and this could therefore be seen as a language related problem. Interestingly, neither BS3 nor BS4
formulates that the calculated value is an average as neither of them uses the word “gennemsnitlig”
(averagely) in their replies. In particular, BS4 does not even though he had just heard the reply by
BSs. The bilingual students all did very well when asked to calculate the mean and were capable of
doing so correctly, but the troubles occurred in the formulation phases when they had to explain what

the calculated value meant in this situation.
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CLASSROOM OBSERVATION NO. 4: THE USE OF CAS AND RELATED PROBLEMS

This observation (21/10-2020) was made in the third module and was in relation to the use of CAS-
tools as an aide in the calculations regarding the binomial distribution. As introduced in the section
“The use of CAS and computers” the students were using WordMat as a CAS-tool. The teacher started
by showing the class how to use WordMat to calculate the mean, the spread and probabilities of
binomially distributed stochastic variables by entering the number parameter and the probability pa-
rameter. Afterwards the students worked adidactically on the problems on worksheet 3 (appendix

4a/4b). This observation was in relation to problem 1 which is seen in shown in figure 18 just below.

Opgave 1 (med hjelpemidler)
Problem 1 (aids allowed)

X er en binomialfordelt stokastisk variabel med antalsparameter 80 og sandsynlighedsparameter p =
0,35.

X is a binomially distributed stochastic variable with number parameter 80 and probability parameter
p = 0,35.

a) Tegn et sgjlediagram for sandsynlighedsfordelingen for X.
Make a bar chart of the probability distribution for X.

b) Bestem middelvardien og spredningen for X.
Determine the mean and spread/standard deviation of X.

c) Bestem P(X = 28).
Determine P(X = 28).

FIGURE 17: PROBLEM 1 OF WORKSHEET 3 (APEENDIX 4A/4B)

As argued in the a priori analysis, all three parts of the problems were solvable by the use of WordMat.
One bilingual student, BS;, was having trouble getting started with the problem and as a strategy to
get started, BS| had help from another bilingual student, BS3. The conversation can be seen in figure

18 below:
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BS;: Hallo kan vi ikke lave noget, wallah, jeg forstar det ikke / Hallo can we not get started, wallah, 1
don’t understand

BS,: Hvad er den? / What is it?
BSi: Jeg kan ikke finde ud af (stopper med at tale) / I don’t know how to (stops talking)
Eleverne taler om andre ting / The students discuss other things

BS,: Hvordan ger vi det? Okay vent. Skal man have wordmat? / How do we do it? Okay wait. Do 1
need wordmat?

BS;3: Mé jeg lige se? (vender computeren og dbner op for Excelarket). Det er det her ikke. Det er bare
det der vi lavede / Can I see? (Turns the computer around and opens the Excel sheet). It is this one
right? It is just what we did.

BSi: S4 jeg skal skrive 80 og det andet? / So I have to write 80 and the other one?
BSs: Ja (peger pa felterne) / Yes (points to the boxes)

BSi: Og sé tager jeg et billede af den? (Tager et screenshot og indsetter 1 dokumentet) / And then 1
take a picture of it? (Makes a screenshot and inserts in the document)

FIGURE 18: TRANSCRIPTION OF OBSERVATION NO. 4 (APPENDIX 11)

This adidactical situation can be seen as an action phase, and the communication between the students
is very limited. This can be regarded as a language related problem in the sense that BS; is having
difficulties expressing what is difficult in the situation. In particular, BS; states: “Jeg kan ikke finde
ud af (stopper med at tale) / I don’t know how to (stops talking)” and thus stops talking in the middle
of the sentence. BS; is therefore not capable of expressing exactly what is not understood. This aspect
was also pointed out in the theoretical framework were Andersen (2004, p. 286) argued that bilingual
students are in particular having difficulties when engaging in collaboration with other students where
it is a perquisition that they are to interpret what others are saying. As BS; is struggling to express
what is difficult it could be more difficult for the other students to provide any help. It is also unclear
if BS; does not know how to use the CAS-tool or if BS; does not understand how the problem is to

be solved.

In this case, BS3 is capable of helping BS; but the communication by BS3 is also very limited in the
sense that BS;3 points to the places of where BS; is supposed to enter the values. In the formulation
phase between the two bilingual students there is no use of relevant technical terms such as “antal-

sparameter” (number parameter) or “sandsynlighedsparameter” (probability parameter): Instead
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formulations such as “det der / that” and “det andet /the other thing” and gesticulations are used to

describe how the technique is applied.

By the help of BS;, BS| completed part a) of problem 1 and obtained the correct illustration of the

bar chart, where a reconstruction has been made in image 27 just below:
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nYs0 P X< )= = .
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IMAGE 27: SOLUTION MADE BY WORD MAT TO PROBLEN 1A FROM WORKSHEET 3

BS; then started on a solution for part b) and quietly wrote down: “80*0,35% in the document. BS;
therefore applied the formula to calculate the mean where 4 = n - p which is a correct strategy for a
solution. BS; therefore chooses to calculate the mean, y, by hand even though the student actually
already had the answer to b) contained in the screenshot from a) (see image 27). This might indicate
that in solving part a) of the problem BS; has correctly identified that the first part of the problem is
1somorphic to what the teacher had just reviewed, but perhaps BS; does not fully understand the
method. In the conversation BS; also expresses a lack of understanding by stating: “I don’t under-
stand” and “I don’t know how to” and BS3 points to the exact places where BS; has to fill in the
exact numbers. Combined, these things contribute to the interpretation of BS; following a method

without fully understanding what is being calculated.

Another aspect of this situation is in relation to the symbolic register, as BS1 does not write down any

symbolics in regard to the calculations and simply choses to write down the numbers. In addition, by
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calculating this by hand even though the answer is provided in the screenshot it could indicate that
BS; does not fully understand the symbolics involved (4 and o) and what they represent: Otherwise,

the student probably would not have started calculating these values by hand.

The use of a CAS-tool in this case is thus an aide in the sense, that BS| was capable of providing a
solution to part a of the problem and the solution was obtained quickly and without having to put in
a lot of work. However, the use of CAS in this case also made it possible to obtain a solution of a
problem without fully understanding the underlying mathematical technique. In this case it was indi-

cated that BS; did not fully understand the process and the involved symbolics.

A PARTIAL CONCLUSION

In the presented observations, different types of language related problems with the bilingual students
occurred and it was particular in the formulation phase the problems occurred. In observation no. 1,
BS; and BSs; struggled to explain why the respective answers were correct and both students were
incapable of arguing why they were correct. BS3 struggled particularly with finding the right words
to describe the intended meaning, whereas BS; kept repeating that the answer was correct. In obser-
vation no. 2 a bilingual student struggled to understand why the term random did mean that the sto-
chastic variable had an equal probability and as mentioned this could either be a language related
problem caused by semantics and syntax or an example of the equiprobability bias. In observation
no. 3 the language related difficulties with BS; and BS4 occurred in the formulation phase as the lack
of precision in their formulations made the answers incorrect. In particular, it was also noted that BS4
did not realize that the answer provided by BS; was almost isomorphic to the answer BS4 provided.
In observation no. 4 BS; and BS3 worked adidactically on a problem by the use of CAS-tools, and
the conversation between the two bilingual students was very limited: This can also be reviewed as a
language related problem in the sense that they both had difficulties articulating what was difficult in
the situation and how it could be solved. We have thus seen several cases of language related prob-
lems in particular in the formulation phase and in the transition from natural language to formal lan-

guage as the importance of precision became evident.

The data and the provided analysis will be further discussed in the next section.
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DISCUSSION

In this section there will be a discussion of the results obtained from the presented and analyzed data
of the previous sections. The discussion will focus on which tendencies the data showed and if these
tendencies can be seen as representatives of the language related problems occurring with learners
whose first language is not the language of instruction or if the difficulties simply lie with the indi-
vidual. The methodological aspects of the obtained data will also be discussed, in particular the dis-
cussion will include both quantitative and qualitative aspects of the obtained data and the formulation
of the questions in the questionnaire will also be discussed. In addition, the aspect of reading in math-
ematics will also be involved in the discussion as the students had to read questions and problems in
the obtained data. Finally, suggestions to improve bilingual students’ performance in the context of
probability and statistics will be presented based on the presented theoretical framework and the find-

ings of the case studies.

WHAT DID THE DATA SHOW?

The obtained data in the context of both statistics and probability showed several cases of language
related problems with the bilingual students and some of the language related problems occurred
repeatedly with several bilingual students. These language related problems included syntactical er-
rors, semantical errors, and difficulties in the formulation phase. In the theoretical framework, it was
presented that some of these difficulties were typical errors amongst all types of students and the
findings of the analysis will therefore be discussed. In particular, it will be discussed what we are able

to conclude from these findings.

DIFFICULTIES IN THE FORMULATION PHASE

In the context of both probability and statistics, the data showed several incidents of difficulties in
the formulation phase with the bilingual students. This was the case with BS; (in relation to “spred-
ning” (spread)), BSs (in relation to “hyppighed” (frequency)), BSs (in relation to “hyppighed” (fre-
quency)), in observation no. 1, and in observation no. 3. The language related problems in the formu-

lation phase were therefore present both in relation to a written and oral media.

Observation no. 1 (situation 1, 2 and 3) and observation no. 3 were similar in the sense that the in-
volved bilingual students all struggled in the formulation phase. The struggles in the formulation
phase varied slightly: In observation 1, BS3 struggled to find the right words whereas BS; had diffi-

culties formulating why the answer was correct and instead kept repeating that the answer was correct

96



and in observation no. 3, BS; struggled to find the right words to explain the intended and the lack of
precision in the formulation made the answer incorrect. In observation no. 3, BS4 repeated the answer
from BS3 perhaps due to the fact that BS; did not realize there was a difference in the two formula-
tions. As pointed out in the theoretical framework by Andersen (2004, p. 286) these language related
problems in the formulation phase can be an obstacle for the students both in didactical and adidac-
tical situations and these observations exemplify this as both observation no.1 and no.3 showed bi-
lingual students having difficulties when engaging in classroom discussions or collaboration with
other students where it is a perquisition that they are to interpret what others are saying. This was also
supported by Andersen (2004, p. 286) and the observations may confirm this hypothesis. As argued
by Dunn et al (2016, p. 9-10) in the theoretical framework, some of the challenges, which students
face if they do not fully grasp the concepts and the use of the related vocabulary include: The content,
seeking assistance, and group work. These challenges were not exclusive to bilingual students, and
another possible explanation for the struggle in the formulation phase therefore also lie in the fact
that the students do not fully master the vocabulary of probability yet. More observations and similar
investigations are therefore needed in order to obtain a final conclusion, as only a relatively low
amount of observations was provided. By expanding the amount of observations to including mono-
lingual students as well, it would provide a comparative foundation of the observations made. Due to
the qualitative design of the study it cannot be generalized with certainty to a larger population that
all bilingual students will experience these language related difficulties in the formulation phase, as
other variables may affect the outcome as the data has only been obtained from one High School.
However, as the theoretical framework, particularly Andersen (2004), supports this postulate, the

findings may be regarded as representative.

Additionally, similar observations were also made in the written answers to the questionnaire regard-
ing statistics where with BS; (in relation to “spredning” (spread)), BSs (in relation to “hyppighed”
(frequency)) and BSs (in relation to “hyppighed” (frequency)) all formulated answers which made it
difficult to extract a meaning. In particular, the formulation of the mathematical definition of spread
provided by BS» contained both semantical and syntactical errors making the sentence grammatically
incorrect and therefore very difficult to extract a meaning. In the case of BSg (in relation to
“hyppighed” (frequency)) the formulation also contained either semantical or syntactical errors and
an ambiguous mathematical definition of the word was provided. The case of BSg has some similar-

ities with observation no. 3 where the imprecise use of language also made the answer incorrect. The
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data obtained in statistics therefore shows a tendency of semantical and syntactical errors in the for-

mulation to such a degree that the formulated sentence becomes difficult to understand.

All five cases showed difficulties in the formulation and in particular the lack of precision in the
formulation made the communicated incorrect. In formulation phases the shape of the statement also
becomes important as reviewed in the theoretical framework, as it becomes a matter of syntax in the
sense that students are expected to compose and combine different representations in a way which is
formally correct (Winslew, 2016, p. 160). These cases all exemplify this, and the monolingual stu-
dent’s replies did not show any similar problems where the syntax made the provided answers diffi-
cult to understand. Only in the case of MS: (in relation to “frekvens”(relative frequency)), the formu-
lation of the mathematical definition of the word was ambiguous in the sense that the quotient de-
scribed linguistically could be interpreted in different ways. This syntactical error could have been
avoided by using a mathematical representation to describe the intended quotient, thus emphasizing

the importance of the formal language of mathematics.

The observations show some of the difficulties experienced by both mono- and bilingual students in
the transition from everyday language to formal language. In the theoretical framework it was pre-
sented by Bitterlich and Schiitte (2018, p. 36) that “...regarding the discourse practices explanation
and argumentation, that many learners do not gather enough language-based experience in family
and peer groups prior to entering school. But often, such language competences in explaining and
arguing are assumed"” and this aspect is particularly important in relation to the bilingual students
who did not speak danish at home. It is therefore supported by the previously conducted research,
that the language related difficulties in relation to semantics, syntax, and formulation is enforced by

bilingualism.

THE ASPECT OF READING

In the theoretical framework, it was presented that it seemed as if there is a high correlation between
the reading skills of bilingual students and their advancement in mathematics (Dale & Cuevas, 1987,
p.- 24). Hence, it is also relevant to discuss the aspect of reading the questions of the questionnaire
and the reading of the problems in the observations and to discuss if this factor also contributes to the

language related difficulties experienced by the bilingual students in the obtained data.

In the questionnaire the students were asked to “define” the chosen lexically ambiguous words, i.e.,

to explain and describe the meaning and exact limits of something. In several cases, the bilingual
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students, when asked to define a concept, instead chose to explain the usage of the word in the previ-
ously used sentence or relied on a new example to explain the meaning. This was for example the
case with BS4 and BSs in relation to “spredning” (spread), BS7 in relation to “hyppighed” (frequency)
and BSe¢ in relation to “frekvens” (relative frequency). The provided definitions were not definitions
per say and it would not be a correct answer to the question: The language related problems therefore
also lied partially in the reading of the questions, as the content provided in the definitions were not
a general definition. As a consequence of not understanding the concept of a definition, the formal

language of mathematics and the required precision in the formulation were not used.

In observation no. 1 (part 1 and 2), the bilingual student BS3 had chosen an incorrect technique to
solve the problem, and as presented in the theoretical framework, a lot of bilingual students are having
difficulties acquiring the information and as a consequence the bilingual students often are having
difficulties in solving word problems in mathematics (Andersen, 2004, p. 286). Observation no. 1
(part 1 and 2) could therefore be viewed as representative of this particular problem. In addition, it
was empathized in the theoretical framework that if the context or formulation of a problem is slightly
changed from the isomorphic problems, it will become evident that only a small amount of semantics
is behind these syntactical skills (Winslew, 2016, p. 161). Observation no. 1 (part 1 and 2) can be
viewed as a confirmation of this, as BS3 read the problem as isomorphic to the previously calculated

problem.

However, in the theoretical framework it was also presented that some of the common errors made
by students included for example “ ... over-counting and confusing situations in which order matters
or does not matter” (Lockwood, Swinyard & Caughmann, 2015, p. 29). The wrongfully applied tech-
nique by BS; could also be regarded as an example of confusing a situation in which the order matters.
This is a common mistake happening amongst all types of students and not just bilingual students and

it can therefore be argued that this type of error could also happen to a monolingual student.

A COMBINATION OF SEMANTICAL AND SYNTACTICAL ERRORS

In the theoretical framework it was also presented that the misunderstandings made by students is
often a combination of semantics and syntax and it can be difficult to separate the semantical diffi-
culties from the syntactical difficulties (Winslew, 2016, p. 160). This was also seen in the obtained
data for example in the case of BSg (in relation to “hyppighed” (relative frequency)) and in observa-
tion no. 2. Observation no. 2 illustrated syntactical and semantical errors in the use of the word

“tilfeeldigt” (random), and it could be caused by the translation made by the teacher in the beginning
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of the lesson. As argued by Andersen (2004, p. 286) bilingual students are in particular having diffi-
culties when engaging in classroom discussions where it is a perquisition that they are to interpret
what others are saying as a lot of the bilingual students are having difficulties acquiring the presented
information. Observation no. 2 can be viewed as a confirmation of this and the misconception by the
bilingual student will then be a language related problem experienced in particular by bilingual stu-
dents. However, it was also presented by Batanero & Sanchez (2013) that a tendency amongst stu-
dents is to believe random events are “equiprobable” by their very nature. The equiprobability bias,
1.e. “... people exhibiting this bias judge outcomes to be equally likely when their probabilities are
not equal” (Batanero & Sanchez, 2013, p. 265)” is therefore a common error amongst all types of
students and not just bilingual students. It is thus possible, that this misconception by the bilingual
student is not a consequence of being bilingual but a consequence of the common equiprobability
bias. As the previously argued, the observations did not have a control group with similar/unsimilar
observations amongst monolingual students, and it can not be definitively concluded that the miscon-

ception is a consequence of being the student being bilingual.

SEMANTICAL DIFFICULTIES

The obtained data also showed several cases of semantical difficulties in the transition from natural
language to formal language, for example in the case of BS; (in relation to “spredning” (spread)),
BS; (in relation to “spredning” (spread)), BSg (in relation to “hyppighed” (frequency)), BSi (in rela-
tion to “hyppighed” (frequency)), BS¢ (in relation to “frekvens” (relative frequency)), observation
no. 2, and observation no. 4. The data thus showed 7 cases of semantical difficulties for the bilingual

students and the types of semantical difficulties were similar in some of the cases.

In the theoretical framework it was presented that students tend to struggle to learn “... the technical
definitions of lexically ambiguous words and often retain the GE definitions of these words” (Dunn
et al, 2016, p. 11) and that students tend to face statistics with “... strongly-held, but incorrect, intu-
itions that are highly resistant to change” (Kaplan et al, 2010, p. 2). The case of MS; in relation to
“spredning” (spread) showed this, as the general danish definition of spread was transferred to the
mathematical definition of the word. It was also argued by Dunn et al (2016) that learners whose first
language was not the language of instruction would more successfully adapt the new language of
statistics as they would not rely on the general danish conception of the word. The case of BS; (in
relation to “spredning” (spread)) did support this claim as the wrongful general danish conception of

spread was not transferred to the mathematical definition, which was, nevertheless, imprecise. In the
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case of BS; (in relation to “spredning” (spread)) and BSs (in relation to “frekvens” (relative fre-
quency)), the students also had a wrongful general danish conception of the word in question and the
wrongful danish conception of the word was transferred to the mathematical definition provided.
These cases did therefore not support the claim by Dunn et al (2016). The cases showed bilingual
students having a conception of the word, which were not in accordance with the lexical meaning of
the word, and the same thing was found by Kazima (2006). She found that a lot of the students’ “...
preconceived meanings for probability vocabulary were distant from established conventional mean-

ings” (Kazima, 2006, p. 169).

In observation no. 2, the bilingual student struggled with the semantics of “tilfeldig” (random) as the
student relied on the meaning provided by everyday language, and as previously discussed this could
be regarded as either semantical problems or as a consequence of the equiprobability bias. Molnar
(2018, p. 28) presented the lexical ambiguity of the term random and the lexically ambiguous words
presented a challenge in the transition from natural language to formal language for all types of stu-
dents. The difficulties experienced by the bilingual student in observation no. 2, either if it is regarded
as a semantical problem or as the equiprobability bias, is therefore not exclusively occurring with
bilingual students as similar difficulties are found with monolingual students in the theoretical frame-
work. It could be argued, that due to the interpretation necessary in the classroom discussion, the
experienced difficulties could be enforced by the student being bilingual as Andersen (2004), pre-

sented that bilingual students are having significant difficulties in this context.

In observation no. 4 the bilingual student also experienced semantical difficulties in the transition
from everyday language to a formal language. In particular, it was argued that it could be difficulties
with the symbolical register in the context of probability, and the presented observations show dif-
ferent types of semantical difficulties as they are rooted in different registers, and the semantical
difficulties is therefore present in the transfer between everyday language, the mathematical register,
and the symbolical register. It is important to note, as already argued in the analysis of observation
no. 4, that there could be several other explanations to the actions of the bilingual student in the case

than difficulties with the symbolical register.

GENERAL DISCUSSION OF THE RESULTS

The obtained data in the context of statistics and probability shows several incidents of semantical

and syntactical errors, and an adjacent question is: Are these semantical and syntactical difficulties
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caused by the students being bilingual? The data did show these tendencies and it was supported by
the theoretical framework that some of these difficulties may be enforced by the students being bilin-
gual. It is, however, also important to notice for example BS3 in relation to statistics who generally
did well in the questionnaire with precise and correct formulations which showed no indications of
semantical or syntactical errors, even though BS; only relied on the mathematical meaning of the
word and exclusively provided sentences and definitions in a mathematical context. In addition, the
two monolingual students also displayed some semantical errors in relation to the word “frekvens”
(relative frequency) and MS» generally relied on the mathematical meaning of the word and exclu-
sively provided sentences and definitions in a mathematical context like BS3. Some of the semantical
and syntactical errors which occurred with the bilingual students therefore might not exclusively be
due to the fact that they are bilingual: As presented in the theoretical framework, students generally
struggle in the context of probability and statistics (Undervisningsministeriet, 2018: Batanero et al,
2006) as the subjects contains challenges in relation to both the students and the teacher. It is possible
that some of the semantical and syntactical errors which occurred are simply occurring because sta-

tistics and probability is generally difficult.

In the observations made and the answers provided to the questionnaire another relevant question is:
Which of the difficulties are due to language and which are due to a lack of knowledge? In the col-
lection of the data, some of the difficulties could also be caused by a lack of knowledge in the sense
that it becomes relatively more difficult to solve a mathematical problem or define a mathematical
concept if you cannot remember the involved mathematics. It is therefore a possible factor which
could contribute to some of the difficulties experienced by the bilingual students. As the design of
the collection of the data is qualitative and the amount of data is relatively low, more research is
necessary in order to determine if the difficulties are due to bilingualism or a lack of knowledge. In
particular, it will be relevant to do similar investigations and observations at other danish High
Schools as well. The qualitative and quantitative aspects of the data will be further discussed at p.

105.

THE RESULTS IN STATISTICS

In the analysis of the answers to the questionnaire we saw several cases of semantical and syntactical
errors in the bilingual students reply and this was seen in relation to both “spredning” (spread),
“hyppighed” (frequency) and “frekvens” (relative frequency) as reviewed. The obtained data in rela-

tion to statistics was provided through a written medium as the students were asked to write down
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their answers and this was done in accordance with the previously described methodology, which
was chosen in relation to the studies conducted by Kaplan, Fischer and Rogness (2010) and Diaz and
Batanero (2009). The collection of data through a written media has several advantages as the data is
collected easily and it is possible to get a lot of responses to the same question. Additionally, it made
it possible to compare the bilingual student’s replies to the replies of the monolingual students. As
described in the theoretical framework, it is impossible to separate the mathematical content from the
mathematical representations and both are a part of the language used within mathematics (Winslow,
2006, p. 159) and both are essential when communication through written media. The writing of
mathematics is an essential part of the mathematical classroom discourse and the requirements on the
formulation in the mathematical register are also to be met in written media. However, in the analysis
of the obtained data it was sometimes difficult to retract a meaning of an answer: In particular when
the answer had syntactical, semantical, and grammatical errors. It could be argued that in order to
obtain a more thorough analysis, a follow-up interview with the students should be conducted. This
would allow some of the students to further explain some of their answers to the questionnaire, such
that the answers would become easier to interpret and the language related difficulties experienced
by the students would be further supported through the interview. In further investigation, it is there-
fore suggested that the questionnaires are supported by a semi-structured qualitative interview where
the students use and define the selected lexically ambiguous words in natural language and in a math-

ematical context.

SUGGESTIONS TO OBTAIN BETTER ANSWERS IN RELATION TO INDEPENDENCE

As reviewed in the analysis of the questionnaire in relation to the notion of independence, neither of
the students provided a mathematical definition related to statistics and the answers lied outside the
scope of this thesis. For further research it is suggested that the question regarding “uathangighed”
(independence) is changed such that it is clear to the students that they are to provide a meaning of
“vathengighed” (independence) in the statistical meaning of the word. This could be done by altering

question 4 of appendix 1A by adding the two following questions:

E. Skriv en s@tning med ordet “uathangig” som du kender det fra statistik eller sandsyn-
lighedsregning 1 Gymnasiet / Write a sentence with the word “uafhcengig” with the mean-
ing of statistics or probability as you know it from High School

F. Giv en definition af ordet “uathaengig” med den mening det havde 1 E / Provide a definition
of the word "uafhcengig” maintaining the meaning of E
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By adding these questions, the students would be “forced” to provide a statistical meaning of the
word and it would then be possible to analyze the answers more properly than the analysis provided
in this thesis. The notion of independence is essential within statistics and probability theory, and as
presented by Molnar (2018) misconceptions arise in relation to this notion and one potential reason
for this trouble is the lexical ambiguity as independence has different meanings in probability, eve-
ryday language, algebra and statistics. In particular the concept is symmetrical within probability,
whereas in everyday language, independent and dependent are not necessarily symmetric. Within

I3

algebra, the notion of independent and dependent variables is never symmetric “... although closer

to the sometimes-symmetric everyday definition than the always-symmetric probability version”
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(Molnar, 2018, p. 31). Finally, in statistics the definition of independence is “... never symmetric,
similar to mathematical variables but opposite of probability events” (Molnar, 2018, p. 31). Being
lexically ambiguous, the notion of independence therefore poses possible challenges in relation to

both statistics and probability and further investigations is suggested because of this.

Another possible way of obtaining answers in relation to the students’ conception of “uathangighed”
(independence) could be through a semi structured interview containing a problem in relation to in-
dependence for 2-3 students to solve. In order to investigate the possible language related problems
for bilingual students, a control group with monolingual students could be interviewed as well such

that a comparative analysis could be conducted.

DISCUSSION OF RESULTS IN PROBABILITY

The observations made in the context of probability, were all made with a focus on the bilingual
students of the class and the data exclusively contained cases concerning bilingual students. As a
consequence of this, there is no control group to the data in the sense that no similar observations
with monolingual students were conducted in this thesis. However, as presented in the theoretical
framework some of the difficulties experienced by the bilingual students, for example in observation
no. 1 and no. 2, has been described in the research literature. In observation no. 2, where a bilingual
student struggled to understand the term random in relation to an asymmetric probability field, this
type of problem was also introduced in the theoretical framework as an equiprobability bias. It is a
common problem amongst students thus it might be argued that this particular difficulty was not

caused by the fact that the student was bilingual.

In some of the observations it can be difficult to conclude that the difficulties are caused exclusively

by bilingualism as several other factors may contribute to the experienced difficulties. As previously
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argued, it can be difficult to judge if the difficulties occur due to language related problems or due to
a lack of knowledge. However, as bilingual students are in particular having difficulties when engag-
ing in classroom discussions or collaboration with other students where it is a perquisition that they
are to interpret what others are saying (Andersen, 2004, p. 286), it is not unreasonable to assume that
some of the difficulties may be enforced by bilingualism. In particular, in a conversation between two
bilingual students where the intended meaning has to go through two “filters” of interpretation some
of the original meaning might get lost or misinterpreted along the way. This argument can be sup-
ported by observation no. 1 where BS> and BS3 both had difficulties communicating, why they were
right. As presented in the theoretical framework, probability is in general considered a difficult sub-
ject to teach and learn. This was also argued in the report from the Ministry of Education (2019, p.
5), the students generally had difficulties in the context of probability in the summer exams of 2019.
Some of the difficulties in the context of probability therefore might be a more general problem

amongst students.

QUANTITATIVE VS QUALITATIVE DATA

The data was collected in two Danish High Schools (Frederiksberg Gymnasium and H.C. Orsted
Gymnasiet, Frederiksberg) in Copenhagen. Both High Schools have a relatively high amount of bi-
lingual students as H.C. Orsted Gymnasium (Frederiksberg) is a part of TEC (Technical Education
Copenhagen) where in 2018 50.4% of the students had an ethnic origin different than danish (Dan-
marks Statistik, 2018) and at Frederiksberg Gymnasium 37.4% of the students had an ethnic origin
different than danish (Danmarks Statistik, 2018). The chosen High Schools for the investigation
therefore have a relatively high amount of bilingual students which in particular was evident in the
answering of the questionnaire where only 2 of 17 students were monolingual. Consequently, the
obtained data has a low amount of monolingual student replies to provide a comparative foundation
and the obtained data should be regarded with this in mind. In order to obtain a more representative
foundation for comparison it would be necessary to obtain more monolingual student replies. Addi-
tionally, as the studies were only conducted in two different classes of two High Schools it is possible
that other factors have contributed to the findings of the data. It is therefore suggested that similar
observations and investigations are conducted at other danish High Schools to support or refute the

findings.

The design of the investigation was thus mainly qualitative which makes it difficult to generalize with

certainty to a larger population, as other variables may affect the outcome. However, as previously
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argued, the research literature presented in the theoretical framework supports some of the findings
in the data. In particular, it was argued that some of the semantical and syntactical difficulties may

be enforced by bilingualism as seen in both the student conversation and the written data.

SUGGESTIONS TO IMPROVE BILINGUAL STUDENT PERFORMANCE IN THE CONTEXT OF STATISTICS
AND PROBABILITY

Throughout the thesis, it has been argued that language and mathematics cannot be separated and the
suggestions to improve bilingual student performance in the context of probability and statistics are
also centered around language. In the investigation on Malawian students, whose first language was
not the language of instruction, Kazima (2006, p. 169) found that a lot of the students’ “... precon-
ceived meanings for probability vocabulary were distant from established conventional meanings”
(Kazima, 2006, p. 169) and some of these meanings were rooted in the students’ first language. It
was recommended by Kazima that the students were offered something more than teacher-spoken
definitions, “instances which would help them refine their construction of meanings for the vocabu-
lary” (Kazima, 2006, p. 187) and how the words are appropriately used. The same is recommended
in the case of bilingual students in Danish High Schools, as the data also showed incidents of students

who experienced semantical difficulties with some of the vocabulary both in the everyday meaning

of the word and the mathematical meaning of the word.

It was also recommended by Andersen (2004, p. 289), that when a new subject is introduced, the
teacher should make up a list of the words that may be new to some or all of the students and as the
words appear during the lessons, they should be explained by students who have understood them.
The same thing could be suggested to improve bilingual student performance in the context of prob-
ability and statistics, as this could increase the focus on lexically ambiguous words, which the data
and the theoretical framework presented as difficult. An inquiry-based introduction to statistics and
probability is also suggested, which could be organized by the use of TDS. The idea behind TDS is

113

that the intellectual work of the students must be more like the scientific activity as “... knowing
mathematics is not simply learning definitions and theorems in order to recognize when to use and
apply them.” (Brousseau, 2002, p. 21). The process of inquiry is considered essential if the student is
supposed to gain knowledge of these results and convince herself/himself of their validity of them,
and the mathematical knowledge is thus established from the students experience and reasoning in-
stead of being presented as a matter of fact. This would provide a deeper understanding of the statis-

tical and probabilistic concepts, and additionally mathematics would generally become more rational
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and challenging but also a more satisfying activity in which the students are more likely to engage in

(Jessen & Winslew, 2017, p. 36).

Finally, in relation to probability teaching it has been suggested that ... we should not only present
different models and show their applications, but we have to go deeper into wider questions, consist-
ing of how to obtain knowledge from data, why a model is suitable, how to help students develop
correct intuitions in this field and deal with controversial ideas, such as randomness or causality.”
(Batanero, Godino & Roa, 2004, p. 2). A problem is the fact that few teachers have prior experience
with conducting probability experiments or simulations. It could propose a challenge to implement
an experimental approach to teaching probability or teaching through statistical investigation if the
teacher has no training in this area (Batanero, 2009, p. 7). A focus on proper education of teachers is
therefore also suggested as this could improve the understanding of concepts within probability not
only for bilingual students but for all students involved. In the aspect of teacher education, it is also
essential that the teachers develop competences such that they are capable of dealing with bilingual
students. This development of competences includes for example different didactical aspects of the
Danish linguistic aspects of the subjects being taught, as only few of the teachers have the insight
needed to become aware of and meet the academic and social needs of many bilingual students.

(Danmarks Evalueringsinstitut, 2006, p. 10).
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CONCLUSION

The case studies presented in this thesis shows several cases of semantical and syntactical difficulties
experienced by the bilingual students involved. In particular, the case studies showed difficulties in
the transition from natural language to formal language where the semantics caused trouble as the
students relied on the general danish conception of the words “spredning” (spread), “hyppighed”(fre-
quency) and “frekvens” (relative frequency). The bilingual students also experienced difficulties in
interpreting information both in classroom discussions and in group work and as a consequence of
this language related problem, the bilingual students experienced difficulties in the formulation
phases, as they struggled with the language of mathematics and finding the right words to describe
the intended meaning. Some of these language related problems were also experienced by monolin-
gual students and has been supported by the research literature. The thesis does therefore not conclude
that language related problems in the context of probability and statistics occur exclusively with bi-
lingual students. However, it would appear that some of the language related difficulties are enforced
due to bilingualism as argued in the discussion and supported by the research literature. The qualita-
tive design of the study was discussed, and it was suggested that more data was provided in order to

generalize the results further.
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APPENDIX

APPENDIX 1A: LEXICAL AMBIGUITY WITHIN STATISTICS

Navn og klasse:

Hvilket sprog taler I hjemme ved dine foraldre?

1.

Spredning

A. Skriv en s&tning hvor ordet ’spredning” indgér med samme betydning, som du bruger det 1
til daglig

B. Giv en definition af hvad ordet ”spredning” betyder, nar det bruges som du gjorde i svaret
pa A

C. Skriv en s@tning hvor ordet ”spredning” indgar med den betydning du kender fra gymnasi-
ets matematik

D. Giv en definition af ordet ”spredning” sadan som det bruges 1 svaret pa C

Hyppighed

A. Skriv en s@tning hvor ordet "hyppighed” indgdr med samme betydning, som du bruger det 1
til daglig

B. Giv en definition af hvad ordet "hyppighed” betyder, nar det bruges som du gjorde i svaret
pa A

C. Skriv en se@tning hvor ordet ’hyppighed” indgér med den betydning du kender fra gymnasi-
ets matematik

D. Giv en definition af ordet hyppighed” sadan som det bruges i svaret pa C

Frekvens

A. Skriv en s&tning hvor ordet “frekvens” indgar med samme betydning, som du bruger det i
til daglig

B. Giv en definition af hvad ordet ” frekvens” betyder, nar det bruges som du gjorde i svaret pa
A

C. Skriv en se@tning hvor ordet ” frekvens” indgér med den betydning du kender fra gymnasiets
matematik

D. Giv en definition af ordet ” frekvens” sadan som det bruges i svaret pa C

Uafhangig

A. Skriv en s&tning hvor ordet “uathaengig” indgdr med samme betydning, som du bruger det i
til daglig

B. Giv en definition af hvad ordet "uathengig” betyder, nar det bruges som du gjorde i svaret
pa A

C. Skriv en s@tning hvor ordet uafthangig” indgér med den betydning du kender fra gymnasi-
ets matematik

D. Giv en definition af ordet uathaengig” sadan som det bruges i svaret pa C
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APPENDIX 1B: LEXICAL AMBIGUITY WITHIN STATISTICS ENGLISH TRANSLATION

Name and class:
What language do you speak at home with your parents?

1. Spredning (spread)

A. Write a sentence with the word ”spredning” with the meaning of everyday langauge.

B. Provide a definition of the word spredning” maintaining the meaning of A

C. Write a sentence with the word spredning” with the meaning of mathematics as you know
it from High School

D. Provide a definition of the word “’spredning” maintaining the meaning of C

2. Hyppighed (frequency)
A. Write a sentence with the word "hyppighed” with the meaning of everyday langauge.
B. Provide a definition of the word “hyppighed” maintaining the meaning of A
C. Write a sentence with the word “hyppighed” with the meaning of mathematics as you know
it from High School
D. Provide a definition of the word “hyppighed” maintaining the meaning of C

3. Frekvens (frequence)
A. Write a sentence with the word ”frekvens” with the meaning of everyday langauge.
B. Provide a definition of the word “frekvens” maintaining the meaning of A
C. Write a sentence with the word “frekvens” with the meaning of mathematics as you know it
from High School
D. Provide a definition of the word “’frekvens” maintaining the meaning of C

4. Uathangig (independent)
A. Write a sentence with the word “uatheengig” with the meaning of everyday langauge.

B. Provide a definition of the word “uathangig” maintaining the meaning of A

C. Write a sentence with the word “uathangig” with the meaning of mathematics as you know
it from High School

D. Provide a definition of the word “uafh@ngig” maintaining the meaning of C
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APPENDIX 2A: WORKSHEET 1 DANISH
Arbejdsseddel 1: Binomialkoefficienter

Opgave 1
Pé et volleyballhold er der tilmeldt syv spillere. Der er altid seks pa banen af gangen.

a) P& hvor mange forskellige mader kan man velge seks spillere til at starte pa banen?
b) Hvor mange forskellige mader kan man satte et starthold pé, hvis der havde varet tilmeldt
otte spillere?

Opgave 2

a) Bestem K(3,2)
b) Bestem K(5, 3)
¢) Bestem K(7,2)
d) Bestem K(7,5)

Sammenlign dine svar i Opgave 2¢ og 2d.

Arbejdsseddel 2:

Opgave 3

Betragt nedenstdende sandsynlighedstabel for vejret 1 morgen. Hvad er sandsynligheden for, at der
bliver tage?

Udfald Solskin Regnvejr Overskyet Tage
Sandsynlighed 5% 70 % 10 %

Opgave 4

Theodor, Fabian og Pernilla slar med en tisidet terning med tal fra 0 til 9. De
aftaler, at hvis terningen viser 0, 1 eller 2 vinder Theodor, hvis den viser 3, 4,
5 eller 6 vinder Fabian, og hvis den viser 7, 8 eller 9 vinder Pernilla.

a) Udfyld nedenstdende sandsynlighedstabel:

Udfald Theodor vin- | Fabian vinder | Pernilla vinder
der
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Sandsynlighed 3 4

b) Forklar, hvorfor ovenstdende tabel viser, at der ikke er tale om et symmetrisk sandsynlig-
hedsfelt.

¢) Hvad kunne Theodor, Fabian Pernilla gere for at &ndre deres spil, s& sandsynlighedsfeltet
bliver symmetrisk?

Til de nedenstdende opgaver far du brug for formel (178) i formelsamlingen.
Opgave 5

Theodor, Fabian og Pernilla slér stadig med terningen fra Opgave 4, men har nu ogsa féet fat i en helt
almindelig sekssidet terning.

a) Hvad er sandsynligheden for, at de slar en 7°er med den tisidede terning og en 5’er med den
sekssidede terning?

b) Hvad er sandsynligheden for, at de sl&r mere end 6 med den tisidede terning og mindre end
3 med den sekssidede?

Allerede feerdig? Godt gaet! Gd ind pa ABaCus.dk (du kan finde koden pa skemabrikken), og arbejd
pd opgaverne dér.

APPENDIX 2B: WORKSHEET 1 ENGLISH TRANSLATION

Problem 1
At a volleyball team there are seven players signed up. There is always six people at the field at
once.

a) In how many ways can one choose six players to start at the field?
b) In how many different ways can one make a starting team if there had been eight players?

Problem 2

a) Calculate K(3,2)
b) Calculate K (5, 3)
c) CalculateK (7,2)
d) Calculate K(7,5)

Compare your answers from problem 2b and 2c.

Worksheet 2:

Problem 3
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Consider the following table of probabilities for the weather tomorrow. What is the probability for it
to be foggy?

Outcome Sunshine Rain Cloudy Foggy
Probability 5% 70 % 10 %

Problem 4

Theodor, Fabian, and Pernilla is throwing a ten sided dice with numbers from 0 to 9. They agree that
if the dice show 0, 1 or 2, Theodor wins, if it shows 3, 4, 5, or 6, Fabian wins, and if it shows 7, 8, or
9, Pernilla wins.

a) Fill put the following table of probability:

Outcome Theodor wins Fabian wins Pernilla wins
Probability

b) Explain why the above tabel shows that this is not a symmetrical field of probability.
c) What could Theodor, Fabian and Pernilla do to change their game in order to make the field
of probability symmetrical

For the problems below you will need formula (178) of the collection of formulas

Problem 5

Theodor, Fabian and Pernilla are still rolling the dice from Task 4, but have now also got hold of an
ordinary six-sided dice.

d) What is the probability that they hit a 7 with the ten-sided dice and a 5 with the six-sided
dice?

e) What is the probability that they hit more than 6 with the ten-sided dice and less than 3 with
the six-sided?

Already done? Well done! Go to ABaCus.dk (vou can find the code on the form factory), and work
on the tasks there.
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APPENDIX 3A: WORKSHEET 2 DANISH

Arbejdsseddel om stokastiske variable, middelvardi og spredning
(hvis du gar i std, sd brug det overste link pa skemabrikken)

Opgave 1:

En stokastisk variabel, X, har folgende sandsynlighedstabel:

X = X; 1 2 3
P(X = x,) 0,4 0,5

a. Bestem P(X = 3).
b. Bestem middelverdien for X.
c. Bestem spredningen for X.

Opgave 2

Lad Y vere den stokastiske variabel for antallet af gjne for en helt almindelig, sekssidet terning.

Y =y 1 2 3 4 5 6
P=y) | 1 1 1 1 1 1
6 6 6 6 6 6

a. Bestem middelveerdien for X
b. Bestem spredningen for X

Opgave 3
En stokastisk variabel, Y, har felgende sandsynlighedstabel:

Y=y

1

PY =y;)

0,1

0,4

0,5

a) Bestem middelverdien for Y udtrykt ved x.
b) Bestem den manglende verdi, x, sdledes at middelvaerdien for Y er 8.
Opgave 4

Nar DOT skal beslutte, hvor de skal leegge beden for at kere uden billet 1 metroen, er de nedt til at se
situationen fra en snyders perspektiv. Hvis vi antager, at:

e Sandsynligheden for at blive grebet 1 at kere uden billet er 10 %
e At en billet koster 16 kroner
e En bede for at kere uden billet er pa 750 kroner
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kan vi opstille denne sandsynlighedstabel for den stokastiske variabel, Z, der betegner, hvor meget
man sparer ved at snyde 1 metroen:

7 =z, 16 —734
P(Z=2) 0,1

a. Bestem P(Z = 16).

b. Bestem middelveardien Z, og forklar hvorfor tallet viser, at det 1 gennemsnit ikke kan betale
sig at snyde.

c. (Sver) Bestem, hvor langt beden skal ned, for at det pludselig begynder at kunne betale sig
at snyde, hvis sandsynligheden for at blive grebet uden billet er 10 %.
d. (Sver) Bestem, hvor langt sandsynligheden for at blive grebet i1 at snyde skal ned, for at det

pludselig begynder at kunne betale sig at snyde, hvis baden for at blive grebet uden billet er
750 kroner.

APPENDIX 3B: WORKSHEET 2 ENGLISH TRANSLATION

Worksheet on stochastic variables, the mean and the spread
(if you get stuck, use the top link on the schedule)

Problem 1:

A stochastic variable X, has the following table of probabilities:

X = X 1 2 3
P(X = x;) 0,4 0,5

a. Determine P(X = 3).
b. Determine the mean for X.
c. Determine the spread for X.

Problem 2:

Let Y be the stochastic variable describing the number of eyes on a regular six sided cube

Y =y 1 2 3 4 5 6
P=y) | 1 1 1 1 1 1
6 6 6 6 6 6

a. Determine the mean for Y
b. Determine the spread for Y
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Opgave 3
A stochastic variable Y has the following table of probabilities:

Y = yi 1 5 X
P(Y =y;) 0,1 0,4 0,5

a. Determine the mean of Y expressed by x.
b. Determine the missing value, x, such that the mean of Y is 8.

Opgave 4

When DOT has to decide the price for a fine in the subway, the have to view the situation from a
cheaters perspective. If we assumme that:

e The probability of being caught driving without a ticket is 10%
e That a ticket costs 16 kroner
e A fine for driving without a ticket is 750 kroner

we can set up this probability table for the stochastic variable, Z, which denotes how much you save
by cheating in the metro:

Z=z 16 —734
P(Z = 2) 0,1

a. Determine P(Z = 16).

b. Determine the mean of Z, and explain why the figure shows that on average it does not pay
to cheat.

c. (Difficult) Determine how far the fine must go down in order for it to suddenly start to pay
to cheat if the probability of being caught without a ticket is 10%.

d. (Difficult) Decide how far the probability of being caught cheating must go down, so that it
suddenly starts to pay to cheat if the fine for being caught without a ticket is 750 kroner.
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APPENDIX 4A: WORKSHEET 3 DANISH

Arbejdsseddel den 2 1. oktober - binomialfordeling

Opgave 1 (med hjelpemidler)

X er en binomialfordelt stokastisk variabel med antalsparameter 80 og sandsynlighedsparameter p =
0,35.

a) Tegn et sgjlediagram for sandsynlighedsfordelingen for X.
b) Bestem middelveardien og spredningen for X.

c) Bestem P(X = 28).

Opgave 2 (med hjelpemidler)

En stokastisk variabel Y er binomialfordelt med antalsparameter 30 og sandsynlighedsparameter
0,43.

a) Bestem P(Y = 12)

b) Bestem P(Y < 8)

Opgave 3 (med hjelpemidler)

Theodor ringer rundt og sperger 400 tilfeldigt udvalgte vaelgere i amerikanske delstat New Hamp-
shire, om de har teenkt sig at stemme pa Donald Trump til praesidentvalget.

Antallet af Trump-vealgere, Theodor snakker med, er en binomialfordelt stokastisk variabel Z med
sandsynlighedsparameteren 0,50.

a) Bestem sandsynligheden for, at Theodor snakker med netop 200 Trump-valgere.
b) Bestem sandsynligheden for, at Theodor snakker med hegjest 200 Trump-velgere.
c) Bestem sandsynligheden for, at Theodor snakker med netop 184 Trump-valgere.

d) Bestem sandsynligheden for, at Theodor snakker med hgjest 184 Trump-valgere.

Det viser sig, at 175 ud af de 400 valgere, som Theodor har snakker med, har tenkt sig at stemme pa
Donald Trump.

e) Kommentér sandsynligheden for dette udfald. Inddrag sandsynlighedsparameteren i dit svar.
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APPENDIX 4B: WORKSHEET 3 ENGLISH TRANSLATION

Worksheet for October 21st - binomial distribution
Problem 1 (aids allowed)

X 1s a binomially distributed stochastic variable with number parameter 80 and probability parameter
p = 0,35.

f) Make a bar chart of the probability distribution for X.
g) Determine the mean ands spread/standard deviation of X.

h) Dertermine P(X = 28).

Problem 2 (aids allowed)

A stochastic variable Y is binomially distributed with number parameter 30 and probability parameter
0,43

a) Determine P(Y = 12)

b) Determine P(Y < 8)

Problem 3 (aids allowed)

Theodor is calling 400 randomly selected voters in the American state New Hampshire, and aks if
they are going to vote for Donald Trump at the presidential elections.

The amount of Trump voters, Theodor talks to, is a binomially distributed stochastic variable Z with
a probability parameter of 0,50.

a. Determine the probability of Theodor talking to exactly 200 Trump voters
b. Determine the probability of Theodor talking to at most 200 Trump voters
c. Determine the probability of Theodor talking to exactly 184 Trump voters

d. Determine the probability of Theodor talking to at most 184 Trump voters

It turns out that 175 of the 400 voters, Theodor has spoken to are going to vote for Donald Trump.

e. Comment on the probability for this outcome. Include the probability parameter in
your answer.
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APPENDIX 5: POWERPOINT PRESENTATION FROM MODULE 1

Dagsorden

* Et par opvarmningsopgaver

* Arbejdsseddel: Binomialkoefficienten
* Opsamling
* Case: Theodor vrgvler!
* Lidt nyt: Symmetriske sandsynlighedsfelter

* Mere arbejdsseddel
* Mere opsamling

Opvarmningsopgaver
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Opvarmningsopgaver: Snak med sidemakkeren

1. Fire elever skal til mundtlig drsprgve i engelsk. Hvor mange forskellige
raekkefglger kan eleverne komme op i? (Hjeelpemidler tilladt)

2. Bestem 26! (Hjzelpemidler tilladt) og kom med et eksempel pa, hvad
tallet si t .

e P00 - i il (167) nl=n-n—1)-(n—2)-...-2-1
3. Bestem 4—;(Uden hjelpemidler)

4. Ud af 26 elever i 2.b skal fire vaelges til et trivselsudvalg. Hvor mange (169)  K(n.r)=
forskellige kombinationer af elever kan vaelges? (Hjzlpemidler tilladt) y 207

n!

rli(n—r)!

a=403291461126605650000000000

Arbejdsseddel: Binomialkoefficienten
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Case: Theodor vrgvler

k  antal gunstige
P(A) ===
Case: Theodor vregvler n  antal mulige

* Theodor er altid pa udkig efter en nem made at tjene penge pa og overvejer derfor
at spille Lotto.

Der er to muligheder: Enten vinder jeg eller ogsa taber
jeg. Der er én gunstig mulighed, nemlig at jeg vinder.
Derfor ma sandsynligheden for, at jeg vinder veere:

1—()5—50‘V
7=05=50%

* Theodor har fglgende logik:

* Hvorfor er det noget vrgvl?

Den sandsynlighedstabel, Theodor tror er den rigtige:

m Theodor vinder Forskellen er, om der er tale

Sandsynlighed 50 % 50 % om et symmetrisk

sandsynlighedsfelt eller ej
Den sandsynlighedstabel, der i virkeligheden er tale om:

m Theodor vinder Theodor taber Det Iydpl: svaert, men det
betyder i virkeligheden bare,
Sandsynlighed Cirka 0,000001 %  Cirka 99,999999 % at alle udfald er lige
sandsynlige
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Symmetriske sandsynlighedsfelter

Snak med sidemakkeren:

Hvilken af fglgende sandsynlighedstabeller er udtryk for et
symmetrisk sandsynlighedsfelt?

m Kan vi ikke bare mgdes pa midten og sige, at der er rigtigt nok er
99,999999 % sandsynlighed for, at jeg taber, men stadig 50 %
Sandsynlighed

sandsynlighed for, at jeg vinder? Please?
m Gron side op Rﬁd side op Blé side op

Sandsynlighed

Hvorfor er dette
(ﬁ B side op papibly el
Sandsvnlighed

Summen af alle (172) p,+p,+p;+...+p, =1
sandsynligheder

Arbejdsseddel
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Sandsynlighed for flere forskellige
handelser

Sandsynlighed for forskellige haendelser

Udfald_____[Solskin____|Regnvejr __|Overskyet __|Tage |

Sandsynlighed 5% 70 % 10 % 15 %
* Hvad er sandsynligheden for, at der bliver enten regn eller tage?

Sandsynlighed 50 % 50 %
* Hvad er sandsynligheden for, at der bliver regn, og at vi slar plat med
mgnt?
Sandsynlighed ved (178)  P(bade 4 og B)= P(4)-P(B)

kombination af uafhengige
hendelser 4 og B
Fortseet med
arbejdssedlen! Sandsynlighed ved (179)  P(Aeller B)=P(4)+ P(B)
kombination af hendelser 4

og B, som ikke har noget
felles udfald

10
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APPENDIX 6: POWERPOINT PRESENTATION FROM MODULE 2

Dagsorden

* Et par opvarmningsopgaver

* Lidt om prgven pa onsdag

* Noget nyt: Stokastiske variable

* Case: Theodor kommer maske for sent!
* Middelveaerdi og spredning

* Arbejdsseddel
* Opsamling

Opvarmningsopgaver
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Opvarmningsopgaver: Snak med sidemakkeren

| Theodors klasse skal de lave fremlaeggelser i samfundsfag. Det afggres ved lodtraekning, hvem der
skal fremlaegge. Sandsynlighederne kan bestemmes ud fra fglgende sandsynlighedstabel:

\
|
Sandsynlighed 4% 4% 4% 14
1. Bestem sandsynligheden for, at hverken Theodor, Fabian eller Pernilla skal fremlaegge.
2. Bestem sandsynligheden for, at enten Theodor eller Fabian skal fremlzaegge.
Der er en 5 % sandsynlighed for, at lereren er syg, og modulet bliver aflyst.

3. Bestem sandsynligheden for, at lzereren rent faktisk er rask, og det er Theodor, der skal fremlaegge.

Sandsynlighed ved (178)  P(bade 4 og B)= P(A4)-P(B)
kombination af uafhengige
hendelser 4 og B

Sandsynlighed ved (179)  P(Aeller B)=P(A4)+ P(B)
kombination af haendelser 4

og B, som ikke har noget

feelles udfald

Noget nyt:
Stokastiske variable
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Tabellen viser verdierne for en stokastisk variabel X" sammen med nogle af de tilhorende
sandsynligheder.

X =x,

P(X =x,)

a) Bestem P(X =20).

Case: Theodor kommer maske for
sent!
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Case: Theodor kommer maske for sent!

* Nar Theodor skal i skole, tager han bussen.

* Han har opdaget, at bussen somme tider er forsinket. Den har fglgende
sandsynlighedstabel:

Sandsynlighed 0,45 0,25 0,2 0,1

* Hvor forsinket skal Theodor forvente at blive?

o0

Middelvardi af en stokastisk (182) pu=EX)= S x,-P(X =x,)
variabel X i=1

SN PTG P T Py T TP,

Middelvardi af en stokastisk
variabel .Y

Sandsynlighed
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Middelvardi af en stokastisk (182) pu=EX)= : x,-P(X =x,)
variabel X' i=1

=X P TXy Py Xy Py X, 0 P,

Middelvardi af en stokastisk
variabel .Y i=1
=X P, TNy Dy Xy Pyt X, D,

n

Varians af en stokastisk
variabel . im1 \ \
=(x,—p) -p +-+(x,—pu)-p,

Spredning af en stokastisk (184) o=o0(X)=4Var(X)
variabel .Y

10
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Arbejdsseddel:
Stokastiske variable

11
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APPENDIX 7: POWERPOINT PRESENTATION FROM MODULE 3

Dagsorden

* Et par opvarmningsopgaver: Binomialfordeling

* Et kig pa Aflevering 4

* Binomialfordelingens formel
* Arbejdsseddel
* Opsamling
* Binomialfordelingen med hjzelpemidler
* Arbejdsseddel
* Opsamling

Opvarmningsopgaver:
Hvad er det nu, vi ved om
binomialfordelinger?
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Opvarmningsopgaver: Binomialfordelingsrepetition

I en klasse gar der 20 elever, der hver har 5 % sandsynlighed for at sove over sig. Den
binomialfordelte, stokastiske variabel X betegner antallet af elever, der sover over sig
pa en given dag.

a) Bestem antalsparameteren og sandsynlighedsparameteren.
b) Bestem middelveerdien, og forklar, hvad middelvaerdien siger om eleverne.

c) Detoplyses, at P(X =0) =0,36. Middelverdi (189) p=n-p
Hvad betyder dette?
Spredning o (190) o=4n-p-(1—p)

Et smugkig pa Aflevering 4
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Hvordan beregnes
binomialfordelingssandsynlighederne
egentlig?

Hvordan binomialfordelingen beregnes

* Der er selvfglgelig en formel til beregning af binomialfordelingssandsynlighederne.

Sandsynlighedsfunktion for (188) P(X=r)=K(n.r)-p"-(1—p)"~
binomialfordelt stokastisk
variabel .\’ _ _ n'
(169) Knr)y=——-
* Herer r'(in—r)!

* n = antalsparametren
* p = sandsynlighedsparametren
* r = det antal, vi er interesserede i at kende sandsynligheden for

* Sa hvad er sandsynligheden for at fa krone to gange, hvis man slar plat eller krone fire gange?

138



P(X=r)=K(n,r)-p" -(1—p)""

R EnissenuET

Du ved godt, at vi skal have frokostpause ti minutter
tidligere i dag, ikk’? Er du sikker p3, at vi har tid til det?

Narh ja! Vi springer direkte videre til
det naeste, sa!

Binomialfordelinger i WordMat
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Arbejdsseddel —
for real this time

P(X=r)

0,1

0,09

0,08

0,07

0,06

0,05

0,04

0,03

0,02

0,01

Binomialfordeling

0 3 6 9 121518 21 24 27 30 33 36 39 42 45 48 51 54 57 60 63 66 69 72 75 78

r

10
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APPENDIX &: TRANSCRIPTION OF OBSERVATION NO. 1
BSs3: Vent hvad er .. / Wait what is..

BSi: Men der er syv spillere der er tilmeldt .. / But there are seven players assigned..
BS,: Har I lavet opgave et? / Did you finish problem one?

BSs: Jeg tror det er sddan her.. syv parentes gange fem gange fire gange tre gange to gange en. Jeg
tror, jeg ved det ikke, det er sddan det er mig der har svart ved at sige det. / [ think it is like this..
Seven parenthesis times five times four times three times two times one. I think, I don’t know, it is like

this, it’s me who is having difficulties saying it.
BS;: Er det for sjov eller siger du din mening? / Are you kidding or do you really mean this?

BS,: Ved du hvad tallet bliver, det bliver sddan femten millioner / Do you know what the number will

be, it will be like fifteen millions

BSs: Det bliver bare fem tusind / It will just be five thousand

BS;,: Ja som om det er meget bedre. / Yeah like that is much better
BSi: Neeegj.. / Nooo..

BS;,: Der kan ikke vare fem tusind forskellige muligheder for syv spillere. Det passer ikke. / There

can not be five thousand different options for seven players. That is not true.

T: I far brug for den her formel til opgaverne (skriver formlen pa tavlen). Det er formel 169 i for-
melsamlingen / You will need this formula for the problems (writes the formula on the blackboard).

1t is formula 169 in the book of formulas.

BSa4: Ej det her det kan ikke vare rigtigt der er noget galt. / This can not be true something is wrong
BS,: Ja ikke? Der er et eller andet galt / Yeah right? Something is wrong

BSs;: Altsa vi kan lave den naste opgave / Well we can do the next problem

BSi, BS; and BS4 continues to work on problem 2 instead which is going well. The students solve
the problems quietly and without any obvious problems. BS: looks at the formula 169, and the turns

to another student.
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BS;: Kig kig kig. Den her formel. Jeg forstdr den ikke. Prov og kig hundrede ni og tres (peger pa
formlen i bogen)/ Look look look. This formula. I don’t get it. Have a look one hundred and sixty nine

(points to the formula)

BSs: Man siger der er syv spillere ikke? Og der er 6 spillere. Sa siger du 7 gange 6 gange 5 gange .../
You say there are seven players right? And there are six players. So you say seven times six times five

times ...

BS;: Det er det hun lavede og der gav det fem tusind et eller andet / That is what she did and then it

became five thousand something
BSs: Pracis / Exactly

A sixth student asks BSs why you need to multiply the numbers and BSs explains this. Then BS; asks
BS; again:

S>: Det giver ikke mening med det her. Svaret kan ikke give fem tusind. Der kan ikke vare fem tusind
forskellige mader at komme syv spillere ind pd en bane / It does not make sense with this. The answer

can not be five thousand. There can not be five thousand differint ways to put seven players into a

field.
Ss;:Jo/ Yes

S»: Nej, tror I der er fire hundrede spillere eller hvad? / No do you think there are four hundred players

or what?
BSs: Nej, det er der der ikke. Nej fordi at .. / No there is not. No because ..
BS,: Ja sé giver det syv. / Yes so it is seven

BSs: Nej fordi ... Nej.. Det kan ikke veare syv. Der er seks.. / No because ... No. It can not be seven.

There are six ..

BS,: Ja sé giver det syv. Der er en der er ude ad gangen. / Yes so it is seven. There is one person who

is out at the time.

BSs;: Nej, fordi enhver af de der.. Nej, fordi pa forskellige méder.. / No because each of these ... No

because in different ways...
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BS;: Der kan kun vere syv forskellige mader / There can only be seven different ways

BSi, BS3; and BS4 looks at the assignment again, point to the text and mumble. BS, then seeks assis-

tance from the teacher who walks by:
BS,: T er der ikke kun syv forskellige méder? / T isn’t there only seven different ways?
T: Hvorfor det? / Why is that?

BS:: Fordi oh (griner). Du kan kun have nummer et ude én gang. Du kan kun have nummer to ude
én gang. Du kan kun.. / Because eh (laughs). You can only have number one out one time. You can

only have number two out one time. You can only have ..

T: Vikan jo godt valge en vi s@tter ude. Det giver glimrende mening. / We can choose one whom we

set outside. That makes excellent sense.

APPENDIX 9: TRANSCRIPTION OF OBSERVATION NO. 2
BS: Hvis det er tilfeldigt hvorfor er det sa ikke 25% chance for at .../ If it is random why isn’t there

a 25% chance to..

T: Det er fordi det ikke er et symmetrisk sandsynlighedsfelt / That is because this is not a symmetrical

probability field

S: Jeg forstar bare ikke hvordan der kan vare sterre chance for at der sker noget som er tilfeldigt / /

just don’t understand how there can be a greater chance of something happening which is random

T: Det er en meget meget shm.. Det er en meget merkelig terning vi er ude i. Det var ogsé ligesom
for, sandsynligheden for at leereren var syg og laereren var rask var ikke det samme. Selvom noget er
tilfeldigt kan det godt ske, sa der er noget der er mere sandsynligt end noget andet. Sandsynligheden
for at vinde 1 lotteri og for ikke at vinde 1 lotteri vil ogsa sjeldent vaere det samme / It is a very uhm..
It’s a very weird dice we have. It is like before, the probability of the teacher being sick and the
teacher being healthy was not the same. Even though something is random it can happen that some-
thing is more likely that something else. The probability of winning the lottery and not winning the

lottery will rarely be the same.

BS: Néh jaja/ Yeah right
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T: Sa det er egentlig det at der er nogle forskellige sandsynligheder og hvis vi skulle gatte, hvis bare
vi skulle komme med et bud p4, hvad tror vi at den her variabel bliver. Sa vil vi jo gatte pd deter 11
for det er der jo trods alt 50% sandsynlighed for. / So, it is really the fact that there are different
probabilities and if we had to guess, just give an estimate on what we believe this variable will be.

Then we will guess on 11 because after all there is a 50% probability of this.
BS: Hvorfor er der det? Det er det jeg ikke forstar / Why is that? That is what I don’t understand

T: Og det er det.. Det er det der er lidt svaert ved det her for det er der ikke noget forklaring pa. / And

this is it.. This is what is a little difficult about this as there is no explanation to this.

Another student suggests an example in the context of gambling on soccer games and the number of

corner kicks and another conversation about this begins.

APPENDIX 10: TRANSCRIPTION OF OBSERVATION NO. 3
T: Sé skulle vi bestemme middelvardien og der har jeg jo varet sd venlig at give jer en formel, nemlig
formel 189 der kan hjelpe jer med der her. / Now we were to determine the mean and for this I have

been so kind as to give you a formula, formula 189, to help you with this

BSi: Ohm vi skal gange tyve med nul komma nul fem. / Ehm we should multiply twenty with zero

point zero five
T: Ja vi skal. Hvor ved du det fra? / Yes we should. How do you know?
BSi: Du skal bruge formel 189 i den der / You are to use formula 189 in the ...

T: Lige pracis, formlen fortaller os at middelvardien, det der graeske bogstav der /Exactly the for-

mula tells us that the mean, the greek letter there
S>: my / mu

T: Det hedder nemlig my ja det var mit naste spergsmal. Det er antalsparameteren gange sandssyn-
lighedsparameteren sa det ma jo bare vere 20 .. gange .. 0,05. Og hvad giver det? / It is called mu yes
that was my next question. That is the number parameter times the probability parameter so it just

has to be twenty ... times .. zero point zero five. And what is this?

BSi: En/ One
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T: Ja det giver en. Lige pracis. Og hvordan skal det her tal sa fortolkes, det er det naste. Nu ved vi
det her, men hvad forteller det os sa om? / Yes it is one. Exactly. And how is this number to be

interpreted, that is the next part. Now we know this, but what does it tell us?

BSs: Er det ikke bare at der en der har mulighed ... At der er en der kommer til at sove over sig. / Is

it not just that there is one who has the possibility .. That there is one who is going to oversleep

T: Der er en der kommer til at sove over sig? Ved vi det? At der er en der kommer til at sove over
sig? / There is one who is going to oversleep? Do we know this? That there is one who is going to

oversleep?
BSs3: Nej men sandsynligheden er (stopper med at tale)/ No but the probability is (stops talking)

T: Sandsynligheden er at der er en der kommer til at sove over sig? Vi n&rmer os. Vi er tet pa. / The

probability is that there is one who is going to oversleep? We are getting closer. We are close.

BSa4: Jeg er ikke sikker men det er en ud af 20, der sover over sig, er det ikke? / I am not sure but it is

one out of twenty who oversleeps is it not?

T: Jamen problemet er at det kan vi jo ikke vide. Det her er tilfeldigt. Der er bare hver af dem der har
en sandsynlighed pé 0,05 for at sove over sig. Denne her variable den kan ende 1 alle mulige [ ] det
eneste vi ved er at den lander et sted mellem 0 og 20. Der er et sted mellem nul og tyve elever der
sover over sig. / Well problem is that we can not know this. This is random. It is simply just each of
them who has a probability of 0,05 to oversleep. This variable it can end in all sorts of [ | the only
thing we know is that it will end somewhere between zero and twenty. There is somewhere between

zero and twenty students who oversleeps.

Ss: Middelvaerdien siger at der gennemsnitligt vil vaere en der sover over sig / The mean is saying

that averagely one will oversleep

T: Der vil gennemsnitligt vaere en der sover over sig. Vi kan ikke vide om der er en der kommer til
at sove over sig, men der vil gennemsnitligt vaere en der sover over sig. / Averagely there will be one
who oversleeps. We can not know if there will be one who oversleeps but averagely there will be one

who oversleeps.
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APPENDIX 11: TRANSCRIPTION OF OBSERVATION NO. 4

BS;i: Hallo kan vi ikke lave noget, wallah, jeg forstar det ikke / Hallo can we not get started, wallah,

I don’t understand

BS:: Hvad er den? / What is it?

BS;: Jeg kan ikke finde ud af (stopper med at tale) / I don’t know how to (stops talking)
Eleverne taler om andre ting / The students discuss other things

BS,: Hvordan ger vi det? Okay vent. Skal man have wordmat? / How do we do it? Okay wait. Do 1

need wordmat?

BS;: Ma jeg lige se? (vender computeren og dbner op for Excelarket). Det er det her ikke. Det er bare
det der vi lavede / Can I see? (Turns the computer around and opens the Excel sheet). It is this one

right? It is just what we did.
BSi: S4 jeg skal skrive 80 og det andet? / So I have to write 80 and the other one?
BSs: Ja (peger pa felterne) / Yes (points to the boxes)

BSi: Og sa tager jeg et billede af den? (Tager et screenshot og indsatter 1 dokumentet) / And then 1

take a picture of it? (Makes a screenshot and inserts in the document)
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